Data-Efficient Off-Policy Policy Evaluation for Reinforcement Learning

Philip S. Thomas
Emma Brunskill

Abstract

In this paper we present a new way of predicting
the performance of a reinforcement learning pol-
icy given historical data that may have been gen-
erated by a different policy. The ability to evalu-
ate a policy from historical data is important for
applications where the deployment of a bad pol-
icy can be dangerous or costly. We show em-
pirically that our algorithm produces estimates
that often have orders of magnitude lower mean
squared error than existing methods—it makes
more efficient use of the available data. Our new
estimator is based on two advances: an exten-
sion of the doubly robust estimator (Jiang & Li,
2015), and a new way to mix between model
based and importance sampling based estimates.

1. Introduction

The ability to predict the performance of a policy with-
out actually having to use it is crucial to the responsible
use of reinforcement learning algorithms. Consider the
setting where the user of a reinforcement learning algo-
rithm has already deployed some policy, e.g., for determin-
ing which advertisement to show a user visiting a website
(Theocharous et al., 2015), for determining which medical
treatment to suggest for a patient (Thapa et al., 2005), or for
suggesting a personalized curriculum for a student (Mandel
et al., 2014). In these examples, using a bad policy can be
costly or dangerous, so it is important that the user of a re-
inforcement learning algorithm be able to predict how well
a new policy will perform without having to deploy it.

In this paper we propose a new algorithm for tackling this
performance prediction problem, which is called the off-
policy policy evaluation (OPE) problem. The primary ob-
jective in OPE problems is to produce estimates that mini-
mize some notion of error. We select mean squared error, a
popular notion of error for estimators, as our loss function.
This is in line with previous works that all use (root) mean
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squared error when empirically validating their methods
(Precup et al., 2000; Dudik et al., 2011; Mahmood et al.,
2014; Thomas, 2015b; Jiang & Li, 2015).

Given this goal, an estimator should be strongly
consistent—its mean squared error should converge almost
surely to zero as the amount of available data increases.' In
this paper we introduce a new strongly consistent estima-
tor, MAGIC, that directly optimizes mean squared error.
Our empirical results show that MAGIC can produce esti-
mates with orders of magnitude lower mean squared error
than the estimates produced by existing algorithms.

Our new algorithm comes from the synthesis of two new
ideas. The first is an extension of the recently proposed
doubly robust (DR) OPE algorithm (Jiang & Li, 2015).
We present a novel derivation of the DR algorithm that re-
moves the assumption that the horizon is finite and known.
We also give conditions under which the DR estimator is
strongly consistent. We then show how we can reduce the
variance of the DR estimator by introducing a small amount
of bias—an effective trade-off when minimizing the mean
squared error of the estimates. We call our extension of the
DR estimator the weighted doubly robust (WDR) estimator.

Our second major contribution is a new estimator, which
we call the blending IS and model (BIM) estimator, that
combines two different OPE estimators not just by select-
ing between them, but by blending them together in a way
that minimizes the mean squared error. The combination
of these two contributions results in a particularly power-
ful new OPE algorithm that we call the model and guided
importance sampling combined (MAGIC) estimator, which
uses BIM to combine a purely model-based estimator with
WDR. In our simulations, MAGIC has the best general per-
formance, often exhibiting orders of magnitude lower mean
squared error than prior state-of-the-art estimators.

The research reported here was supported by a NSF CA-
REER grant 1350984 and by the Institute of Education Sciences,
U.S. Department of Education, through Grant R305A130215 to
Carnegie Mellon University. The opinions expressed are those of
the authors and do not represent views of the Institute or the U.S.
Department of Education.

"In Appendix A we define strong consistency and present
Lemma 3, which elucidates its connection to mean squared error.
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2. Notation

We assume that the reader is familiar with reinforcement
learning (Sutton & Barto, 1998) and adopt notational stan-
dard MDPNv1 for Markov decision processes (Thomas,
2015a, MDPs). Although our results carry over to the set-
ting where the states, actions, and rewards are continuous
random variables with density functions, for simplicity, our
notation assumes that the state, action, and reward sets are
finite. Le = (So; Ao; Ro; S1;:::) be a trajectory,and
g(H) = tj;o 'Ry denote the return of a trajectory. We
assume that R¢ 2 [Fpin; Mmax] for (possibly unknown) finite
constants Fpi, and Myax. Let 2 [0; 1] for the finite-horizon
setting and 2 [0; 1) for the indefinite and infinite horizon
settings so that g(H) is bounded. We use the discounted
objective function, v( ) = E[g(H)jH ], where H
denotes that H was generated using the policy . We use
superscripts to denote which trajectory a term comes from,
e.g., SH. Letv and q be the state value function and
state-action value function for pelicy —for all (:;s;a)2
S Aletp(s) = EJ L, "RgSo=s; ]and
g (s;a) = E[ =, *RiSo=5s;A0=42a; ]. Notice
that v without a superscript denotes the objective function,
while v denoig; a value function, and that the two are re-
lated: v( ) = 55 Pr(So =s)v (s).

Let historical data, D, be a set of N 2 N trajectories and
the known policies, called behavior policies, that were used
to generate them: D = f(H;; ;)gjL,, where H; i
When we write Ié we always mean that Hj i. Let
t(H; e b)= “1_g e AP SH = AH SH bean
importance weight, which is the probability of the first t
steps of H under the evaluation policy, e, divided by its
probability under the behavior policy,  (Precup et al.,
2000, Section 2). We write { and ¢ as shorthand for
t(Hi; & i)and ¢(H; ¢ b). Let ', == 1foralli.
One of the primary challenges will be to combat the high
variance and large range of the importance weights, .

Let £ (s;a;t) 2 [rmodel; ymodel] denote an approximate
model’s prediction of Ry if So = s, Ag = a, and
the policy is used to generate actions, Aj;Ap;::l:,
where rmodel _pnd rmodel are finite constants.  Let

max
f () = oa (@s)f (s;a;t); be a prediction of

Rt if So = s and the policy is psed to generate ac-
tions Ag; A1 . Let ¢ (s) = tJ;O tp (s;t) and
¢ (s;a) = t:';o tp (s;a;t) be the model’s estimates

of v (s) and q (s;a). We assume that # (%; a;t) =0 for
all ( ;a;t) 2 A N o, where % is the terminal ab-
sorbing state. Although better models will tend to improve
our estimates, we make no assumptions about the veracity
of the approximate model’s predictions.

3. Off-Policy Policy Evaluation (OPE)

The problem of off-policy policy evaluation (OPE) is de-
fined as follows. We are given an evaluation policy,

e, historical data, D, and an approximate model. Our
goal is to produce an estimator, ¥(D), of v( ¢) that has
loy mean squared ¢ror (MSE): MSE(M(D);v( ¢)) =
E (¥(D)
dom variables, and so the random terms in expected values
are always the capitalized letters (e.g. D is a random vari-
able). We assume that the process producing states, ac-
tions, and rewards is an MDP with unknown initial state
distribution, transition function, and reward function. We
assume that the evaluation policy, e, the behavior poli-

v( e))? : We use capital letters to denote ran-

known. For a review of OPE methods, see the works of
Precup et al. (2000) or Thomas (2015b, Chapter 3). More
recent methods can be found in the works of Jiang & Li
(2015) and Mandel et al. (2016).

4. Doubly Robust (DR) Estimator

The doubly robust (DR) estimator (Jiang & Li, 2015) is a
new unbiased estimator of V( ¢) that achieves promising
empirical and theoretical results by leveraging an approx-
imate model of an MDP to decrease the variance of the
unbiased estimates produced by ordinary importance sam-
pling (Precup et al., 2000). It is doubly robust in that it
will provide “good” estimates if either 1) the model is ac-
curate or 2) the behavior policies are known. By “good”
it is meant that if the former does not hold then the esti-
mator will remain unbiased (although it might have high
variance and thus high mean squared error), and if the lat-
ter does not hold then if the model has low error the doubly
robust estimator will also tend to have low error. Doubly
robust estimators were introduced and remain popular in
the statistics community (Rotnitzky & Robins, 1995).

The work that introduced the DR estimator for MDPs
(Jiang & Li, 2015) derived it as a generalization of a dou-
bly robust estimator for bandits (Dudik et al., 2011). This
may be why the DR estimator was derived only for the fi-
nite horizon setting where the horizon is known (every tra-
jectory must terminate within L < 1 time steps, and L
must be known). It also resulted in a recursive definition of
the DR estimator that can be difficult to interpret. In Ap-
pendix B we instead derive the DR estimator for MDPs as
an application of control variates. Our new derivation holds
without assumptions on the horizon and gives the intuitive
non-recursive definition, where wi = I=n:
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DR(D) := twiRH (1)
i=1 t=0
XX o _ _
wid e S AL we ¢ S¢t
i=1 t=0

In Appendix B we show that this definition is equivalent
to that of Jiang & Li (2015) when the horizon is finite and
known, and we provide several new theoretical results per-
taining to the DR estimator. Specifically, we give condi-
tions for DR to be an unbiased estimator without assump-
tions on the horizon, and we give the first proofs that it is a
strongly consistent estimator. Although these are important
properties to establish, we relegate them to an appendix due
to space limitations.

The non-recursive definition of the DR estimator presented
in (1) also reveals the close relationship of the DR esti-
mator to advantage sum estimators. Advantage sum esti-
mators were introduced as a way to lower the variance of
on-policy Monte Carlo performance estimates for a setting
that is a generalization of the (partially observable) MDP
setting (Zinkevich et al., 2006; White & Bowling, 2009).
The DR estimator for the on-policy setting can be found
in the work of Zinkevich et al. (2006, Equation 8). One
may therefore view the DR estimator (Jiang & Li, 2015)
as the extension of the advantage sum estimator (Zinkevich
et al., 2006) to the off-policy setting or as the extension
of the doubly robust estimator for bandits (Dudik et al.,
2011) to the sequential setting. We are therefore not the
first to show that the DR estimator can be viewed as an
application of control variates, since White (2009) and Ve-
ness et al. (2011, Section 3.1) point out that the advantage
sum estimator is an application of control variates. Still,
our derivation in Appendix B of the DR estimator is novel.

The DR estimator is not purely model based, since it uses
importance weights. However, it is also not a model-free
importance sampling method, since it uses an approximate
model to decrease the variance of its estimates. We there-
fore refer to it as a guided importance sampling method,
since the approximate model is used to guide, but not com-
pletely replace, the importance sampling estimates.

5. Weighted Doubly Robust (WDR) Estimator

Empirical and theoretical results show that the DR estima-
tor developed by Jiang & Li (2015) can significantly re-
duce the variance of ordinary importance sampling without
introducing bias. The fact that it does not introduce bias
is important when the estimator is used to produce con-
fidence bounds on V( ¢) (Thomas, 2015b). However, in
practice these confidence bounds often require an imprac-

tical amount of data before they are tight enough to be use-
ful, and so approximate confidence bounds (e.g., bootstrap
confidence bounds) are used instead (Theocharous et al.,
2015). When using these approximate confidence bounds,
the strict requirement that an OPE estimator be an unbiased
estimator of V( ¢) is not necessary. Furthermore, some-
times the goal of OPE is not to produce confidence bounds,
but to produce the best possible estimate of v( ¢), in or-
der to determine whether , should be used instead of the
current behavior policy or as an internal mechanism in a
policy search algorithm (Levine & Koltun, 2013). In these
cases, the “best” estimator is typically defined as the one
that has the lowest mean squared error (MSE), even if it is
not well suited to creating confidence bounds. For exam-
ple, in their experiments, Precup et al. (2000), Dudik et al.
(2011), Mahmood et al. (2014), Thomas (2015b), and Jiang
& Li (2015) all use the MSE when evaluating methods.

Although unbiasedness might seem like a desirable prop-
erty of an estimator, when the goal is to minimize MSE,
it often is not. In general, the MSE of an estimator, A,
of a statistic, , can be decomposed into its variance and
its squared bias: MSE(A; ) = E[( A)Z] = Var(A) +
Bias(")2, where Bias(") := E["] . The optimal esti-
mator in terms of MSE is typically one that balances this
bias-variance trade-off, not one with zero bias. Therefore,
in the context of minimizing MSE, strong asymptotic con-
sistency, which requires the MSE of an estimator to almost
surely converge to zero as the amount of available data in-
creases, is a more desirable property than unbiasedness.

In this section we propose a new OPE estimator that we call
the weighted doubly robust (WDR) estimator. The WDR
estimator comes from applying a simple well-known exten-
sion to importance sampling estimators to the DR estima-
tor to produce a new guided importance sampling method.
This extension does not directly optimize the bias-variance
trade-off, but it does tend to significantly better balance it
while maintaining asymptotic consistency. More specif-
ically, WDR is based on weighted importance sampling
(Powell & Swann, 1966) as opposed to ordinary impor-
tance sampling (Hammersley & Handscomb, 1964). For
further discussion of the benefits of weighted importance
sampling over ordinary importance sampling, see the work
of Thomas (2015b, Section 3.8). Weighted importance
sampling has been used before for OPE (Precup et al.,
2000), but not with the DR estimator.

We define the WDR estimatgs as the DR estimator in
(1), except where wy = {= [, {7 Intuitively it is

2Just as DR-v2 extends the DR estimator (Jiang & Li, 2015,
Section 4.4), one can create the WDR-v2 estimator by replacing
G7e (S¢; Ae) with £ (Sy; Ag; 0)+ V7€ (S¢+1) in (1). For the do-
mains presented here, these variants did not outperform the origi-
nal DR and WDR estimators.
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clear that this estimator is asymptotically correct because
E[ 4] = 1, and so by the law of large numbers the denom-
inator of wi will converge to n. Although WDR is not an
unbiased estimator of V( ¢), its bias follows a pattern that
is both predictable and also sometimes desirable. When
there is only a single trajectory, i.e., n = 1, WDR(D) is
an unbiased estimator of the performance of the behavior
policy, since wi = 1 for all t. If there is a single behavior
policy, p, as the number of trajectories increases, the ex-
pected value of WDR(D) shifts from v( ) towards v( ¢).

In Appendix C we establish two different sets of assump-
tions that are sufficient to show that WDR is a strongly con-
sistent estimator of V( ¢).

6. Empirical Studies (WDR)

In order to both show the empirical benefits of WDR over
existing importance sampling estimators and better moti-
vate our second major contribution, we present an em-
pirical comparison of different OPE methods.> We com-
pare to a broad sampling of model-free importance sam-
pling estimators, definitions of which can be found in the
work of Thomas (2015b, Chapter 3): importance sampling
S), per-decision importance sampling (PDIS), weighted
importance sampling (WIS), and consistent weighted per-
decision importance sampling (CWPDIS). We also com-
pare to the guided importance sampling doubly robust (DR)
estimator (Jiang & Li, 2015).

Lastly, we compare to the approximate model (AM) es-
timator, which uses all of the available data to construct
an approximate model of the MDP.* The performance of
the evaluation policy on the approximate model is typically
easy to compute and can be used as an estimate of V( ¢).
For example, in our experiments the approximate model
maintains an estimate, (%,lgf the initial state distribution,
and so we define AM = ¢ (!R)(S)O‘ e(s). Notice that
unlike the importance sampling based methods, AM does
not include any importance weights ( ¢ terms).

Here we provide an overview the results detailed in Ap-
pendix D. We used three domains: 1) a4 4 gridworld pre-
viously constructed specifically for evaluating OPE meth-
ods (Thomas, 2015b, Section 2.5); 2) ModelFuail, a par-
tially observable, deterministic, 4-state domain with hori-
zon L = 2 and in which 3 of the states are aliased (ap-
pear identical to the agent), which means that the agent’s
observations are not Markovian and thus that the approxi-

3The raw data for all experiments in this paper is provided in
the supplemental spreadsheet.

“This model-based estimator has been called the direct method
in previous work (Dudik et al., 2011), however, in other previous
work direct methods are model-free while indirect methods are
model-based (Sutton & Barto, 1998, Section 9.2).

mate (MDP) model is incorrect, even asymptotically; and
3) ModelWin, a stochastic 4-state MDP with L = 20, where
the model that we use can perfectly represent the true MDP.

In our simulations, WDR dominated the other importance
sampling and guided importance sampling estimators (but
not AM). Not only did WDR always achieve the lowest
mean squared error of these estimators, but no other sin-
gle (guided) importance sampling estimator was able to al-
ways achieve mean squared errors within an order of mag-
nitude of WDR’s (e.g., Figure 1a). Note that, as expected,
WDR significantly outperforms AM on the ModelFail do-
main. However, AM significantly outperforms WDR on
the ModelWin domain, which was designed so that the
model quickly converges to the true MDP.

One might wonder why DR and WDR can do worse than
AM even though they incorporate the approximate model.
Although this question has been discussed before by Jiang
& Li (2015, Section 4.2), we review it here. Notice that we
can write the DR and WDR estimators as:

1 > . .
WDR(D) =~ ¥"™*(S") )
—{z— 1}
" (a) #
+ ‘w; RTqm s/ AMN 4+ v sl
=1 t=0 | {z

(b)

If the approximate model is perfect, then (a) is both a low
variance and unbiased estimator of V( ¢). If the approx-
imate model is perfect and Ry and S¢+; are deterministic
functions of Sy and Ay, then (b) is zero, and so the sec-
ond term is always zero and WDR is an excellent estimator.
However, if Rt or S¢+1 is not a deterministic function of S¢
and A—if the state transitions or rewards are stochastic—
then (b) is not necessarily zero. If the importance weights,
wi, have high variance, then even slightly non-zero values
of (b) can result in high mean squared error.

In summary, while WDR tends to outperform the other im-
portance sampling estimators, sometimes AM can produce
estimates with much lower MSE. This trend is also visible
in the results of Jiang & Li (2015), where AM performs bet-
ter than DR. Ideally we would like an estimator that com-
bines WDR and AM or switches between them to always
achieve the performance of the better estimator. In the fol-
lowing sections we show how this can be done.

7. Blending IS and Model (BIM) Estimator

In this section we show how two OPE estimators can be
merged into a single estimator that exhibits the desirable
properties of both. Before doing so, we establish some ter-
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Figure 1: Empirical results for three different experimental setups. All plots in this paper have the same format: they
show the mean squared error of different estimators as n, the number of episodes in D, increases. Both axes always use a
logarithmic scale and standard error bars are included from 128 trials. All plots use the following legend:
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minology. We divide OPE estimators into three classes.
The first class we call importance sampling estimators.
We define this class to include all estimators that, when
L is finite, are defined using all of the importance weights

o, 1,:::: L 1. Notice that this includes IS, PDIS, WIS,
CWPDIS, DR, and WDR. The second class we call purely
model-based estimators. We define this class to include all
estimators that do not contain any ¢ terms fort 0. The
only purely model-based estimator in this paper is AM. Fi-
nally, we call the third class partial importance sampling
estimators. These estimators are those that do not fall into
either of the other two classes—estimators that use impor-
tance weights, ¢, butonly fort <L 1. We will introduce
one such estimator later in this section.

We contend that importance sampling estimators and
purely model-based estimators are two extremes on a spec-
trum of estimators. Importance sampling estimators tend
to be strongly consistent. That is, as more historical data
becomes available, their estimates become increasingly ac-
curate. However, their use of importance weights means
that they all (including DR and WDR) also can have high
variance relative to purely model-based estimators. This is
evident in the results on the ModelWin domain.

On the other end of the spectrum, purely model-based es-
timators like AM are often not strongly consistent. If the
approximate model uses function approximation or if there
is some partial observability, then the approximate model
may not converge to the true MDP. So, as more historical
data becomes available, the estimates of AM may converge
to a value other than v( ¢). Thus, purely model-based es-
timators tend to have high bias, even asymptotically, as ev-
idenced by the AM curve in Figure 1b. However, purely
model-based methods also tend to have low variance be-
cause they do not contain any ¢ terms.

Between these two extremes lies a range of partial im-
portance sampling estimators. Estimators that are close
to the purely model-based estimators use ¢ terms only
for small t, while estimators that are close to importance
sampling estimators use ¢ terms with large t approach-
ing L 1. Before formally defining one such partial

CWPDIS DR AM

WDR

importance sampling estimator, we present a few addi-
tional definitions. First, let ISI%I(D) denote an estimate
of E[ {:0 R¢jH e), constructed from D using an
importance sampling method like PDIS or WDR, which
uses importance weights up to and including . Similarly,
let AMU: L] (DI)_—denote a primarily model-based prediction
from D of EJ[ tj;j R¢jH e] that may not use ¢
terms witht  J.

We can now define a partial importance sampling estima-
tor that we call the off-policy j-step return, g9 (D), which
uses an importance sampling based method to predict the
outcome of using ¢ up until R; is generated, and the ap-
proximate model estimator to predict the outcomes there-
after. That is, let J denote the length of the j-step return
and forall j 2N 1, let’

g9 (D) =1S%(D) + AMUI+:1(D)
g™ (D) := lim ¢®(D): 3)
j

Notice that g¢ V(D) is a purely model-based estimator,
g)(D) is an importance sampling estimator, and the
other off-policy j-step returns are partial importance sam-
pling estimators that blend between these two extremes.
When j is small, the off-policy j-step return is similar to
AM, using importance sampling to predict only a few early
rewards. When J is large, it uses importance sampling to
predict most of the rewards and the model only for rewards
at the end of a trajectory. So, as j increases we expect the
variance of the return to increase, but the bias to decrease.

We propose a new estimator, which we call the blending
IS and model (BIM) estimator, that leverages this spec-
trum of estimators to blend together the IS and AM esti-
mators in a way that minimizes MSE. It does this by com-
puting a weighted average of the different length returns:
BIM(D) := xlg(D); where X := (X 1;Xo;X1;:::)Visan
infinite-dimensional weight vector and g(D) is an infinite-

SIf prior knowledge about do is available, then one might con-
sider adding g¢ ? (D) to denote the model’s prediction of v( ),
which might differ from g¢ (D).
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dimensional vector of different length returns, g(D) =
The remaining question is
then: how should we select the weights, X?

A similar question has been studied before in reinforce-
ment learning research when deciding how to weight j-
step returns (not off-policy), as reviewed by Sutton & Barto
(1998, Section 7.2). The most common solution, a com-
plex return called the -return, uses X 1 = 0 and Xj =
(1 ) Jforallother j. The -return is the foundation of
the entire TD( ) family of algorithms, which includes the
original linear-time algorithm (Sutton, 1988), least-squares
formulations (Bradtke & Barto, 1996; Mahmood et al.,
2014), methods for adapting (Downey & Sanner, 2010),
true-online methods (van Hasselt et al., 2014), and the re-
cent emphatic methods (Mahmood et al., 2015).

Recent work has suggested that the -return could be
replaced by more statistically principled complex re-
turns like the -return (Konidaris et al., 2011) or -
return (Thomas et al., 2015). For the finite-horizon set-
ting and for j 2 f0::::;L __ 1g the -return uses
- i 2 1_pL 1Py 7 o 1

Xj = ( j=0 ") 5 i= i=o0 ; and the -
return uses Xj = :;Ol RS j‘L;i:lo a5 ;
where pisthe L L covariance matrix where n(i;J) =
Cov(g®¥(D); g9 (D)); and where both the and -
returns use Xj = Oforj @ 0;:::;L 1g.

The advantage of the -return over the -return is that it
uses a more accurate model of how variance increases with
the length of a return, which also eliminates the hyper-
parameter used by the -return. The advantages of the -
return over the -return are that it both uses a yet more-
accurate estimate of how variance grows with the length
of the return, which is computed from historical data, and
that it better accounts for the fact that different length re-
turns are not independent, i.e., g (D) and g4’ (D) are not
independent even if i & J.

However, none of these weighting schemes are sufficient
for our needs because they do not cause BIM to necessarily
be a strongly consistent estimator.® This is likely because
they were all designed for the setting where only one tra-
jectory is available, i.e., n = 1, while strong consistency is
a property that deals with performance asn ¥ 1. Further-
more, they were designed for on-policy policy evaluation.

We therefore propose a new weighting scheme (a

new complex return for multiple trajectories) that di-

rectly optimizes our primary objective: the mean

squared error. This new weighting scheme is X° =

arg minyora MSE(x!g(D); v( ¢)): Unfortunately, we
. ?

typically cannot compute X°, because we do not know

SThe -return with = 1 is defined to be g‘*(D) and is
consistent, but it does not mix the two OPE methods at all.

MSE(x!g(D);v( ¢)) for any X. Instead, we pro-
pose estimating X’ by minimizing an approximation of
MSE(x!g(D); Vv( ¢)). First, dealing with an infinite num-
ber of different return lengths is challenging. To avoid this,
we propose only using a subset of the returns, fgU’(D)g,
for j 2 J, where jJj < 1. Forall J 8 J, we assign
Xj = 0. We suggest including land X inJ.

To simplify later notation, let g3 (D) 2 RIVJ be the ele-
ments of g(D) whose indexes are in J—the returns that
will not necessarily be given weights of zero. Also let Jj
denote the j" element in J. We can then estimate X’ by:

&’ 2arg min MSE(x!gs (D);v( ¢));
X2RiJi

where our estimate of Xj? is zero if j 8 J and our estimate

Next, to avoid searching all of RIJJ and also to serve as a
form of regularization on k7, we limit the set of X that we
consider to the jJ j-sim}&ex, i.e., we require Xj O for all

jJi i35 1o

j 2 f1;:::;jJ]jg and j=1 X = 1. We write
denote this set of weight vectors—the jJ j-simplex.

Using the bias-variance decomposition of MSE, we have:

®’ 2arg min Bias(x!g3 (D))? + Var(x!g; (D))
x2 191

=arg min x![ ,+bsblix;
x2 131

where N remains the number of trajectories in D, p
is the jJj  jJj covariance matrix where np(i;j) =
Cov(g©¥?(D); g¥i)(D)) and by, is the jJ j-dimensional
vector with bn(j) = E[gF(D)]  v( ¢) forall j 2

the MSE for all possible X into estimating two terms: the
bias vector, by, and the covariance matrix, p.

Let Bn and bn be the estimates of b, and | when there
are N trajectories in D. The exact scheme used to esti-
mate b and p, depends on the definitions of 1sl91(D)
and AMU* (D). In general, both terms are easier to es-
timate for unweighted importance sampling estimators like
PDIS and DR than for weighted estimators like CWPDIS
or WDR.

To make the dependence of BIM on the estimates of p
and by, explicit, and to summarize the approximations we
have made, we redefine the BIM estimator as:

BIM(D; Pn; Br) = (8") g5 (D);
where B° 2 arg min, 50; x1[P, + BnBA]Xi

"Since by, (similarly, €2,,) already has a subscript, we write
b, (j) to denote the j™ element of b,,.
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Before continuing, we establish an assumption that will be
useful here and later: that the importance weights, { are
bounded above by a finite constant, 2 R (they are always
bounded below by zero). This assumption is trivially satis-
fied in the common setting where the horizon is finite and
the state and action sets are finite. Although Assumption 1
requires to exist, none of our results depend on how large

is. So, in the non-finite state, action, and horizon settings
one may ensure that evaluation policies are only considered
if they satisfy Assumption 1 for some arbitrarily large

Assumption 1 (Bounded importance weight). There ex-
ists a constant < L such that for all (t;1) 2 N o
f1;::5n0, ¢ surely.

We now show that if at least one of the returns included
in J is a strongly consistent estimator of V( ¢), Assump-
tion 1 holds, 2 R, and if the estimates of b, and n
are themselves strongly consistent, then BIM is a strongly
consistent estimator of V( ¢).

Theorem 1. If Assumption 1 holds, there exists at least
one j 2 J such that g9 (D) is a strongly consistent esti-
mator of V( ¢), Bn b, “Y 0, and bn n ‘M0, then
BIM(D; 0,,;B,) “¥ v( o): Proof See Appendix E.

8. Model and Guided Importance Sampling
Combined (MAGIC) Estimator

In this section we propose using the BIM estimator with
WDR as the importance sampling estimator, and show how
bn and |, can be approximated in this setting. The result-
ing estimator combines purely model based estimates with
the estimates of the guided importance sampling algorithm
WDR, and so we call it the model and guided importance
sampling combining (MAGIC) estimator.

Although the derivation of how to properly define
1S%I1(D) and AMU:T(D) in order to blend WDR with
the approximate model is less obvious than one might ex-
pect and therefore an important technical detail, we relegate
it to Appendix F due to space restrictions. The resulting
definition of an off-policy j-step return is

N X
g®@) = g (D), 4)
i=1

where
97(0) = WiR+ TS
i _{z—23 )
(a)
> _ ,
Cowigt SILAM wp e ST
= {z }

()

where (c¢) is the combined control variate for both the im-
portance sampling based term, (a), and the model-based
term, (b), and where we use WDR’s definition of W{. An-
other viable definition of g4’ (D) is given in Appendix F.1.

Consider the entries in  n:

x > B
9’(D); ¢ (D)

=1 =1

Cov g9 (D);g®™(D) = Cov

Notice that gi(j)(D) reallyF;s a function of all of D, not
just Hj, since w} = 1= [’_1 { This means that, al-
though the terms in the sum, in:l gi(i)(D), are identically
distributed, they are not independent, due to their shared
reliance on D. However, the gi(j)(D) terms become less
dependent as N ¥ 1 because the only dependence of
gi(j) (D) on trajectories other than Hi comes from the de-
nominator of w}, which converges almost surely to n.

We therefore propose approximating p using the sam-
ple covariance matrix that results from the assumption that
gi(j)(D) and gi(k)(la) are independent for j & k. That is,
letg™(@):=21" " ¢“(D)and

n

x _
baGil) = d ) o) )
i=1

g7 D) :

Estimating the bias vector, by, is challenging because it has
a strong dependence on the value that we wish we knew,
V( ¢). We cannot use AM’s estimate as a stand-in for
V( ¢) because it would cause us to assume that AM’s great-
est weakness—its high bias—is negligible. We cannot use
WDR’s estimate (or any other importance sampling estima-
tor’s estimate) because our estimate of b, would then con-
flate the high variance of importance sampling estimates
with the bias that we wish to estimate.

When n, the number of trajectories in D, is small, variance
tends to be the root cause of high MSE. We therefore pro-
pose using an estimate of by, that is initially conservative—
initially it underestimates the bias—but which becomes
correct as N increases. Let CI(g¢1)(D); )beal  confi-
dence interval on the expected value of the random variable
g(1)(D) = WDR(D). Intuitively, as n increases we ex-
pect that this confidence interval will converge to g1 (D),
which in turn converges to V( ¢). So, we estimate bn(j),
the bias of the off-policy J-step return, by its distance from
the 10% confidence interval. That is, we estimate b (J) as

Bn(j) = dist g“i)(D);Cl(g‘™(D);0:1) ;

where dist(y; Z) is the distance betweeny 2 R and the set
Z R, ie,dist(y;Z) = mingszjy zj: We use both
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(a) Gridworld (b) ModelFail (c) ModelWin (d) Hybrid

Figure 2: Empirical comparison of MAGIC to other estimators using the legend from Figure 1. All plots use the following
legend (although only Figure 2d includes MAGIC-B):

the percentile bootstrap method (Efron & Tibshirani, 1993)9. Empirical Studies (MAGIC)
and Chernoff-Hoeffding's inequality to construct the con-
dence interval, and use whichever is tighter. Although in
practice the Chernoff-Hoeffding interval is almost always
the looser of the two, and so it need not actually be com
puted, its inclusion simpli es our proofs.

Appendix | provides detailed experiments using MAGIC.
In this section we provide an overview of these results.
The rst three plots in Figure 2 correspond to those in Fig-
ure 1, but include MAGIC. In general MAGIC does very

well, tracking or exceeding the best performance of WDR
High-level pseudocode suitable for understanding MAGICand AM. However, in Figure 2c MAGIC does not perfectly

is provided in Algorithm 1, while detailed pseudocode suit-track AM. The scale is logarithmic, so the difference be-
able forimplementations is provided in Appendix G. Recalltween MAGIC and AM is small in comparison to the ben-

thatJ should include 1andl . e t of MAGIC over WDR. We hypothesize that the reason
MAGIC does not match AM may be due to error in our
Algorithm 1 MAGIC( D) estimates of , andb,,.
1: Input: Historical dataD, evaluation policy, e, anap-  Figure 2d is foHybrid, a domain that consists of concate-
proximate model, and a set of return-lengths, nating ModelFail with ModelWin. This means that early
2: ComputgJj jJj matrixP, according to (5). in the trajectories there is partial observability, but later the
3: Compute 2 90% condence interval, [l;u], on  state is fully observable. This might occur in education do-
WDR(D) using the percentile bootstrap method. mains (initial uncertainty over a student's knowledge) or
4: Compute jJ] 1 vector By, where B,(j) =  robotics (positional uncertainty before localizing). In such
dist(gt?1)(D); [I; u]). a setting, MAGIC outperforms all other estimators, even
5. x argming, u x! [P, + B,Bl]x AM and WDR, by automatically leveraging WDR for the
6: return x! g; (D) parts of trajectories where partial observability causes the

model to be inaccurate, and AM for the parts of trajecto-

. . ) ries where the model is accurate. To emphasize this, we

:\r/|1A'(I'3hlgorer?2 v;/e e.Stab“ih colnd|t|ons_, tmc:er \f{\_'h'c? thefinclude MAGIC-B (B forbinary) whereJ = f 1,19 ,so
estimator Is a strongly consistent esimator oty g\ can only blend AM and WDR by placing weights

V( ¢). When these conditions are not satis ed, it does g
.on them. The poor performance of MAGIC-B in Figure
mean that the result does not hold or that the MAGIC esti- P P n Figures

. . 2c and 2d supports our use of off-policystep returns.
mator will perform poorly—it merely means that the theo- PP PoTExstep
retical results are not guaranteed by our proofs. The@em )
uses a new assumption, Assumpt®mwhich ensures that 10. Conclusion

all trajectories of interest v_vhen e_vgluatmg_m_ll be pro- We have proposed several new OPE estimators and showed
duced by all of the behavior policies. This is a standard

> ) empirically that they outperform existing estimators. While
assu.m_pt!on n Ol.DE anq 'typlcally precludes the use of de|EJrevi0us OPE estimators that use importance sampling of-
terministic behavior policie$. ten failed to outperform the approximate model estimator

Assumption 2 (Absolute continuity) For all (s;a;i) 2 (which does not use importance sampling), our new estima-
S Af 1;:::;ngif i(ajs)=0 then ¢(ajs)=0. tors often do, frequently by orders of magnitude. In cases
Theorem 2(MAGIC - strongly consistent)If Assumptions whgre the approximate model' estimator remains the best
1and2 hold andl 2 J , thenMAGIC( D) s V(o) e_stl_mator, one of our new estimators, MAGIC, performs

similarly. In other cases, MAGIC meets or exceeds the per-
formance of state-of-the-art prior estimators. We present

8Assumption2 could be replaced with a less-restrictive as- ggme potential avenues of future work in Appendix J.
sumption like that used by Thomas (2015b, Section 3.5). We use

Assumption2 because it allows for simpli ed proofs.

Proof See Appendix H.
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A. Preliminaries We will require an additional property of almost sure con-

i ) . i . vergence that is similar to Propeybut which allows for
In this §ect|on we present additional qotatlon, de nitions, 1ha"sum over a countably in nite number of sequences of
properties, (known) theorems, corollaries, and lemmas thqlandom variables, i.em = 1 . In order to establish this
are useful when we prove theorems later. property we begin with Lebesgue's dominated convergence
LetH' == (So;A0;R0;S1;:::;St 1;Ar 1;Re 1;S) be  theorem:
the rst t transitions in the episodd . We callH! a par-
tial trajectory of lengtht. Notice that we use subscripts
on trajectories to denote the trajectory's indexbirand su-
perscripts to denote partial trajectoriebH-is the rstt
transitions of theé™ trajectory inD. Let H! be the set of
all possible partial trajectories of length

Theorem 3 (Lebesgue's Dominated Convergence Theo-

rem). Let(f,)i_, be a sequence of integrable functions

that converges almost everywhere to a real-valued measur-

able functionf . If there exists an integrable functidmy

such thaff,j gforall n, then

. Z Z

Forall(;s) 2 S , letsupp( ) be the set of actions .

that have non-zero probability when the policyis used nlglj[n fnd = fd:

to select an action in state i.e.,supps( ) = fa2 A :
(ajs) 8 0g. Similarly, letsupp(;t) = fht 2 H! :

Pr(H! = h'j ) 60g.

Later we will need to bound terms like,R! for some

t andi. Notice that even if { < , it is possible for
tRt > max if rmax iS negative, since; could be zero.

Proof. See the work of (Bartle, 2014, Theorem 5.6).]

Next we use Lebesgue's dominated convergence theorem

At(:]d|t|?nallyh]§((j)erln_e}tlmes_;ve mlgyﬂdeﬁl V\gfh‘a"ttﬁrms and to show conditions under which we can reverse the order
other times 2% To avoid explicitly handling these cases, ¢ 4 imit and an in nite summation:

we will bound terms using loose bounds that depend on a .

new term:r 2 .. := maxfj rminj; jr ma; jr Mo9ef; jrmodefq Lemma 1. Let fxlgl, be a countably in nite num-
ber of real-valued sequences indexed ihysuch that

limyy  xh = x foralli 2 N . If there exists a function

g:N ! Rpsuch thafx'j g(i) foralln 2 N.o and

i2N g,and [, g(i)< 1,then

De nition 1 (Almost Sure ConvergenceA sequence of
random variables(X ,)i_, , converges almost surely to the
random variableX if

Pr r]I!|1m Xp= X =1: 2 % |
H | — : 1.
lim | Xp = _ nI!|1m Xn !
We write X, 1** X to denote that the sequen@é,)1_, =0 =0
convergences almost surelyXo

De nition 2. Let be areal number and/\n/)\%ﬂ beanin-  proof. We apply Lebesgue's dominated convergence the-
nite sequence of random variables. Y\Ve g@lla(strongly) orem (TheorenB), where for all(n;i) 2 Nsg N o,
Consistent estimatorof |f and Only |f n | fn(|) = Xr|1, f (|) = Xi , and is the Counting measure

) . . ) on the measure spa¢®l o;P(N o)), whereP(N o) is
Notice that an estimator being unbiased doesmean that  ,o power set o . =

it is also strongly consistent—estimators can be any combi-
nation of biased/unbiased and consistent/inconsistent. Next

we present several known properties of almost sure conver- . .
gence (Mittelhammer, 1996, Section 5.5). We can now establish our desired property about almost

i i sure convergence:
Property 1. [Continuous mapping theoren¥ 1Bs % g

implies thatf (X,) 1> f (X) for every continuous func- Property 4. LetfX/ g, be a countably in nite number
tionf . of sequences of random variables such tat!*> X ' for

Property 2. LetX, andY, be sequences of random vari- &l I 2 iN o- If there exists a fun.c_tiog :N o! Rsuch
ables andX andY be random variables. X, ** X, [Daltlx nl - 0(0) sure'gllfor a"(f;,S')FQle. N o, and
Yo #% Y, andifPr(Y =0) =0 , then¥e ©** X, iz0 9(1) < 1 ,then [, X, "™ 5 X'

Property 3. If f Xriwginil arem < 1 sequences of random %To conform j[o standard notations elsewhere, here we reuse
iabl hthak i 1S Xif i 2 fl: the symbolg, which was previously used to denote the return of
varigbles such thaX, orall i -1 MA, 3 trajectory,g(H). The two uses of are suf ciently dissimilar
m i jas. m i . .
then 2, X| ! iz X' that this reuse should not cause confusion.
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Proof. where(a) comes from the bounded convergence theorem.
% % ! For term(b), notice thatforall 2 A,limp; X, = X.
Pr lm ~ Xh= X For term(c), notice that by the assumption thét 1** X,
0 "z i=0 1 we have that n A has measure zero. So:
|
@ S . D D . z
Pr lm X} = X' lm Xy = X' im E[Xa]= XdP
o "7 | i=o " {2 i=0 } n 7ZA Z
® = XdP+ X dP
0 1 ’; | nA
=E[X]:
|
(c) \ . o\ \ ) . .
Pr lim X, = X' lim X, = X'
=0 nll i=0 n!l D
' = {z }
c)
!
v : i i
=Pr Nim X, = X Next we present a lemma that relates almost sure conver-
=y 1 gence of estimators to mean squared error. Lee an

estimator of . Recall that:
F ; i i i
=1 Pr nIlllm X, 6 X VSE(® ) = Eh" 2| .
I } GH=e " )2

=1 We show that a sequencéX,)i_; converges almost
where(a) comes from Lemma which ensures that surely toX if and only iflimny  MSE(X/;X) =0.

| Lemma 3. If (X)L, is a sequence of uniformly bounded
v R N real-valued random variables, thet, ™ X if and only
B nI!llm Xnp= X" =) nI!|lm . Xn = . nIH‘n Xn if imy.  MSE(Xn;X)=0.

(c) holds becaus@) =) (b), and(e) has zero measure

because it is the countable union of zero measure sets by

the assumption that! 1** X' foralli 2 N o. [0  Proof. We show each direction separately. First we show
thatX , 1*% X implieslimn;  MSE(X,;X)=0.

Next we show that if a sequence of random variab¥es,

converges almost surely to a random varialle then the MSE(Xn:X) = E[(Xn X)?]
expected value oK, converges to the expected value of ’ CE[Y, ]
X . - ni

Lemma 2. If (X)L, is a sequence of uniformly bounded ] )

real-valued random variables and ¥, % X, then WhereYn = (X X)Z.asBy the continuous mapping

limon  E[Xa]= E[X]: theorem we have that, "> (X X)? = 0. So, by
Lemmaz2 (applied toE[Y,]) we have that

Proof. Let X (for all n) andX be random variables on

t_he probability spacé ; ;P) and letA = f! 2 I.im MSE(X ; X) = E[0]
limhn  Xn = Xg. Then: nil
4 =0:
nI!ilm E[Xq]= r!i!rln XndP
G Next we show the other diregﬂpn: that
ni1 n limna:  MSE(Xnh;X) = 0 implies X, ! X. Let
z X and allX, be random variables on the probability space
= n|!ilm XndP + nl!ilm XndP; (; ;P),A=1fl" 2 :lim ;3 MSE(X,;X)=0g,
|2 g) b2z } andB = f!' 2 A : limy X, 6 Xg |If

(© lima: MSE(X,h;X) = 0, then by the de nition of
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MSE we have that: and
Z . .
0= nl'ﬁn Xn X )2 dP Pr nI!|1m Yo X Pr nI!|lrn Z, X
Z 1 —
2 Pr Ilim Z, =X
@ im X, X dpP ni1
nll :1 .
. 2 ,
= . lim Xn X dP we have that (6) is the probability of the joint occurance of
% } two probability one events, and so
Z
2 .
+ lim X, X dP Pr lim Y,=X =1:
n!l n'l
AnB
| {z } 0
7 (c)
. 2
+ lim Xn X dP; Next we show that if the difference between two sequences
| nA {z } converges almost surely to zero, then we can substitute one

@ sequence for the other as an input to a continuous function
without changing the almost sure convergence properties
of the function:

where we ge{a) by using the bounded convergence the-
orem to pass the limit inside the integral and the fact tha
(Xn  X)?is a continuous function ok , to then move
the limit to theX,, term. Notice thatb), (c), and(d) are

all positive, and so they must all be zero for the equal-

ity with zero to hold. We have thafd) is necessarily pr |im f(Y,)= X =Pr Iim f(Yn Xn+ Xn)= X
zero due to the de nition ofA and our assumption that nt nt
limna,  MSE(Xq;X) =0. Similarly, (c) is zero because,

from the de nition of B, An B causedim,; X, = X. @py
However, in(b), by the de nition of B, lim,; X, X is

non-zero, and so for the equality with zero to hddnust

have measure zero. That Bi(lim,; X, 6 X) =0, ®
and thusPr(lim,; Xp=X)=1. O

Lemma 5. If f is a continuous functiorf, (X ,) ** X,
BndY,  Xn % 0, thenf (Yn) P X.

Proof.

f IimY, X,+X, =X
n'l

Pr im Y, Xn,=0
n'l
!
. . f Iim X, =X
Next we show that if two sequences of random variables nil
converge to the same random variable, then any sequence

of random variables bounded between the two sequences =Pr ',ilm Yn Xn=0
must also converge to the same random variable. ' |
Lemma4. If X, *% X,Z, *% X, andforalln, X, ' lim f(Xn)= X
Y.  Zn,thenY, % X. nii
© .
Proof. . : .
where(a) holds becausé is a continuous function, and
i _ _ i 6 where(b) holds because it gives suf cient conditions for
Pr i Yo =X =Pr m Yo X (6) the event in the line above to hold, ate) holds because
\ im Y. X under our assumptions the two events both occur with prob-
" ability one. So we can conclude tHatY,) ** X. O
Since

Next we review two standard forms of the strong law of

Pr Im Y, X Pr lmX, X large numbers.
nil nil Theorem 4 (Khintchine Strong Law of Large Numbers)

Pr lim X, =X Let fX;gk, be independent and identically distributed
nt random variables. The@® ', Xi)i_; is a sequence of

=1; random variables that converges almost surelf£{iX ¢ ].
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2.3.13). O
Pe(s;i) = (ajs)t ¢(s;a;i)
a2A X ' .
Theorem 5 (Kolmogorov Strong Law of Large Numbers) = e(as)f *(sia)
LetfX g, be independent (not necessarily identically azsupps( e)
distributed) random variables. If alK; have the same @ o(@s)t ¢ (s;a;i)
mean and bounded variance (i.e., there is a nite con- a2supp.( )
stapt b such that for alli 1, Var(X;) b), then X (ajs)
(nl i":l Xi)i_, is a sequence of random variables that = — (ajs)t °(s;a;i)
converges almost surely E[X 1]. a2supp.( ) (@s)
X .\ e(@s) .
= (8js) ==t °(s;a;i)
a2suppg( ) (ajs)
Proof. See the work of Sen & Singer (1993, Theorem _ e(AiS)r\ f(s:AD) A
2.3.10 with Proposition 2.3.10). O (Ajs) ”

where(a) holds by the assumption that(ajs) = 0) =)
( «(ajs)=0) forall(a;s) 2A S . O

In Corollary 1 we present a simple extension of Kol- _ .
mogorov's strong law of large numbers that we often still Corollary 2 extends Lemm4 to show a relationship be-

refer to as Kolmogorov's strong law of large numbers: ~ Ween? ¢ (s) and the expected value @f< (s; A1) if A is
generated by some policy.

Corollary 1. LetfX;gL, beindependent (not necessarily Corollary 2. Let( «; )2 2, where( (ajs)=0) =)
identically distributed) random variables. If a; have ( o(ajs)=0) forall (a;s)2A S .Thenforalls2 S,
the same mean gnd are uniformly bounded by a nite con-
stantb, then(2 L, X;)i_, is a sequence of random
variables that converges almost surely&X ;].

e(Ajs)
(Ajs)

¢e(s)= E G°(s;A) A

Proof. We have from Lemma@ that foralli 2 N g,

Proof. For alli 2 N we have thajX;j  bsurely, so pe(sii)= E e(AjS)r\ e(s; A1) A
from Popoviciu's inequalityVar(X;) b2, and so we can (Ajs)
apply Theorenb. . . - t
Summing both sides ovérand multiplying by ' we have
that:
clarty = (AS) < (e a-
We now turn to results that are more speci ¢ to reinforce- fe(sit) = ‘E e(Ajs) fe(siAL) A
ment learning and off-policy policy evaluation. Lemma [2°__{z y 0
establishes a relationship between the expected values of =V e(s)
fre(s;i) andr ¢(s; A;i) foralli if A is generated by some "
policy . (Ajs) 3 #
, ¢e(s)=E == thoe(s;Alt) A
Lemma 6. Let( ¢; ) 2 2, where( (ajs) = 0) =) (Ajs) .,
( o(ajs)=0) forall (a;s) 2A S . Then for all(s;i) 2 f {z }
=1 e(siA)
S N o,
. (Ajs)
. (Ajs) . =E =274 °(s;A) A
pe(sii)= E —="0p e(s: AN A : (Ajs)
(Ajs)
O

Before presenting the next theorem, notf's:e that we can ex-
Proof. First, recall from the de nition oft (s;t) that for  pressthe DR estimator, (1), BR(D)= 2 ., DR;(D)
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if Lemma 8. Assumptior? implies that ifPr(H'= htj ;) =
¥ 0, thenPr(H! = h'j o) = 0 foralli 2 f1;:::;ng,
DR;(D) := tiRM h' = (so;@0;r0;81;:::58 1;@ 1;7t 1;8) 2 HY, and
=0 0 t< 1.
Coiae SUGAR i1 S Proof. If t = 0 thenh! = (s0); which does not depend
t=0 on the policy, so clearly iPr(H® = h% ;) = 0 then

. » _ _ Pr(H® = h% ) = 0. Hereafter we assunte t< 1 .
Lemma? gives conditions under which the DR estimator Notice that for any 2

is an unbiased estimator e ) when using only one tra-

jectory. This lemma is the bulk of the proof that the full

DR estimator is unbiased—we have placed it in a separatepr(H ‘=)
lemma because it is also a useful result when showing that @ _
the DR estimator is strongly consistent. =Pr( So= s0) Pr(Ao= a0jSo = so; )

Lemma 7. If Assumption2 holds thenE[DR;(D)] = v

Pr(Si=sijSi 1=s 1;Ai 1= & 1)
i=1
Pr(Ri 1=ri 1jSi 1=si 1;Ai 1=a 1;Si=+s)

PI’(Ai = aijSi =S, )

Proof. Recall that

DR;(D) = ? tIRM Pr(St=sjSt 1= st 1;At 1= & 1)
t=0 Pr(Re 1= r¢ 1jSt 1= 8t 1;A1 1= & 1;8 = )
% tolge sHi; Al b st @do(s0) (a0jso)P(sist 1;a )R(re 1St 1@ 1;%)
t=0 b
_ . P, L S P(sijsi 1ai 1)R(ri 1jsi 1;a 1;8) (ajsi):
First, notice that ._, ' {'R{'" is the per-decision im- i=1

portance samplindPDIS) estimator, which is known to
be an unbiased estimator f ) (Precup et al., 2000;

Thomas, 2015b). So, we need only show that the remai
ing terms in the de nition oDR; (D) have expected value
zero, i.e., that

where(a) comes from repeated application of the rule that,
for any random variableX andY, Pr(X = x;Y =y) =
n|f>r(x = X)Pr(Y = yjX = x) and the Markov property for
state transitions, actions, and rewards, @)ccomes from
the de nitions ofdy; ;R andP in MDPNvL1.

# " # So, if Pr(Hy = h¢j i) = 0, then one of the terms in the
E X qe S"AM = E X oc M product above (using; for ) must be zero. If that term
o Con ! ' is not a ; term, then it also shows up Pr(H; = hj ),

and soPr(H; = hij ¢) =0. Ifthe termis a ; term, then
by Assumption2, the correspondinge term must also be

By"CoroIIaryZ (which reqL;;res Assumptia?) we have that zero, and s®r(H; = hj 1)=0. O
X ,
E Chog0e St Next, recall the known result that the ratio of partial trajec-
t=0 tory probabilities under two different policies can be writ-
X e AMijsHi # ten in terms of the two policies:
=E b 1Tq = S{GAL Lemma9. Let and pbe any two policies and2 Ns .
t=0 i ACS Leth; be any history of length that has non-zero proba-
., 4 bility under y,i.e.,Pr(H;=h¢j ) 6 0. Then
A ti Hi. aHi . iy 1 .
=E @ SUUACT Pr(Hi=hij ) _ e (aijsi) .
t=0 Pr(Hi=hij v) ., b(aijsi)’
O

Proof. See the works of (Precup et al., 2000) or (Thomas,
For completeness, next we show formally the obvious re2015b, Lemma 1). O
sult that Assumptior2 implies that partial trajectories that
occur under the evaluation policy must occur under the beNext we establish Lemm#0, which states that we can use
havior policy. importance sampling to generate unbiased estimates of any
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function of partial trajectories i . Recall that whenever then

we writeH; (or H!) we always mean a trajectory generated 3 X0 ;
by i, soH; . R LG I 7)
Lemma 10. If Assumption2 holds, then for all(t;i) 2 t=0 Q=1 =1t #
N f 1,:::;ng b
1 | g !a.s. E tft(Ht+l) H .

E[f (H{™)]= E[f(HUH)H™ ], t=0

for any real-valued functiof. Proof. Let
_ t 1= ; ) x i

Proof. If t = 1thenH = (Sp), which does not de Xt = P t J_ t(HI;

pend on the policy, so the result is immediatet. If O: i1 =1t

P
2 3 so that the left side of (7) can be written a§1=0 X L. First

_ Y. AJ.Hijsti we multiply the numerator and denominatonof by% to
E[ Itf(Hit+l )]:E4 ﬁf (HiHl )5 get:
j=o i AIS P
' t+1 t+1 # t — % F:l Dt it.I:t(HiH-l).
@ PrH™ =" e Xn = R : ®)
- Pr HIT = pi*t i ( i ) n i=1 t
- X Pr H' = gttt We will show that the numerator of (8) converges almost
supp( 1 1+1) ' surely to the desired value:
Pr H'™ = h'"t t+1 1 X
PI’(HH']' - hl+lj I)f(H ) - It tft(Hit+1) !a.S. E[ tft(Ht+l)th+l e]:
= PrH"' =h"t o F(HYY) = 9
e )
supp(_ it +1) By Lemmal0, which relies on AssumptioB, we have that
OF pr gt o g (e E[ Ho(HI] = B[ H(HE)HEE (] Con-
supp( et +1) sider the two cases from the statement of the lemma:
=E[f(H™)H™  ]; 1. Case 1: H!™' is independent and identically dis-

tributed for alli, so | tft(Hi“l) is also indepen-
dent and identically distributed for dll Therefore by
Khintchine's strong law of large numbers, Theorém
we have (9).

2. Case 2: Hi”1 are not necessarily identically dis-
tributed since there may be multiple behavior policies,

where (@) comes from Lemma and (b) comes from
Lemmas8, which requires Assumptiol O

We can use Lemma0 to show the well-known result that
the expected value of an importance weight is one:

Lemma 11. For all  andt 2 N 4, if Assumptior2 so we cannot directly apply Khintchine's strong law
holds, therg[ {]=1. of large numbers. Instead notice thatis bounded
by due to Assumptior, and sg | 'fi(H!™)j
Proof. This follows from Lemmal0 with f (H'*1) = 1. f max. SO, we can apply Kolmogorov's strong law
O of large numbers, Corollary, to get (9).

Next we show that the denominator of (8) converges almost

that the WDR estimator is strongly consistent. This IemmaSurely to one:

Next we establish a lemma that will be crucial to showing

X
uses Assumption3 and4, which are de ned in Appendix 1 i 1S q- (10)
B.3 and Appendix C respectively. L
Lemma 12. Forallt 2 N o, letf, : H"1 I R. If By Lemmall, which relies on Assumptio®, we have that
Assumptior holds,f; =0 forallt 2 N _, and either; E[ {]1=1. Again consider the two possible settings:
Case 1:Assumption8 and4 hold. 1. Case 1: Hit+l is independent and identically dis-
tributed for alli, so ; is also independent and iden-
or tically distributed for alli. Therefore by Khintchine's
Case 2: Assumptionl holds and there is a nite strong law of large numbers we have (10).
f max Such that for allt 2 N g andht*t 2 H'"1, 2. Case 2: Since , we can apply Kolmogorov's

() < f max strong law of large numbers to get (10).
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By applying Property? to (9) and (10) we have that for all then

t, X, P E Y (HY) HYY ¢ L So,
1. Case 1:SinceX! =0 fort L and by Property,

R X 1

Xi=" X}
t=0 t=p

1 #
!a.s.E tft(HHl) Ht+l e
w t=0 #
=E FiH™)H e
t=0

2. Case 2:In order to apply Property4 we must show
glat there exists a functiog : N o ! R such that
tlzo g(t) < 1 andforalln 2 N>gandt 2 N o,
iXLj  g(t). The following de nition of g satis es
these requirements:

Ymax ift<L;

t) =
9(t) 0 otherwise.

That s,
* i
gty !
Lf max

<1;

if < 1;

t=0 otherwise,

since we have assumed thatcan only bel in the
nite-horizon setting, wher. 8 1 . Also, jX\j =
0= g(t) by de nitionif t L andift<L then:

X i
Xaj= Pt MHI)
i=1 j=1 t
xXo i
tfmax Pnt;
i=1 j=1 t

tf max
g(t):
So, by Property, we have (7).

O

Finally, we establish an extension of Lemr2 that will

facilitate its use with sequences that are not quite in the

form that it is de ned for:

Lemma13. Forallt 2 N o, letfy : H' I R. If Assump-
tion2 holds,f; =0 forallt 2 N , and either:

Case 1:Assumption8 and4 hold.

or

Case 2: Assumptiorl holds and there is a nitd ax
such that for allt 2 N g andht 2 HY, jf;(h!)j <

f max

#

i pus
ot 1J. fo(HD P E Y (HY H e
t=0 i=1 j=1 t 1 t=0

(11

Proof. By removing the rst term of the sum and shifting
the variable that the sum uses by one, we can rewrite the
left side of (11) as

1 X

0 R X !( t+1
n fo(H) + ! Pﬁle(Hi ):
i=1 t=0  i=1  j=1 t

We have that
X
ST fo(HY) PUEMGHOL (12)
i=1

by Khintchine's strong law of large numbers in Case 1, and
Kolmogorov's strong law of large numbers in Case 2 (since
fo is bounded). Also, by Lemm&2 (where the de nition

of f{+1 in this lemma is used fof; in our application of
Lemmal2) we have that

xox ! t+1
Pﬁ fien (Hi )
t=0 i=1 Wt #
S E Bl (HYY)H e : (13)

t=0
So by applying Propertg to (12) and (13) we have:
1 X b3 X

i
- fO(HiO)+ ! Pn[;] f t+1 (HiHl)
n i=1 wt=0 i=1 j=1 t #

S E[fo(HO)] + E Hlf L (HYY) H R

t=0 . 4
X0
=  E[ 'f{(H)I+E He(HOYH
t=0 t=l
X

HHOYH e

B. Doubly Robust Derivation and Proofs

In this appendix we provide an alternate derivation of the
DR estimator using control variates. The idea behind con-
trol variates is as follows. Suppose that we would like to
estimate = E[X] given a sample oK . The obvious es-
timator would be”; = X . However, if we have a sample
of another random variabl¥,, with known expected value,
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E[Y], then the estimatot, = X Y + E[Y] may have Thomas, 2015b). The PDIS estimator is given by:
lower variance. Speci cally, whil&/ar( ’\1) =Var( X), we

have thavar( ") = Var( X )+Var( Y) 2Cov(X;Y ). So, xR

A . A . — 1 it i
» has lower variance thah if 2Cov(X;Y ) > Var(Y). PDIS(D) = — t R
OftenY is referred to as theontrol variate Notice that the i=1 t=0

optimal control variate i¥ = X, since thenvar(",) = 0.

Furthermore, notice thdb remains an unbiased estimator [N order to reduce the variance of this estimator we will

of as long as the expected value Yofexists—E[",] = subtract a control variate that we expect to be highly cor-
E[X Y +E[Y]=E[X] E[Y]+E[Y]=E[X]= . related with the PDIS estimator, and then add back in the
Control variates have been used before in reinforcemerfeXPected value of the control variate:

learning to reduce the variance of policy gradient estimates

(Bhatnagar et al., 2009), where the control variate was re- 1 X' X w1 X x .- Hh
ferred to as #aseline o t R — ¢ Fe(STAC0)
. ) i=1 t:?7 Yo i=1 t=0 {z }
Recall that we have de ned the DR estimator in (1) as , ,
PDIS estimatorX control variateY #
AP -
N +E — ¢ Pe(STHAG0) 0 (14)
DR(D) = 'wRy" |— 2% }
l:l t=0 {Z } E [control variatg= E[Y ]
X
xR , " _ ) " Here we expect the control variate to be similar to the PDIS
Cwge STGATT w0 ST estimator if the model's reward predictions are accurate,
|1 =0 i p Le iR Re(S{ AL 0).
Y

If it could be used, (14) would be an extremely low-

variance estimator of( ¢) sinceX Y would usually be
In this de nition theX term is theper-decision importance near-zero and[Y] is a constant that is neaf ). How-
sampling(PDIS) estimator, which is known to be an un- ever,E[control variat¢is not known, and so we cannot use
biased and strongly consistent estimatorfe) (Precup  (14) directly. Although estimating[Y] is nearly as hard
et al., 2000; Thomas, 2015b). Also, the control variate as estimating/( e), itis marginally easier. Itis easier be-
Y, is mean zero, i.eE[Y] = 0. To see why this control causev( ¢) uses the unknown transition and reward func-
variate is reasonable, notice that all of the terms that aréons of the MDP to produce the distribution of rewards at

multiplied by 'w! approximately cancel: each time step, whil&[Y] uses the known approximate
model's transition and reward function for the last transi-
G° S{HGAL R+ ¢e Sl tion before each reward occurs. We can therefore estimate

E[Y] using an unbiased estimator that typically has lower
So, Y is a decent approximation ok, and therefore variance than the control variate. In the alternate view of
DR(D) will have low variance. control variates this new term will b2:

Our derivation of the control variate used by the DR es- N
timator is based on an alternate view of control variates. 1 PIRM 1 P tpe gHizaHiQ
If we do not know the expected value of the control vari- N ,_; ..

i=1 t=0

ate,Y, but we have another random varialife, such that — ?Z. ;o {2 Y

. . estimatorX control variateY
E[Z] = E[Y], then we can use the unbiased estimator
"= X Y + Z. The variance of this estimator is given o 3
byVar(’\S):Var( X)+Var(Y Z) 2Cov(X;Y Z). + 1 |t L tre sfio (15)
So, ifY X andZ has low variance, then this estimator N .. =0
may have lower variance than. Technically, this is an | {z }

ordinary application of control variates usilfg Z as the

nmaet:r\]/-ii:(\:;\zo control variate. We derive DR using this alter_Here we expect thé term to have lower variance than the

Y term because for ead¢handt it only depends on actions

(PDIS) estimator, which is known to be an unbiased and | ; rather than |. Before continuing our derivation we
strongly consistent estimator o o) (Precup et al., 2000; verify thatE[Y] = E[Z] if Assumption2 holds:
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cause we will show that it is equivalent to (1)):

T % # XX
Ez]=E % i the gHig DR(D)—*; . t Ry (16)
, it 3 i=1 t= “ «
@ g 10 X e AlIST Mo A 1 R N
=E42 v STHANG0 S n.
n.__ _ . AHiigHI i=1 t=0 =0
i=1 t=0 i t ] t
X b3 Xt
! X‘ # + ﬁ t : lf\e SHi;t
X _ Lo -
=E E t tpe SlHi;A{"i;O i=1 t=0 =0
ni=1 t=0
=E[Y];

Next we will combine theé* terms into® and¢ terms to get

a more succ,mcl:t efspiressm_r.w_. T_o gllf erlr_d,lwe vy.ll_l use the
property that o ;, f(i;j)= ;o iz;f(j)to
change the order of the sums ovend . We also split *

t

where(a) comes from Lemma@.

So far, in (15), we have introduced a control variate intointo
PDIS that we expect might reduce the variance of the es-

timator a little without introducing bias. However, it will 1 R
still have high variance becaugeis a high-variance esti- DR(D) = = IRy
mator ofE[Y]. To overcome this, we can introduce another Nzt t=0
control variate int to make it a lower-variance estimator xR . 9y y
of E[Y]. So, we introduce another control variate: o ' fe STHATHE
i=1l =0 t=
xR b3
1 X X X X E i t e <Hi.
n RO Lire stiAlo Yhoooor s
i=1 t= i=1 t=0 =1 =0 t=
e S Ay 2 }
X Y
1 X R Next we perform a change of variable using t to
+ = i '[r\ e SHi 0 i
n t 1 t replacet:
i=1 t=0
|- {ZZ }
xR
1)@ A i tr\e Hi .AHi 1 DR(D)Zi It tRFI
n . B t 1 1Mt 1 (=1 t=0
| == {z } 10 R R
new control variatgy © = i ipe gHi ;AH‘ ;j
1X R " Nz =0 j=0
t = p2 P S 10 R X
Niz1 t=0 + = i ipe gHivj
| {z } n 1 g
70 i=1 =0 j=0
— 1 xR II thi
n.
HereE[Z9 = E[YY (although we omit to proof of this =1 1=0
claim), Y %is similar toZ and so it serves as a good control 1 xR g SHi AR
variate therefor, an@ ° will usually have lower variance N o ’
thanY? because it uses , rather than ! ;. However, 1 X_” )4_

nowZ °is a high-variance estimator &fY 9. We therefore + = [ ¢ e sHi
introduce a control variate f@° and this process repeats.

This process of introducing control variates eventually ter-
minates when the new control variate is not random. The
resulting estimator is (we call this estimatdbR(D) be-  Replacing the variable with t and usingw} =

n
i=1 =0

- we get
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that: trajectory, i.e., we write; ratherthan }. Alsolet p:= 1
o ¥ denote the single behavior policy. For further brevity, let
DR(D) = 'wiR{" ety = e (A4jSY) .
i=1 t=0 P (AS)
x X _ _
Cwge STGAD w9 ST First, notice that we can rewrite (1) for the single-trajectory
i=1 t=0 nite-horizon setting as:
X 1 X 1
— t t e .
which is (1). DR(D) = B tRt B tq © (St;Ad)
The original derivation of the DR estimator (Jiang & Li, X 1
2015) required the horizon to be nite and known. Our + Lt e (S)) (17)
derivation makes neither of these assumptions. That is, it t=0

allows for in nite or inde nite horizons and for nite hori- since S, is surely the absorbing state and ®,
zons where the horizon is not known. If the horizdn, ¢ ¢ (S;;A;), and ¥ ¢ (S;) are all zero fort L. To
is nite and known, then one should ensure that the modelerify that this de nition is equivalent t&X _, we will de-
uses all of the available information, including the known ne another sequencé);)-; , such thatX; = ; for all

is nite and known, then our non-recursive de nition of the

DR estimator is equivalent to the recursive form of (Jiang " #

& Li, 2015). El e U tRe QS (SGADF 1 10 = (S)
Yk =

B.1. Equivalence of DR De nitions X Lkl wa

In this section we show that our non-recursive de nition of
the DR estimator is equivalent to the recursive de nition
provided by Jiang & Li (2015) when the horizon is nite
and known.

Theorem 6. (1) is equivalent to the DR estimator pre- For the base cask,= 1, itis straightforward to verify that

sented by Jiang & Li (2015) if the nite horizoi,, of the ~ X1 = Yi. For the inductive step we assume the inductive
MDP is known. hypothesis thaKy, | = Yy 1 and show that theX =

Yk

Notice thaty, is identicalto (17) since- - | [ 1=1.
So, all that remains is to show thdf = X, for all k 2

Proof. _Jiang &_Li (2015) de ne theDR estimator for a sin- X =v (S )+ S(L K RL k+ X 1
gle trajectory (i.e.n = 1) as the last elemenX _, of a se-

quence(X;)-, . This sequence is de ned by the following

recurrence relation. Leto =0 andforallk 2f1;:::;Lg q°(SL AL K)
let

=V e(SL k)+ p(L k) RL k+ Yy 1
|

q°(S. AL «)

e (AL «jSL «)

Xk =% ¢ (S + -
: (St ) 1 (AL «JSL «)
!

RL k+ Xk 1

q°(S. ;AL «) L "y .
Substituting in the de nition ofYy ; and performing alge-

braic manipulations we have that:
As in the de nition of DR(D) in (1), Jiang & Li (2015)
de ne theDR estimator for multiple trajectories to be the . K
average of the estimator for each trajectory individually. X« =& ¢ (S. «)+ g(L KRL «+ %

So, to show that their recursive de nition and our de nition . " Lok #
are equivalent, we need only show that they are equivalent X (R A (SGAD)+ ¢ 10 ©(S)
when there is a single trajectory. =L kel ’

Since hereafter in this proof we deal with only a single tra- .
jectory, we drop the superscripts that we use to specify the (L KA (S kAL «);
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where denotes that a line was split into multiple lines (we Proof. This result was shown previously for the known -
do not use cross-products anywhere in this paper). Since nite horizon setting (Jiang & Li, 2015), but has not been
shown before for the other settings. Because we will use

pL K _ 1 some steps of this proof in later proofs, the majority of this
Lk Lok 1 proof is relegated to a lemma.
and by reordering terms, we have that ) 10 #
E[DR(D)]=E ~  DRi(D)
i=1

Xe= 5L K(RL k 4°(S. ;AL K)*+V (St «) @1 X W o)

- e
# n i=1
P _ .
il e U tRe A (SGAD+ 10 o (S) =Vv( e);

+ :
! where(a) comes from Lemmd. O

Adding one more element to the summation so that it start§-3. Conditions for Consistency of DR
att = Lk, and then explicitly subtracting off this addi-

? In this section we show that the DR estimator is a strongly
tional term we have that:

consistent estimator of ) given mild technical assump-
tions and that there is only one behavior policy (Theo8m

or that the importance weights are bounded (Thed@gm
Xe= 5L K(RL k 4°(S. AL ))*+V (St «) _ _ _ _ .
Assumption 3 (Single behavior policy) For all (i;j) 2

4 fLinng, = .
P Ch e U tRe G (SGA))+ 10 o (S) Theorem 8 (DR — strongly consistent estimator for one
+ behavior policy) If Assumptions2 and 3 hold then
Lk DR(D) % v( o):
L k "
ﬁ L k(RL k G°(SL «;AL «))
# Proof. This proof is a relatively straightforward applica-
F oLk 100 (S W) tion of the law of large numbers.
We have from Lemma@ thatE[DR;(D)] = v( ) for all
. . i 2f1;:::;ng. By Assumptior3, f DR;(D)g/., is a set of
Canceling several and  terms, we have that: n independenand identically distributedandom variables
(sinceH; ; foralli, andDR; (D) only depends ofl;).
! # We can therefore conclude by Khintchine's strong law of
P Sl tRe G (SEA)+F 1 10 e (S) large numbers, Theoreth thatDR(D) 1** v( ). O
Xy =
“ Lk wg
=Yk Theorem 9 (DR — strongly consistent estimator for many

behavior policies) If Assumptionsl and 2 hold then
D DR(D) P v( o)

B.2. DR is Unbiased

While Jiang & Li (2015) showed that the DR estimator Proof. We have from Lemma thatE[DR;(D)] = V( e)
(with nite horizon) is an unbiased estimator of ), in for ali i 2 fle ng. However,f DRi([I))gp L isa get
. . . . LR | . 1 1=

this sepﬂon we show th"’_lt the'DR esﬂmator (W|thout a5t n independent but not necessarily identically distributed
sumptions about the horizon) is an unbiased estimator O?andom variables, so we cannot apply Khintchine's strong
v( e)- law of large numbers. Instead, we will apply Kolmogorov's
Theorem 7 (DR — unbiased estimator)f Assumption2  strong law of large numbers, which requires each random

holds, therE[DR(D)] = v( ). variable,DR; (D), to be bounded.
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We have that: Proof. First, notice that we can rewrite the WDR estimator
as:
X R
_ - t ipHi tige cHi.pH 3 X [
DR,(D) - = th =0 tq St 'At WDR(D) = t p . t j Rt i (18)
_X ‘ B r:o i=1 {zj=1 t }
+ t |t 0 e StHi =:CWPDIS( D)
t=0 X X i " _
X _ ' Pnt;jq © SHA
= LIRS it i1y )
t=0 =Xy
R AR .
YL re STGAT RO
= - n j St
t=0 |—O {Z } r:o i=1 j:%z t 1 }
=ne slUAL =Y
® X We have from Lemma2that
ti R i . #
+ t 1 fe S ¥
t=0 |2 {z } CWPDIS(D) **E RIH
—n e gMi t=0
. t
=V( e); (19)
So, which has been shown before (Thomas, 2015b, Theorem
" 13). Also by Lemmal2 we have that
N . 2 ¢ hy i
JDRI (D)J 3r maXt:0 o Xn !a-s- E tq e SIH ,A'I:-i H e (20)
t=0

<1 -
L and by Lemma.3 we have that

since eithet. < 1 or 2 [0;1). So,DR;(D) is bounded

above and below and thus we can apply Kolmogorov's . hX% y i
strong law of large numbers (Corollaty to conclude that Yo IE v° S H e
.S. t=0
DR(D) % v( ). O hw % i
=E ! Ipe sty HO o
C. Weighted Doubly Robust Proofs R I }
=\ e SH
In this appendix we establish two different sets of condi- hy % X (55) i
tions under which the WDR estimator is a strongly con- =E t i e aSt re sMa;j H .
sistent estimator of( ¢). We begin a new assumption: t=0  j=0 A z }
Assumptiord requires the horizorl,, to be nite, but not o e(sH)
. S Hy
necessarily known.
Assumption 4. L is nite. hx x i
= ' JreshAl H O
We are now ready to present Theorehfsand 11, which R {z }
provide two different sets of assumptions that are suf cient = e(SH Al
to ensure that the WDR estimator is strongly consistent. hx . N [
The rst, Theoreml0requires that the support of the eval- =E a°® STiAC H o e (1)

uation policy is a subset of the support of every behavior
policy (Assumption2), that there to be a single behavior g4 by applying Propert to (19), (20), and (21) we have
policy (Assumption3), and that the horizon is nite (As- thatWDR(D) % v( o). O
sumptiond). Although our proof of TheoremO does re-
quire Assumptior, it is not clear to us whether there exists

. . : The second set of conditions that ensure that WDR is
a proof without this assumption.

strongly consistent is provided in Theoretrt, which re-
Theorem 10(WDR - strongly consistent estimator for one quires the importance weights to be bounded (Assump-
behavior policy, nite horizon) If Assumption®, 3, and4  tion 1) and the support of the evaluation policy to be a sub-
hold thenWDR(D) ** v( ¢): set of the support of every behavior policy (Assump®n
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Notice that if the sets of states and actions are nite andas well as DR and AM. We performed experiments using

the horizon is nite, then Assumptioh holds, and so The-

three domains: ModelFail, ModelWin, and a gridworld.

orem11 means that WDR will be strongly consistent given We will describe each domain, then describe the experi-

only Assumptior?.

Theorem 11 (WDR — strongly consistent estimator for
many behavior policies)lf Assumptiond and?2 hold then
WDR(D) ** v( ):

Proof. Recall that WDR can be de ned as in (18). First
we apply Lemmad.2to theCWPDIS(D) term, which uses
fr(H) = Ry, which is bounded sincR{''j 7,
The result of Lemmd2is that
" #
CWPDIS(D) **E ‘REJH .
t=0

=V( o) (22)

Next we apply Lemmal2 to the X,, term, which uses
fo(H")=2¢< SM; A" | which is bounded since
- mx jfL=1
St i ’At i 1 ! .
Lr max Otherwise.

q e

The result of applying Lemma&2to X, is that
hx i

‘g STIAY H O e
t=0

a.s.

Xn P> E (23)

Lastly, we apply Lemmad.3 to theY,, term, which uses
fy(HY) =~ < Sf'' , whichis bounded since

I
T )
Lr?

max

ifL=1
otherwise.

Oe SII

The result of applying Lemma3to Y, is that

hx i

t=0
hx i
‘4° S{HAY H O e

t=0

3 (24)

mental setup, and then present empirical results. All three
domains have a nite horizon and use= 1:0.

D.1. The ModelFail Domain

The ModelFail domain was constructed so that the model
would fail to converge to the true MDP. One way that this
can happen is if the model uses function approximation, so
that it cannot represent the true MDP. Another way that this
can happen is if there is some partial observability, which is
common in real applications. We therefore construct a do-
main where the true underlying MDP has three states (plus
the terminal absorbing state), but where the agent cannot
tell the difference between any of the states.

The MDP used by ModelFail is depicted in Figure 3. Al-
though the MDP has three states (denoted by circles) plus
the terminal absorbing state (denoted by the double-circle),
the agent does not observe which state it is in—it only sees
a single state. The agent begins in the left-most state, where
it has two actions available. The rst action always takes it
to the upper state, while the second always takes in to the
lower state. In both cases, the agent receives no reward.

At timet = 1, the agent is always in the upper or lower
state (although it cannot tell the difference between them
and the initial state), and it must select between two possi-
ble actions. Both actions always have the same effect—the
agent transitions to the terminal absorbing state. However,
if the agent was in the upper stak, = 1, whileR; = 1

if the agent was in the lower state. The horizoiis= 2
sinceS, = 5 always.

Figure 3: ModelFail MDP.

The behavior policy select®; with probability ap-

where(a) comes from the same derivation that was used irproximately 0:88 and a, with probability approximately

(21). So, by applying Properyto (22), (23), and (24) we
have thaWDR(D) I** v( o). O

D. Extended Empirical Studies (WDR)

In this section we provide a detailed description of our ex-
periments comparing the WDR estimator to various im-

0:12 (these probabilities were chosen arbitrarily by us-
ing weights ofl and 1 with softmax action selection,
and were not optimized). The evaluation policy does the
opposite—it selects; with probability approximatel{:12
anday with probability approximatel{):88.

Consider what happens when we try to model this MDP
based on the observations produced by running the be-

portance sampling estimators (IS, PDIS, WIS, CWPDIS) havior policy to produce an in nite number of trajectories
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(without trying to infer anything about the true underlying
structure of the MDP). Recall that we observe only a sin-
gle state. First consider the transition dynamics: half of
the time either action causes a transition back to the single
state, while half of the time the agent transitions to the ab-
sorbing state. Next consider the rewards: half of the time
the agent receives no reward, with probabi0t§8=2 it re-
ceives a reward df, and with probability0:12=2 it receives

a reward of 1, and these rewards appear completely un-
correlated with the action that was selected (since non-zero
rewards occur at time= 1 andA; has no bearing on re-
wards or state transitions). So, from the model's point of
view, the actions have no impact on state transitions or re- ) )
wards, and so every policy is equally good and will produce(2) We concluded that DR and WDR will perform well if
an expected return @38, while in reality an optimal pol- K1 = d°(s1ia1) ¢ ¢(S9, whereSCis the state that

icy will produce an expected return 6f5 and a pessimal the agent transitions to after taking actianin states;,
policy will produce an expected return of:5. which is a random variable. Consider the two values that

the right side can take, depending on whetBér= s,
We provided the model with the true horizdn,= 2, 0 or S0 = s;. It can be eithel = (s1; as) ¢ e(sy) or

Figure 4: ModelWin MDP.

that its predictions oR; are zero fot 2. q (s1; a1) ¥ ¢(s3). Sincev ¢(s;) = A °(s3), these
two statements are equal—the predictiorRafwill be the
D.2. The ModelWin Domain same regardless of whether the agent transitiors tor

3, and so its prediction must sometimes be wrong (since

This domain was constructed so that the approximat he rewards differ depending on whether the agent transi-
model of the MDP would quickly converge to the true fions t0s, or s3). S0, term(b) in (2) will not be zero—the

MDP, while importance sampling based approaches like .
DR and WDR vF\)/ouId continugtoghave high F\)/Zriance. Re_control variate used by DR and WDR does not perfectly

. | -
call from our discussion in Section 6 that DR and WDR cancel with the PDIS (or CWPDIS) term. \; is Iarge,

will be equal to a simple model-based approach if the ap!hen this will produce high variance. In order to make

proximate MDP is perfect and state transition and rewardéarge’ we ne_ed only T“a"e. th_e honzon long and the behavior
are deterministic. To avoid this, the ModelWin domain hasanOl evaluation policies dissimilar.

stochastic state transitions that cause(t)eerm in (2) to  The behavior and evaluation policies both select actions
not necessarily be zero. uniformly randomly in states, andsz. However, ins; the

The ModelWin MDP is depicted in Figure 4. Unlike the behavior policy takes actioa, with probability approxi-

ModelFail domain, the agent observes the true underlyinggq_g;elwaﬁg ?ﬂg iig?ﬁ;oﬁ'tgoﬁ;gfzggg ;]r;prg;;)n;;tteely_it

states of the ModelWin MDP, of which there are three, plus kes actiora; with probability approximately0:27 and

. ; . a
a terminal absorbing state (not pictured). The agent alway!é. ) . - . ]
begins ins;, where it must select between two actions. Theactlona2 with probability approximatel$):73 (these prob-

rst action, a,, causes the agent to transition g with abilities come from using softmax action selection with

probability 0:4 andss with probability0:6. The second ac- weights of1 and0).

tion, ap, does the opposite: the agent transitionsavith  As in the ModelFail domain, for the ModelWin domain we
probability 0:6 and sz with probability 0:4. If the agent provided the approximate model with the true horizon of
transitions tos,, then it receives a reward df and if it  the MDP,L = 20, so that its predictions dR; were zero
transitions tcs; it receives a reward of 1. In statess, and  fort  20.

s3, the agent has two possible actions, but both always pro-

duce areward of zero and a deterministic transition back t¢ 3. The Gridworld Domain

s;. The horizon is set th = 20, s0,Sy0 = 5 always?® ) ) ) )
The third domain that we used was the gridworld domain

To see why DR and WDR struggle on this domain, con-developed by Thomas (2015b, Section 2.5) for evaluating
sider what happens if the approximate model is perfect ane)pE algorithms. Itis & 4 gridworld with four actions,
the agent takes actiom in states;. In our discussion of | = 100, and deterministic transition and reward func-
Technically, implementing the horizon &f = 20 requires thns. ThIS domain was developed speci cally for evalu-
the states to be augmented to include the current time step so th@fing different OPE methods. Thomas (2015b) proposed

vided with the time step and the horizon. evaluation policies.
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Although this setup was developed for evaluating OPE and MAGIC to perform at their best.

methods, it was not developed with DR and WDR in mind 3. DR, WDR, and MAGIC should partitioD into two
(since they were introduced later). Speci cally, its use of sets. The rst set should be used to construct the ap-
deterministic state-transition and reward functions means  proximate model, and the second set should be used to

that when the model is accurate, AM, DR, and WDR wiill compute the DR, WDR, and MAGIC estimates using
all perform similarly (due the th@) term in (2) being near- the approximate model.
Zero).

Since there is not necessarily a “correct” answer to which
We therefore performed experiments with two variants ofway of performing experiments is best, we show our results
this gridworld. In the rst variant the approximate model using both the second and third approach. For each domain,
was provided with the horizoh, = 100. However, in the the “full-data” variant uses the second approach while the
second variant we introduced some partial observability byhalf-data” variant uses the third approach, whBrés par-
providing the model with the incorrect horizoh: = 101. titioned into two sets of equal size.

This has a signi cant impact for value predictions close tOSince all of the domains that we use have nite state and

the end of a trajectory because the model incorrectly pre- . . . -
. . . .. _action sets, we use a simple maximume-likelihood approx-

dicts when the rewards will necessarily be zero. We Wme|mate model. That is. we predict that the probability of

Gridworld-TH and Gridworld-FH to denote the gridworld ) ' P P y

) . . : transitioning froms to s® given actiona is the number of
where the agent is provided with the true horizon and false. . s L
. . imes this transition was observed divided by the number
horizon, respectively.

of times actiora was taken in stats. If D contains no ex-
amples of actiora being taken in stats, then we assume
that taking actiora in states always causes a transition to
For each domain we generatadrajectories (for various the terminal absorbing state.

n) and computed the sample mean squared error betwegg this appendix, we present empirical results from four

the predictions of the various OPE methods and the tr”%revious importance sampling methods, de nitions of
performance of the evaluation policy (estimated using &,nich can be found in the work of Thomas (2015b, Chap-
large number of on-policy Monte-Carlo rollouts). For each g, 3): importance samplinglS), per-decision importance
vaIL_Je ofn and _each OPE algorithm, we performed this €X-sampling (PDIS), weighted importance samplingVIS),
periment128 times and report the average sample meary,qconsistent weighted per-decision importance sampling
squared error over thed@8trials. All plots include stan-  (c\wpp)s). We also show results for the guided importance
dard error bars and use logarithmic scales for both the hors'ampling methods DR and WDR and the purely model-
izontal and vertical axes. based method, AM. The legend used by all of the plots in
Perhaps surprisingly, it is not obvious how to fairly com- this appendix is provided in Figure 5.

pare the different OPE algorithms. Clearly IS, PDIS, WIS,

and CWPDIS should use all of the trajectorieinsince

they do not require an approximate model. Similarly, AM

should use all of the data to construct an approximate

model. However, how should the available data be split for Figure 5: The legend used by all plots in Appendix D.
DR, WDR, and the MAGIC estimators? We believe that

there are at least three reasonable answers:

D.4. Experimental Setup

D.5. ModelFail Results

1. DR, WDR, and MAGIC should be provided with ad- Figure 1b in Section 6 depicts the result on the ModelFalil

ditional trajectories not available to IS, PDIS, WIS, domain in the full-data setting. We reproduce this plot in
and CWPDIS, and these trajectories should be used tQ. . 9. P . P
igure 6. Here the weighted importance sampling methods,

construct an approximate model. This setup WouldWIS and CWPDIS, are obscured by the curve for WDR
emulate the setting where prior domain knowledge : i

(not necessarily trajectories) can be used to construc\é\’:gepglles u;:geé%rslfudreltrjnEgriﬁgcfursv?}glrlrg]lesltorI[(i)cis’thlaSt
an approximate model, which IS, PDIS, WIS, and ' '

CWPDIS ignore. WDR outperforms AM by orders of magnitude and DR

2. DR, WDR, and MAGIC should use all of the available by approximately an order of magnitude. Also notice that

data, D, to construct an approximate model. They even though the approximate model is not accurate, which

should then reuse this same data to compute their e Mmeans that the control variates used by DR and WDR may

timates. This approach is reasonable, but the reuse q e poor, the DR and WDR estimators do not perform worse

data invalidates our theoretical guarantees. Still, em- an PDIS and CWPDIS, respectively.
pirically we nd that this approach causes DR, WDR, In Figure 7 we reproduce this experiment in the half-data
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setting. Since AM does not use any data for importance
sampling, in both settings (half-data and full-data) it is
identical. Similarly, 1S, PDIS, WIS, and CWPDIS do not
use an approximate model, so they always use all of the
data and are therefore also identical in both settings. How-
ever, DR and WDR are not the same—they use half of the
data to construct the approximate model and the other half
to compute their estimates. This means that, for DR and
WDR, the approximate model tends to be worse, and the
importance sampling estimate also tends to be worse. As
a result, the DR and WDR curves are shifted up slightly.
Still, the same general trends are evident—WDR outper-
forms AM by orders of magnitude and DR by an order of
magnitude.

D.6. ModelWin Results

Figure 1c in Section 6 depicts the result of running impor-
tance sampling and guided importance sampling methods
as well as the approximate model estimator on the Model-
Win experimental setup in the full-data setting. We repro-
duce this plot in Figure 8. Here AM has approximately an
order of magnitude lower MSE than all of the other meth-
ods, including WDR, and was our motivation for AM and
WDR using BIM.

In Figure 9 we reproduce this experiment in the half-data
setting. As with the ModelWin setup, this only hurts DR
and WDR. When there are few trajectories, it appears to
impact DR more than WDR, although this may be due to
noise (notice the large standard error bars on the DR curve
whenn is small.

D.7. Gridworld Results

Figure 1ain Section 6 depicts the results of using the fourth
gridworld policy, 4, as the behavior policy and the fth,

5, as the evaluation policy for the Gridworld-FH domain
in the full-data setting. We reproduce it in Figure 10. No-
tice that WDR outperforms all other methods by at least an
order of magnitude.

In Figure 11 we reproduce this experiment in the half-data
setting. As before there is little change, except that the
DR and WDR curves shift up. WDR remains the best-
performing estimator, by approximately an order of mag-
nitude.

Next we reproduced Figures 10 and 11 for Gridworld-TH
as opposed to Gridworld-FH. The results are in Figures 12
and 13 respectively. Notice that, when given the true hori-
zon, AM excels. In the full-data setting DR and WDR both
lie directly on top of the curve for AM. This makes sense
because the transition function and reward function are de-
terministic, and so, given the way that we constructed our
approximate model, both methods degenerate to exactly

Figure 6: ModelFail, full-data.

Figure 7: ModelFail, half-data.

Figure 8: ModelWin, full-data.

Figure 9: ModelWin, half-data.
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Figure 10: Gridworld-FH, full-data, 4 behavior policy, 5
evaluation policy.

Figure 11: Gridworld-FH, half-data4 behavior policy, 5
evaluation policy.

AM. In the half-data setting DR and WDR lag slightly be-
hind the curve for AM since they can only use half as much
data.

Next we reproduced these four gures using the rst grid-
world policy, i, as the behavior policy and the secongl,

as the evaluation policy. Whereag and 5 are nearly de-
terministic and produce long trajectories,and , are far
from deterministic and tend to produce shorter trajectories.
Notably, the behavior policy, 1, selects actions uniformly
randomly, and so this presents a very different setting for
OPE. The results are provided in Figures 14-17. In this
example, DR and WDR perform similarly—signi cantly
better than the importance sampling algorithms IS, PDIS,
WIS, and CWPDIS, and marginally better than AM given
enough data. Also, when the true horizon is provided to the
model, DR and WDR again degenerate to AM.

D.8. Summary

The key takeaways from these experiments are that WDR
tends to outperform the other importance sampling estima-
tors, IS, PDIS, WIS, and CWPDIS, as well as the guided
importance sampling method, DR. None of these methods
achieved mean squared errors within an order of magnitude
of WDR's across all of our experiments. This shows the
power of WDR as a guided importance sampling method.

However, WDR did not always win—in the ModelFail set-
ting, AM outperformed WDR by an order of magnitude.
Similar results have been observed by others. For example,
in the experiments of Jiang & Li (2015), AM tended to out-
perform DR (although they did not compare to WDR, since
it had not yet been introduced). This motivated our intro-
duction of the BIM estimator as a way to blend together
WDR and AM.

Notice that, if the transition function and reward function
are deterministic and there is no partial observability (as
in the gridworld experiments using the true horizon), then,
given the way that we constructed our approximate model,
DR and WDR degenerate to AM. This degeneration (which
is not bad, but suggests that importance sampling methods
are not necessary) would also not occur if the approximate
model used function approximation.

Lastly, notice that DR and WDR performed better in the
full-data setting than in the half-data setting. This suggests
that, in practice, one should use all of the available data
both to produce an approximate model and to compute the
DR and WDR estimates. Even though this violates the as-
sumptions used by our theoretical guarantees, this does not
mean, for example, that MAGIC will not still be a strongly
consistent estimator for the application at hand.
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Figure 12: Gridworld-TH, full-data, 4 behavior policy, 5 Figure 15: Gridworld-FH, half-data,; behavior policy, »
evaluation policy. evaluation policy.

Figure 13: Gridworld-TH, half-data,, behavior policy, s ~ Figure 16: Gridworld-TH, full-data, ; behavior policy, »
evaluation policy. evaluation policy.

Figure 14: Gridworld-FH, full-data,, behavior policy, » Figure 17: Gridworld-TH, half-data,; behavior policy, »
evaluation policy. evaluation policy.
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E. Consistency of BIM

In this appendix we prove Theorefy which states that
if Assumption1 holds, there exists at least ope2 J
such thatgl)(D) is a strongly consistent estimator of
v( o), andB, b, ** 0, andb, 1250, then
BIM(D; b,:B,) % v( o):

We begin by showing that BIM converges almost surely
tov( ¢) if it were to use the true , andb,, rather than
estimates thereof. Lgt” 2 J be an index such that
g (D) ™% v( o), which exists by assumption. Let
y 2 Hi pe the weight vector that places a weight of one
ong ) (D) and a weight of zero on the other returns, such
thaty! g; (D) = gi(D) ** v( o). So, by Lemma3
(which requires thag() (D) is uniformly bounded for all

i 2 3J , which holds by Assumptiofh and the fact that re-

n

wards and reward predictions are bounded), we have that

limn,  MSE(y! g(D);v( &) =0.

Recall thaBIM( D;
minimizes the MSE:

x? 2 arg min MSE(x'g; (D); n;bn):
x2 Wi

n: bn) uses the weight vectox;” that

Sincey 2 i we have that for alh
MSE((x?)! g5 (D);v( )  MSE(y! g5 (D);V( e)):
Sincelimp,; MSE(y! g5 (D);Vv( ¢)) =0 we have that
lim MSE((x?)' g5 (D);v( ¢)) O;

where the de nition ofw} determines whether this is PDIS
or CWPDIS. Reproducing our arguments from Appendix
B, we nd that a reasonable de nition fd6!%1 (D) is sim-

ilar to (16), but with the time index{, summing only to

t = j and usingn} terms rather than; terms for general-

ity:

IS*(D) = wy (R (25)
t t
i=1 t=0
XXX
towipe sHi AR
i=1 t=0 =0
XXX
+ toowhope SHit
i=1 t=0 =0

Notice that this de nition isnot equivalent to what one
would get if (1) were modi ed only so that the sum goes
from timet = 0 tot = j, since that de nition would in-
clude reward predictions beyori] in ¢ andg terms. In-
stead, this de nition is equivalent to the de nition of (1)
if it were applied to a modi ed MDP where every episode
terminates afteR; is produced.

and since MSE is always greater than or equal to zerolNext, consider the de nition oAM Ut I(D). We might

we can replace the above with an equality. Since
(x”)'g; (D) =BIM( D; ,;by) this can be rewritten as

r]I!ilm MSEBIM( D; ,;bn);v( &) =0:

By Lemma 3 we have that this that

BIM(D; nbn) % v( o):

implies

So far we have shown that BIM, when using the true co-
variance matrix and bias vector, converges almost surely t
Vv( ¢). By Lemmab we can therefore conclude thaBif

b, *% 0andb, . 1** 0, thenBIM(D; b,B,) **

V( e):

F. Derivation of gi)(D) using WDR

In this appendix we derive a reasonable de nition for
gi)(D), the off-policyj -step return, when using WDR for
the importance sampling estimator. We assume that th
reader is familiar with our use of control variates in Ap-
pendix B. First, consider what control variate should be
added to th¢-step PDIS or CWPDIS estimator:

X X _

‘WR{';
i=1 t=0

use importance sampling to correct for the distribution of
S;, and the model to predict the remaining rewattis:

>

AMUTID)y= 1w
i=1

X

() (26)
)
r e(SJ-H‘; ):

Notice thatAM U 1 is not a purely model-based estimator
if ] Osince it usesimportance weights. Furthermore, this
use of importance sampling can result in high variance. To

partially mitigate this variance, we can introduce a control

UThis is just one possible de nition oAM U 1. We also
experimented VBth a de nigon that is purely model based:
AMUTID) = o &(s) [, 'fe(sit). Since this de -
nition does not include any importance weights, it does not require
an additional control variate. We found that this variant performed
similarly to the de nition that we present.
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variate to get a new de nition: Notice that the term&) and(b) use predictions of rewards

up until and includingR; , while the termgc) and(d) use

) ) )@ ) )é .. . . e
AMEL (D)= | w o, pe(sh ) preghcuons o_f rewards t.)egmnl.ng Wllfl%J +1 and going tq
- i . i in nity. So, with algebraic manipulations we can combine
1= =l
% | % N . (a) and(c) to get
Jl W g re(§ A D) XX _
i=1 =0 tW{qe St i;A{"i
i=1 t=0
X R
+ Wji 5 p e(S,-H‘li +1): and we can combingb) and(d) to get:
i=1 =0 30 )Q .
‘wp 40 S
i=1 t=0

As in our derivation of the DR estimator in Appendix B, we h that
can repeat this process by continuing to add control variatego’ we have tha
until the control variate is not random to get our nal de - XX X0

nition of AM U1 1(D): gi)(D) = 'WIRHT + hwio e (sfly)
i=1 t=0 i=1
) Y . N xR t Wiqe SHi.AHi Wi ¢ e StHi
AM“:”(D) = le N r\e(sti; ) 1 o t t M t 1
i=1 =0
27
XX R v 1)
: Wi« P GAT G k) . L
k=1 i=1 =0 F.1. Alternate De nition of Off-Policy j-Step Return
9 oo % We experimented with an alternate de nition of the off-
+ W peSty + k) policy j -step returngt) (D), for MAGIC. In this alternate
k=1 i=1 -0 form, the AM component does not use the historical data at

all. This results in a de nition oMU 1(D) that, unlike
the de nition in (26), does not use any importance weights:
Combining thelS and AM de nitions to produce a off- X Y
policy j -step return as de ned in (3) we have: AMI (D) = B (s) i*tae(sij +1); (28)
s2S t=0

g(D) =1s®(D)+AM 11 ](D) whered, is the approximate model's estimate of the initial
% state distribution. Since this de nition of AM does not use

x X D . : . .
= w; 'R+ I wj P E(S,-Hﬁl D) importance weights, it has no need for a control variate. So,
i=1 t=0 i=1 =0 the resulting de nition ofgl) (D) is:
Cowire s A gi)(D) =1S(D) + Am U*1: 1 }(D)
== = ¢ } X X
_ @ = w 'R (29)
X X t)(t i ne gMing i=1 t=0
+ w P e s .
o _ XX X
22 2 } Eowipe s ARt
i ® . i=1 t=0 =0
Xt X ;
j+1 i ercHi . aHi . X X xt
| k=1 i=1 e =0 f (Sj+1 k’Aj+1 P k) + t Wi 1f‘ e SHi;t
| EZ) } i=1 t=0 =0
X x
" o B(s) TR e(sij + 1+ 1):(30)
j+1 Xtx i R e(gHi . : s28 t=0
+ Wik f (S] 1 Kk + k) .
| k=1 i=1 i p } Notice that (29) and the following two lines are the IS esti-

() mator and its control variate as de ned in (25), while (30)
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is the new de nition ofAMU* 1 (D) from (28). Empir-  lution of a constrained quadratic program (in our experi-
ically, we found little difference between this de nition of ments we solved this quadratic program using the Gurobi
gU)(D) and the de nition in (27), which we use in the main library). Finally, line 14 returns the weighted combination
body of this paper. of the different off-policyj -step returns (recall that; (D)

is de ned in Section 7).

G. Pseudocode

Pseudocode for the MAGIC algorithm is provided in Algo-
rithm 2. It takes as inpuD, ., and an approximate model,
all of which are de ned in Section 2. It also takes as input Algorithm 2 MAGIC( D)
J , which is de ned in Section 7, and a positive integer
that we have not de ned previously. We useto denote
the number of times the bootstrap algorithm should resam-
ple the trajectories. In our experiments we used 200.

In general, it should be made as large as possible given any
runtime constraints. Other literature has suggested that it
should be chosen to be approximately: 2000 (Efron &
Tibshirani, 1993; Davison & Hinkley, 1997).

1: Input:
D : Historical data.
. Evaluation policy.
Approximate model that allows for computation
of P ¢(s; a;t).
J : The set of return lengths to consider. The
rst element,J 1, should be 1and the last] j;; ,

should bel .
Line 2 calls for thgJdj jJj matrix, P, to be computed : The number of bootstrap resamplings.
according to (5). 2: Computebn according to (5).
. Allocate Dy so that for alli 2 f1;:::; g, D; can

Line 3 speci es that a structur®,, should be created. This
structure will be used to store the bootstrap resamplings,
such thaD; is thei resampling oD. That is,D; is a set i
of n trajectories and the behavior policies that generated ™
them, sampled with replacement frdmn (this resampling
is done on lines 4-6).

hold n trajectories.
4: fori=1to do
Load D; with n uniform random samples drawn
from D with replacement.
6: end for
7:v=sort gt )(D())
Line 7 calls for the creation of a vectar, to store the off- 8: 1  minfWDR(D);v (b0:05nc)g
policy j -step return foj = 1 (recall that this is justthe 9: u  maxfWDR(D);v (d0:95ne)g
WDR estimator) for each bootstrap sample, sorted into as10: for j =1 tojJj do
cending order. Lines 8 and 9 then compute the percentild1:

8
bootstrapl0% con dence interval[l; u], for the mean of 2g"(D) u ifg¥I)(D)>u

g )(D), which we ensure include&/DR(D). For our Bn (i) S gy 1 g(J‘)_(D) <I
theoretical analysis, we add a line after this that sets 0 otherwise.
( r 12: end for
| max I;WDR(D) N@=) gy 13x argming u x! [Py + ByBL]x
2n 14: return x! gy (D)

and

( r )

In2=)

u min |;WDR(D)+ (32)

2n '

_ . . H. Consistency of MAGIC
where is a bound on the range of) (D). In practice,
these lines almost never change the valuesafdu and  In this section we prove TheorePnwhich states that if As-
can be ignored. sumptionsl and2 holdandl 2 J , thenMAGIC( D) 1**

Lines 10-12 then show how the bias vector can be com\-/( e): This result follows immediately from Theoreth
' n % 0andB, b, ™% 0, since Assump-

puted from the already de ned terms. Notice that the ordet‘f n :
of g¥1)(D) and! or u does not matter since the bias term tons 1 andaZS are sufcient to ensure thagt* )(D) =

in the decomposition of mean squared error is squared. TR&/DR(D) ™™ v( ¢). In Appendix H.3 we show that
order that we use facilitates a simple consistency proof fofn n 1% 0, and then in Appendix H.4 we show that
MAGIC. Given that the covariance matrix and bias vec—l?)n b, ™% 0. However, rst we establish two useful
tor have been approximated, Line 13 sett be the so- properties of the off-policy-step returns.
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H.1. Convergence of Off-Policyj -Step Return here we will show that for anyandj , g’ (D) 1** 0.

Recall that the off-policy -step return used by MAGIC is  Notice thatgi(”(D) can be written as:
given by:

. iy i
) X X D, G , _ ) (D) = tp Xt
g(l)(D) = tW{R:-II + j+1 WJIO‘ e(st+I1) G; ( ) o E:j_ t(
i=1 t=0 i=1
W{Qe St I;At i W{ 10 e SI i : =0 t
i=1 t=0

which can be written as:

I |
_ X X X \4 =Pntik
g (D) = WX S0 e(Sg); k1 1
i=1 t=0 i=1 - p 1 X4
where % k=1t

X{=Ri" q° S'AM + 0e Sl 0 (33)  since X| ‘and | are bounded, we have that
_ . . . lim,, & iIX{ = 0. Also, by Lemmall and Kol-
Notice thatX{ is a bounded random variable since rewardsmg)goro\,-S strong law of large numbers, we have that
and reward predictions are bounded. So, by Lenidwe 17 n -k jas 5 g4 Y, 1?5 0for all t andi. Further-

have that no k3t _ . -
_ " # more,Y;' is bounded sinc® Pt— landX|is
X X o X k=1 t as
twix| *E 'X¢H o : (34) bounded. So, by Propertywe have thag'’ (D) 1** 0.
i=1 t=0 t=0

Also, since¢ e(Sg“) is bounded, we have from the Kol- H.3. Consistency o

mogorov strong law of large numbers that Here we establish tha?,, n %% 0. There are two
1 steps to this result. First we will show thian ), n =
-0 (SE) 1*SE[0 ¢ (So)l: (35)  O—the true covariance matrix converges to the zero matrix.
i=1 We then show thaP,, 1*% 0 as well, which means that
a.s.
So, (34) and (35) we have from PropeBghat b, ™o
) N # Recall from Appendix H.1 thag’) (D) 1% ¢. We can
gl)(D) ** E ¢ e(SH)+ ' H e o write
t=0
h ) i

. h i
Letg =E ¢ <(Sf"H)+ 1, X¢H ¢ denote this L) =E (D) Eg”D)N(g" (D) E[g(j)(D)])l
constant value thajt) (D) converges to.
=E[n]; (36)
H.2. Convergence of Component of Off-Policy -Step
Return where

Recall from (4) that the off-policy-step return can be writ- v. = oD Efa?)(D (D Eig) (D) -
ten as: n= ¢"’(b) E[g"(D)] g (D) E[gV (D) :

) X
g()= gV (D) Recall thatg!)(D) 1** ¢. By Lemma2 we therefore
i=1 have that for alf, lim,n  E[g0)(D)] = ¢. So, by the
where | continuous mapping theorem,
(i) . X tyni H‘. P+L i Hi Y. 13 (e N~ '
g’ (D) = WiRM + wio e (Shh) n 7@ a)g  g)
t=0 =0:

Ywge SUTGAN w0 ST So, by applying Lemma2 to (36) we have that

t=0 limnyy n(ij)=1limnan E[Ya]=0.
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Next we show thaP,, 1** 0. First, recall from Appendix

g (D) ** o

So, by Property3 we have thag!’(D) 1** 0as well. So,
g)(D) g!’(D) ** 0, and so by Propertg and the
de nition of b, we have that

forall (i;j ) 2J 2.

H.4. Consistency oiBn

Here we show thaB, b, *% 0. We have from the
de nitions of Bn , |, andu that:

Bn() bn() g¥(D) 1 E[GV(D)+ v( e)
(37)

and

Bn() bn() g¥’(D) u E[gUI(D)]+ v( o)

(38)

We will show that both of the right hand sides above con-

verge almost surely to zero, which, by Lemrhaimplies

thatB,, (j) bn(j) converges almost surely to zero as well.

First consider (37). We have from Appendix H.1 tHat
g¥1)(D) ** ¢,. So, by Lemma2 we have that)
limnin E[g(JJ)(E)] = E[c;,] = ¢3,. We also have
thatu | pL" 22In(2=), by (31) and (32). Since
WDR(D) 2 [l; u], we have that

1p

jWDR(D) Ij p= 272In(=):

Since

|. Extended Empirical Studies (MAGIC)

Here we present detailed results concerning the MAGIC es-
timator. These results will use the same three domains and
two experimental setups (full-data and half-data) that were
introduced in Appendix D, as well as one additional do-
main, which we call thélybrid domain. We begin by intro-
ducing the Hybrid domain, we then discuss minor changes
to the experimental setup and then present results.

I.1. The Hybrid Domain

The purpose of this domain is to showcase a common prob-
lem type: domains where early in a trajectory there is par-
tial observability, but as time passes within each trajectory,
the partial observability decays. This happens, for exam-
ple, in robotics applications where there may be some un-
certainty about the position or pose of a robot. However,
as the trajectory progresses the robot may be able to better
localize itself, removing or diminishing the uncertainty.

We emulate this setting by concatenating the ModelFail
and ModelWin domains. That is, the agent begins in the
ModelFail domain. Whenever it would transition to the ab-
sorbing state, it instead transitions to the initial state of the
ModelWin domain.

[.2. Experimental Setup

We performed these experiments in the same way as those
in Appendix D, except that we compared different estima-
tors. Speci cally, we introduce curves for the MAGIC es-
timator, but remove the curves for the poorly-performing
importance sampling estimators, IS, PDIS, WIS, and CW-
PDIS. So, the plots contain curves for DR, WDR, AM,
and MAGIC. The legend used by all of the plots in this
appendix is provided in Figure 18.

is a constant, the right side is a sequence of con-

stants (not random variables) that converges to zero. The
left side is positive and less than the right, and so it too
must converge (surely, not just almost surely) to zero:
lim,; jWDR(D) 1j=0. So,

Pr(nlilgn I = v( &) =Pr( Irllr'rl1 | + WDR( D)

Figure 18: The legend used by all plots in Appendix I.
1= v( e))

Also, for the hybrid domain we included a curve fonary
MAGIC (MAGIC-B), whichuses) = f 1;1g . Whereas
MAGIC blends between AM and WDR using off-poli¢y
step returns of various lengths, binary MAGIC only places
weights on AM and WDR. Our comparison to MAGIC-
B shows the importance of including the off-poligystep

=Pr(lim WDR(D) = v( ¢))
:l,

where the last step comes from Theorgfn This means

that3) | 1** v( o).
- . . returns rather than merely trying to switch between, or di-
Combining 1), 2), and 3), we have that the right side of Eectly weight, AM and WDR.

(37) converges almost surely to zero. This same argument,
using the upper boundi, rather than the lower bountl,  Lastly, since all of the domains have nite horizons, we
shows that the right side of (38) converges almost surely tausedJ =
zero as well, and so we can conclude. uses all of the possible off-poligystep returns.
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I.3. ModelFail Results

Figure 2b in Section 9 depicts the results for the ModelFail
domain in the full-data setting. We reproduce this plot in
Figure 19. In Figure 20 we show the results for ModelFalil
in the half-data setting. There is little difference between
the plots—in both cases MAGIC properly tracks WDR, so
that both WDR and MAGIC outperform AM an DR by at
least an order of magnitude for mast

I.4. ModelWin Results

Figure 2c in Section 9 depicts the results for the ModelWin
domain in the full-data setting. We reproduce this plot in
Figure 21. In Figure 22 we show the results for ModelFalil
in the half-data setting. In both cases MAGIC tracks AM,
although it drifts away a little as increases. This suggests
that there may be room for improvement in our estimates
of , andb,. However, also notice that due to the loga-
rithmic scale, the difference between MAGIC and AM is
small in comparison to the distance between MAGIC and
DR.

I.5. Gridworld Results

Figures 23 through 30 depict the results for the Gridworld-
FH and Gridworld-TH domains in both the full and half-
data settings. The same general trends are visible. First,
WDR tends to outperform DR, sometimes by an order of
magnitude. Also, MAGIC tends to track WDR, since in
these experiments it is usually the best-performing algo-
rithm. Lastly, for the Gridworld-TH, full-data setting, DR,
WDR, and MAGIC all degenerate to AM, while in the
Gridworld-TH, half-data setting they degenerate to approx-
imately AM using half as much data.

1.6. Hybrid Results

Last, but not least, Figures 31 and 32 show the results on
the Hybrid domain in the full-data and half-data settings,
respectively. Notice that in MAGIC signi cantly outper-
forms all other methods, including WDR and AM. MAGIC
also outperforms MAGIC-B, which shows the importance
of using off-policyj -step returns for various values jaf

[.7. Summary

Overall, MAGIC acts as desired—it tracks WDR or AM,
whichever is better for the application at hand. However,
notice that it does not do this perfectly, particularly when
there is little data available. This is likely because when
there is little data it is dif cult to estimate ,, and the con-
dence interval used when estimatirg, will be loose. In

some cases, even when there is a large amount of data,

MAGIC struggles to properly track AM. However, this
tends to be when both methods perform well, and may be

Figure 19: ModelFail, full-data.

Figure 20: ModelFail, half-data.

Figure 21: ModelWin, full-data.
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Figure 22: ModelWin, half-data. Figure 25: Gridworld-TH, full-data.

Figure 23: Gridworld-FH, full-data. Figure 26: Gridworld-TH, half-data.

Figure 24: Gridworld-FH, half-data. Figure 27: Gridworld-FH, full-data. p1p2
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due to an increased difficulty of determining which method
to favor when they both are improving rapidly with n.

We also showed in Figures 31 and 32 an example where
MAGIC outperformed MAGIC-B by an order of magni-
tude, and all previous methods (including DR) by 2-3 or-
ders of magnitude. This exemplifies 1) the importance
of blending between importance sampling methods and
purely model-based estimators using off-policy j-step re-
turns, as opposed to selecting between or directly weight-
ing WDR and AM and 2) the power of MAGIC relative to
existing estimators.

J. Future Work

Several avenues of future work remain. Good performance
of MAGIC is contingent on our ability to efficiently es-
timate , and b, and so improved estimators for these
terms could yield even better performance. For instance, if
the sample mean importance weight is near zero, then the
importance sampling estimators have high variance that is
not captured by the sample covariance matrix that we use.

Another possible avenue of future work would be to con-
sider how MAGIC could be applied when our fundamen-
tal assumptions are violated. For example, what should be
done if the transition and reward functions of the MDP are
nonstationary? Can our estimators be extended to the av-
erage reward setting? What should be done if the behavior
policies are not known exactly? If the approximate model
is not provided initially, but constructed from the same data
that is used to produce the DR, WDR, or MAGIC estimates,
will DR, WDR, and MAGIC remain strongly consistent es-
timators? If there are multiple approximate models avail-
able, is there a way to detect which one will work best with
DR, WDR, and MAGIC?



