
COMPSCI 311: Introduction to Algorithms Fall 2022

Challenge Problems 5
due 11/16/2022 at 11:59pm in Gradescope

Instructions. Limited collaboration is allowed while solving problems, but you must write solutions yourself.
List collaborators on your submission.

You can choose which problems to complete, but must submit at least one problem per assignment. See
the course page for information about how challenge problems are graded and contribute to your homework
grade. Since you don’t need to complete every problem, you are encouraged to focus your efforts on producing
high-quality solutions to the problems you feel confident about. There is no benefit to guessing or writing
vague answers.

If you are asked to design an algorithm, please (a) give a precise description of your algorithm using either
pseudocode or language, (b) explain the intuition of the algorithm, (c) justify the correctness of the algorithm;
give a proof if needed, (d) state the running time of your algorithm, (e) justify the running-time analysis.

Submissions. Please submit a PDF file. You may submit a scanned handwritten document, but a typed
submission is preferred. Please assign pages to questions in Gradescope.

1 Challenge Problems

Problem 1. A Strategy Game. You play a two-player game to divide up a pile of money. Here’s how the
game works: there are n bills of various denominations and the ith bill has value vi. On a player’s turn,
they may take either the first or last remaining bill, and then it becomes the other player’s turn. The goal
is to collect as much money as possible

Design an O(n2) algorithm to compute an optimal strategy. Your algorithm should compute, for every
configuration: (1) how much money you would make if your opponent also plays optimally, (2) the move
you should make.

Problem 2. Dance, Dance, Revolution (DDR). DDR is a video game where there is a dance platform with
four arrows (↑, ↓, ←, →). Players stand on the platform and step their feet onto the arrows to follow a
sequence of on-screen instructions. (If you’ve never played DDR, you can imagine this is as a keypad with
four keys labeled ↑, ↓, ←, → that you must press with two fingers corresponding to your left and right feet.)

Here is a simplified version of the game. The is a sequence of n arrows a1, . . . , an, where ai ∈ {↑, ↓,←,→}
representing the on-screen instructions. You know the complete sequence in advance. Your left and right
feet start on ← and →, respectively. In the ith step you must step onto arrow ai with either your left or
right foot and your other foot will remain stationary. (Fine print: a foot can step on the arrow it is currently
standing on, and you could have two feet on the same arrow if needed, but probably wouldn’t want to.)

Your goal is to complete the instructions using the least energy, which is proportional to the total distance
your feet move. Design an algorithm that finds the shortest distance your feet need to move to step on the
sequence of arrows. In other words, your algorithm needs to decide which foot to use to step on each arrow
and it should minimize the total distance moved by your two feet. Try to use O(nk2) time, where k = 4 is
the number of arrows.

You can assume there is a function dist(·, ·) you can use in your algorithm to give you the distance between
any two arrows on the dance platform, e.g., dist(↑,→) is the distance between the ↑ and → arrows

For this problem, you only need to return the value of the optimal solution, not the solution itself.

Problem 3. Blood Supply (K&T Ch 7 Ex 8). Statistically, the arrival of spring typically results in increased
accidents and increased need for emergency medical treatment, which often requires blood transfusions.
Consider the problem faced by a hospital that is trying to evaluate whether its blood supply is sufficient.
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The basic rule for blood donation is the following. A person’s own blood supply has certain antigens present
(we can think of antigens as a kind of molecular signature); and a person cannot receive blood with a
particular antigen if their own blood does not have this antigen present. Concretely, this principle underpins
the division of blood into four types: A, B, AB, and O. Blood of type A has the A antigen, blood of type B
has the B antigen, blood of type AB has both, and blood of type O has neither. Thus, patients with type A
can receive only blood types A or O in a transfusion, patients with type B can receive only B or O, patients
with type O can receive only O, and patients with type AB can receive any of the four types.

1. Let sO, sA, sB , and sAB denote the supply in whole units of the different blood types on hand. Assume
that the hospital knows the projected demand for each blood type dO, dA, dB , and dAB for the coming
week. Give a polynomial-time algorithm to evaluate if the blood on hand would suffice for the projected
need.

2. Consider the following example. Over the next week, they expect to need at most 100 units of blood.
The typical distribution of blood types in U.S. patients is roughly 45 percent type O, 42 percent type
A, 10 percent type B, and 3 percent type AB. The hospital wants to know if the blood supply it has
on hand would be enough if 100 patients arrive with the expected type distribution. There is a total
of 105 units of blood on hand. The table below gives these demands, and the supply on hand.

blood type supply demand
O 50 45
A 36 42
B 11 10
AB 8 3

Is the 105 units of blood on hand enough to satisfy the 100 units of demand? Find an allocation that
satisfies the maximum possible number of patients. Use an argument based on a minimum-capacity
cut to show why not all patients can receive blood. Also, provide an explanation for this fact that
would be understandable to the clinic administrators, who have not taken a course on algorithms. (So,
for example, this explanation should not involve the words flow, cut, or graph in the sense we use them
in this class.)

Problem 4. Network Flows (K&T Ch 7 Ex 12). You are given a flow network with unit-capacity edges:
It consists of a directed graph G = (V,E), a source s ∈ V , and a sink t ∈ V ; and capacity ce = 1 for every
e ∈ E. You are also given a parameter k. The goal is to delete k edges so as to reduce the maximum s− t
flow in G by as much as possible. In other words, you should find a set of edges F ⊂ E so that |F | = k and
the maximum s-t flow in G′ = (V,E \ F ) is as small as possible subject to this. Give an efficient algorithm
to solve this problem, argue it is correct, and state its running time.


