
COMPSCI 311: Introduction to Algorithms Fall 2022

Challenge Problems 3
due 10/19/2022 at 11:59pm in Gradescope

Instructions. Limited collaboration is allowed while solving problems, but you must write solutions yourself.
List collaborators on your submission.

You can choose which problems to complete, but must submit at least one problem per assignment. See
the course page for information about how challenge problems are graded and contribute to your homework
grade. Since you don’t need to complete every problem, you are encouraged to focus your efforts on producing
high-quality solutions to the problems you feel confident about. There is no benefit to guessing or writing
vague answers.

If you are asked to design an algorithm, please (a) give a precise description of your algorithm using either
pseudocode or language, (b) explain the intuition of the algorithm, (c) justify the correctness of the algorithm;
give a proof if needed, (d) state the running time of your algorithm, (e) justify the running-time analysis.

Submissions. Please submit a PDF file. You may submit a scanned handwritten document, but a typed
submission is preferred. Please assign pages to questions in Gradescope.

1 Challenge Problems

Problem 1. Shipping. You need to pack and ship n items you are sold online. The ith item takes pi hours
to pack and si hours to ship to its destination. Assume an item starts shipping immediately after it’s packed
and any number of items can be shipping simultanously. However, you can only pack one item at a time, so
you need to decide in which order to pack the items. Your goal is to minimize the time for the last item to
arrive at its destination (note, due to different shipping times, this may not be the last item packed).

Specifically, let’s say that a schedule is an ordering of the items, and the completion time of the schedule is
the time when the last item arrives at its destiation. Give a polynomial-time algorithm that finds a schedule
with as small a completion time as possible.

Problem 2. Minimum bottleneck spanning trees. Before solving this problem, read about the cycle property
— Fact (4.20) on p.147 of the textbook. Here we explore a different objective for designing networks: intstead
of finding a spanning tree with the smallest total cost, we will explore the problem of finding a spanning tree
where the most expensive edge is as small as possible.

Specifically, let G = (V,E) be a connected graph with n vertices, m edges, and positive edge costs that you
may assume are all distinct. Let T = (V,E′) be a spanning tree of G; we define the bottleneck edge of T to
be the edge of T with the greatest cost.

A spanning tree T of G is a minimum-bottleneck spanning tree if there is no spanning tree T ′ of G with a
cheaper bottleneck edge.

1. Is every minimum-bottleneck tree a minimum spanning tree of G? Prove or give a counterexample.

2. Is every minimum spanning tree a minimum-bottleneck tree of G? Prove or give a counterexample.

Hint: use the cycle property.

Problem 3. Bicycles, not cycles. Alice and Bob are competing in a cross-country bicycle race from Amherst
to Seattle. The route map is a connected undirected graph G = (V,E), with each node representing a location
and each edge representing a race segment. They can follow any route from Amherst to Seattle, subject to
these rules:
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• On each segment, one of them will cycle, and the other will drive the support vehicle.

• They must alternate cycling: if Alice cycles one segment, Bob must cycle the next segment; and vice
versa.

• Alice must cycle first.

• Bob must cycle last.

On segment e = (u, v) ∈ E, Alice’s cycling time is wA(u, v) and Bob’s cycling time is wB(u, v). These times
are known in advance and are non-negative. Devise an efficient algorithm to find a route from Amherst to
Seattle with the minimum total cycling time subject to these rules.

Problem 4. MST. Suppose you are given a weighted graph G with MST T . Devise and analyze an
algorithm that finds the smallest change in the cost of a non-MST edge that would lead to a different MST
T ′ ̸= T . Your algorithm must be correct and run in polynomial time.

Hint: for a single non-tree edge e, try to find the smallest amount we we need to change the cost of e to get
a different MST.

Also note: if there are ties in edge costs, you might not need to change any costs to get a different MST! In
this case the algorithm should return 0.


