The Thirty-Eighth AAAI Conference on Artificial Intelligence (AAAI-24)

From Past to Future: Rethinking Eligibility Traces

Dhawal Gupta'*, Scott M. Jordan?, Shreyas Chaudhari',
Bo Liu?, Philip S. Thomas', Bruno Castro da Silva'
1University of Massachusetts,
2University of Alberta,
3 Amazon
{dgupta, schaudhari, pthomas, bsilva} @cs.umass.edu, sjordan @ualberta.ca, boliucs @amazon.com

Abstract

In this paper, we introduce a fresh perspective on the chal-
lenges of credit assignment and policy evaluation. First, we
delve into the nuances of eligibility traces and explore in-
stances where their updates may result in unexpected credit as-
signment to preceding states. From this investigation emerges
the concept of a novel value function, which we refer to as
the bidirectional value function. Unlike traditional state value
functions, bidirectional value functions account for both future
expected returns (rewards anticipated from the current state
onward) and past expected returns (cumulative rewards from
the episode’s start to the present). We derive principled update
equations to learn this value function and, through experi-
mentation, demonstrate its efficacy in enhancing the process
of policy evaluation. In particular, our results indicate that
the proposed learning approach can, in certain challenging
contexts, perform policy evaluation more rapidly than TD(A)—
a method that learns forward value functions, v™, directly.
Overall, our findings present a new perspective on eligibility
traces and potential advantages associated with the novel value
function it inspires, especially for policy evaluation.

Introduction

Reinforcement Learning (RL) offers a robust framework for
tackling complex sequential decision-making problems. The
growing relevance of RL in diverse applications—ifrom con-
trolling nuclear reactors (Radaideh et al. 2021; Park et al.
2022) to guiding atmospheric balloons (Bellemare et al. 2020)
and optimizing data centers (Li et al. 2019)— underscores
the need for more efficient solutions. Central to these so-
lutions is addressing the credit assignment problem, which
involves determining which actions most contributed to a
particular outcome—a key challenge in sequential decision-
making. The outcome of actions in RL may be delayed, pos-
ing a challenge in correctly attributing credit to the most
relevant prior states and actions. This often requires a large
number of samples or interactions with the environment. In
real-world settings, this might be a constraint as system in-
teractions are often risky or costly. Minimizing the sample
and computational complexity of existing algorithms not
only addresses these challenges but also facilitates the wider
adoption of RL in various future applications.
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Figure 1: Implementation of the backward view via TD()\),
adapted from Sutton and Barto (2018). Arrow sizes denote the
magnitude of updates: (a) Expected update direction of past
state values under the backward view, or TD(\). (b) Potential
misalignment in updates due to reliance on outdated gradient
memory for past states (especially when using non-linear
function approximation), which deviated from (a).

Addressing the credit assignment problem given a tempo-
ral sequence of states and actions has been and continues to
be an active area of research. A key concept in addressing
this challenge is the Temporal Difference (TD) methods (Sut-
ton 1984). In the context of TD methods, the backward view
(Sutton and Barto 2018) offers an intuitive approach under
which the agent aims to adjust the value of previous states
to align with recent observations. As depicted in Figure 1(a),
observing a positive outcome at a given time step, ¢, prompts
the agent to increase the value estimates of all preceding
states. This adjustment incorporates a level of discounting,
accounting for the diminishing influence of distant preceding
states on the observed outcome. This approach assumes that
every prior state should share credit for the resultant outcome.
One advantage of the backward view, discussed later, is that
it can be efficiently implemented online and incrementally.

The TD(\) method is a widely adopted algorithmic imple-
mentation of the backward view (Sutton 1984). Initially intro-
duced for settings involving linear parameterizations of the
value function, it has become standard in policy evaluation
RL problems. However, as the complexity of RL problems
increases with novel applications, there has been a shift to-
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wards adopting neural networks as function approximators,
primarily due to their flexibility to represent many functions.
Yet, this shift is not without challenges. In our work, we un-
derscore one particular issue: when deploying TD()\) with
nonlinear function approximators, particular settings might
cause it to update the value of previous states in ways incon-
sistent with the standard expectations regarding its behavior,
that run counter to the core intuition underlying the back-
ward view (Figure 1(a)). Figure 2 illustrates such a scenario,
where after observing a positive outcome, the value of some
prior states are decreased rather than increased. Therefore,
the direction of these updates is contrary to the intended or
expected ones.

In a later section, we delve deeper into why this issue
with TD(\) arises. Intuitively, the problem lies in how TD(\)
relies on an “eligibility trace vector’: a short-term memory
of the gradients of previous states’ value functions. This
trace vector is essentially a moving average of gradients of
previously visited states—and it is used by TD(A) to update
the value of multiple states simultaneously. However, as the
agent continuously updates state values online, such average
gradients can become outdated.

In the policy evaluation setting with non-linear function
approximation, gradient memory vector maintained by TD(\)
can become outdated, which can pose challenges, leading
to state value updates that are misaligned with the intended
behavior of the backward view. As a result, past states might
receive updates that do not align with our intentions or ex-
pectations. Importantly, this issue does not occur under linear
functions. This is because, in the linear setting, trace vectors
equate to fixed-state feature vectors.

The contributions of this paper are as follows:

* We present a novel perspective under which eligibility
traces may be investigated, highlighting specific scenarios
that may lead to unexpected credit assignments to prior
states.

e Stemming from our exploration of eligibility traces, we
introduce bidirectional value functions. This novel type
of value function captures both future and past expected
returns, thus offering a broader perspective than traditional
state value functions.

* We formulate principled update equations tailored for
learning bidirectional value functions while emphasizing
their applicability in practical scenarios.

* Through empirical analyses, we illustrate how effectively
bidirectional value functions can be used in policy evalua-
tion. Our results suggest that the methods proposed can
outperform the traditional TD(X) technique, especially in
settings involving complex non-linear approximators.

Background & Motivation
Notation and Introduction to RL

Reinforcement learning is a framework for modeling se-
quential decision-making problems where an agent inter-
acts with the environment and learns to improve its deci-
sions based on its previous actions and the rewards it re-
ceives. The most common way to model such problems is
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as a Markov Decision Process (MDP), defined as a tuple
(S, A, P,R,dy,~), where S is the state space; A is the ac-
tion space; P(Siy1 = §'|S: = s, A = a) is a transition
function describing the probability of transitioning to state
s’ given that the agent was in state s and executed action
a; R(S¢, At) is a bounded reward function; do(Sp) is the
starting state distribution; and -y is the discount factor. For
ease of discussion, we also consider the case where state
features may be used, e.g., to perform value function approxi-
mation. In this case, we assume a domain-dependent function
z : S — R? mapping states to corresponding d-dimensional
feature representations. The agent behaves according to a
policy denoted by 7. In particular, while interacting with the
environment and observing its current state at time ¢, .S, the
agent stochastically selects an action A; according to its pol-
icy m: § = A(A), where A(A) is the probability simplex
over the actions; i.e., A; ~ m(S;). After executing the action,
the agent observes a reward value R(S;, A;) and transitions
to the next state, Sy41. The goal of an RL agent is to find the
policy 7* that maximizes the expected discounted sum of the
rewards generated by it:

7 € argmax E, lz Y R(Ss, Ay)

t=0

Policy Evaluation

The search for 7* is often made easier by being able to
predict the future returns of a given policy—this is known as
the policy evaluation problem. Return at time ¢ is defined as
Gt = Rt + "}/Rt+1 + ’72Rt+2 +..., where Rt = R(St, At)
We define the value function for a state s as the expected
return observed by an agent starting from state s following
policy 7, i.e., v (s) = EA[G|S: = 3.

Estimating v™ (i.e., performing policy evaluation) is an
important subroutine required to perform policy improve-
ment. It is often done in settings where the value function
is approximated as a parametric function with parameters 6,
vg(s) ~ v™(s), where the weights are updated through an
iterative process, i.e., 0,11 = 0; + Af;. A common way of
determining the update term, Af;, is by assuming an update
rule of the form

(%9 (Sf)
00  le=e,’

where « is a step-size parameter. The two simplest algorithms
to learn the value function are the Monte Carlo (MC) algo-
rithm and the Temporal Differences (TD) learning algorithm.
In the MC algorithm, updates are as follows
81}9 (St)
Ay = a(R Giy1 — St))—F— ,

p = a(Ry + vGi41 — v, (St)) 90 los,
where determining G requires that the agent wait until the
end of an episode. TD learning algorithms replace the G
term with the agent’s current approximation or estimate of
the return at the next step; i.e.,

A, = oGy — vy, (St))

3vg(St)

Aﬂt = Oé(Rt + Yve, (St+1) — Ve, (St)) 96 0—6

(D)
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Figure 2: (a) A simple 2-state MDP. States are annotated with corresponding feature representations and values according to the
approximator at time ¢t = 0. (b) Functional form of the value function and respective parameters at ¢ = 0. (c) On the (Left), a
surface depicting the value of state s; for different parameter values (6° and 6'). After an update from ¢ = 0 to ¢ = 1, we can see
(Middle) the update direction given by TD(A) at t = 1 (i.e., d1 z1). On the (Right), we see that TD(A)’s update direction is obtuse

(and hence not aligned) to the direction based on the gradient of the current value function (i.e., 01

where R; + yvg, (St+1) — ve, (St) is known as the TD error
and denoted as ;. An important characteristic of the latter
update is its online nature: the agent does not need to wait till
the episode ends, since it does not rely on future variables.
Thus, updates can be performed after each time step.

The family of A-return algorithms is an intermediary be-
tween Monte Carlo (MC) and one-step TD(0) algorithms,
using a smoothing parameter, \.

TD(A), which implements the backward view of the A-
return algorithm, relies only on historical information and
can perform value function updates online. It accomplishes
this by maintaining a trace vector e; (known as the eligibil-
ity trace) encoding a short-term memory summarizing the
history of the trajectory up to time ¢. This trace vector is
then used to assign credit to the previous states visited by the
agent based on the currently observed reward. In particular,
the update term at time ¢ is

t

_ +—i 0v(Si)
NG, = adeq, where e; 1= ;(A’y) 20
Note that, when at state .S¢, e; can be computed recur-
sively as the running average of the value function gradient
evaluated at the states visited during the current episode:
81}9 (S t ) ( 3)
90 lo=o,’
where z_; =0; i.e., the trace is set to 0 at the start of episodes.
Note that eligibility traces, as defined above, can be used
to perform credit assignment over a single episode. To per-
form credit assignment over multiple possible episodes, van
Hasselt et al. (2020) introduced an expected variant of traces,
z(s), corresponding to a type of average trace over all possi-
ble trajectories ending at state s:

@

0=0;

et = yAei—1 +

z(s) = Ele;| Sy = s]. 4)
Misconception with Eligibility Traces
In TD()), the backward view uses the term WelSi) g o

mechanism to determine how the value of a previously en-
countered state, .S;, will be updated. For instance, given an
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Ovg(s1)
50 ‘9:91 )

observed TD error at time ¢, d;, we may adjust the value of
the state S;_3 by using the stored derivatives from time ¢ — 3,
ie., %b:ghs.Weight updates in TD()\) are imple-
mented by maintaining a moving average of the gradients of
the value functions related to previously-encountered states
(see Eq. (2)). In particular, this weighted average determines
how values of multiple past states will be updated given the
currently observed TD error.

Notice, however, that this moving average aggregates in-
formation, say, about the gradient of the value of state S;_3
assuming the value function at that time, i.e., it aggregates in-

formation about the gradient % lo=o,_,. This gradient,
however, represents the direction in which weights should
be updated (based on the currently-observed outcome, d;) to
update the old, no-longer-in-use value function, vy, ,, not
the current value function, vy, . The correct update direction
based on the intuition in Figure 1(a), by contrast, should

be that given by the gradient of the current value function:

9vo(St—s) lo—g,. This indicates that the direction chosen by
TD(\) to update the value of previously encountered states
may not align with the correct direction according to the
value function’s current parameters, 6;, due to the use of out-
dated gradients. Mathematically, this discrepancy can be

represented as (for ¢ > 0):

(% 0:01_1.)1—(% 9:0t> <0

Figure 2 depicts a simple example to highlight this problem—
i.e., the fact that TD()\) uses outdated gradients when per-
forming updates. In this figure, we can see that the effective
update direction of TD()) points in the direction opposite
to the intended/correct one. We discuss the learning perfor-
mance of both types of updates in Appendix A.
Conceptually, TD()\) computes traces by combining pre-
vious derivatives of the value function to adjust the value of
the state at time ¢, based on the TD error at time ¢, for 7 < .
Notably, this misconception was not present when TD())
was introduced (Sutton 1984). In its original form, the update
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was tailored for linear functions. In this case, the update is
a function of the feature representation of each encountered
state S;, since ‘%%7%5") = x(S;). Then, the trace is a moving
average of features observed in previous steps; update issues
are averted since the feature vector of any given state remains
the same, independently of changes to the value function.
Recall that equation (2) corresponds to the TD(\) update
and that it highlights how it uses outdated gradients. A minor
adjustment to this equation provides the desired update:

t
AHt = ozétét, where ét = Z(A’y)
=0

; 8@9(51')
t—1 5
349 0=0, ) ( )

The key distinction is in using the latest/current weights,
0:, during the trace calculation for prior states. For linear
function approximations, both (2) and (5) produce identical
updates.

A key advantage of the original update (2) is that it can be
implemented online (in particular, via Eq. (3)). This requires
only a constant computational and memory cost per update
step. In contrast, if we were to use Eq. (5) to perform online
updates, it would require computing the derivative for every
state encountered up to time ¢. This makes the complexity of
each update directly proportional to the episode’s duration
thus far. This computation becomes impractical for longer
episodes. Furthermore, this approach negates the principle
of incremental updates, as the computational cost per step
increases based on episode length.

Let us adapt the expected trace formulation (4) to our
Eq. (5). We start with an expected trace vector Z(s) =
E[é;|S; = s].! By substituting the value of & into this ex-
pression and simplifying it, we obtain:

t

Ele:|S: = s] = E[Z()\,}/)tiave(si)

|St = S‘|
pared 00  lo=e,

0 : —i
5 56 [; (M) ""ve () |Se = S] ’e:et
_ 94,5
(;) 06 ’9:91,. (6)

where f(0,s) := E[z;;o () (S1)) ‘st - s} . Step
(a) uses linearity of expectation and gradients, and in (b) we
define the inner term as a f. Notice that the resulting trace
is the gradient of a function defined as the weighted sum of
value approximations over different time steps.

Methodology

In the previous section, we showed that the expected trace
update, when applied to Eq. (5), is the gradient of a function
composed of the expected discounted sum of the value of
states as approximated by vy. Let us consider what Eq. (6)

"Note that van Hasselt et al. (2020) do not distinguish between
e: and é;. This difference is often overlooked with traces, and one
contribution of our work is to point out this difference.
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would be at the point of convergence, 6*, such that vgs = v™.
At convergence, f(6*,s) is

f(0*,s) =E

Z () g (S2) ‘st = 3]

=E

((Ar}/)tilvﬂ'(si)) ’St = 3‘| .
i=0
Expanding the definition of f at 8* leads us to Lemma 1.
Priorio delving into the lemma, let us define another quan-
tity, Gy == 2221 (A)!R;_;. This represents the discounted
sum of rewards collected up to the current time step, where
discounting is in the reverse direction with a factor of \~.

Lemma 1. The discounted sum of the value function at the
expected sequence of states in trajectories reaching state s at
time t is

ElZ(A’y)t_iv“(Si) Si=s

=0

1 - )
mE[Gt Gy —AO)HLGo|S, = s} :

Proof. Appendix C. O

In the equation above, the first two terms are the future
and past discounted returns, as defined earlier. The third term,
G|y, represents the return of the entire trajectory conditioned
on the agent visiting state s at time ¢; it decays by a factor
proportional to A\ as the episode progresses.

Similar to how v™ is defined as the expectation of Gy,
we can define another type of value function (akin to v™)
representing the expected return observed by the agent up to
the current time:

t

Z()\V)LRtfz ‘St =S

i=1

v7(s) = E, (N

We call this value function, v, the backward value function,
with the arrow being used to indicate the temporal direction
of the prediction.” This value represents the discounted sum
of rewards the agent has received until now, where rewards
earlier in the trajectory are more heavily discounted. The
discount factor for this value function is A\vy, as opposed to
the standard discount function, -, used in the forward value
function, U. Henceforth, we use v, v™, and v interchangeably.

Let us now define another value function: the sum of the
backward and forward value functions. This function com-
bines the expected return to go and the return to get to a state
s. Simply put, it is the summation of ¥ and ¥ at a given state:

U(st) =0 (s¢) + U(s¢)

t

=E[(Q (W) 'Rii+ Y 7' Reyi)|S: = s

i=1 i=0

For brevity, we often drop 7 from value functions, using vg to
represent the corresponding approximations of these functions.
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We refer to this value function as the bi-directional value
function and denote it as U to indicate the directions
in which it predicts returns. Notice that we dropped the
E[v(Ay)"T1Go|S; = s| term when defining this value func-
tion because in the limit of ¢ — oo, the influence of the
starting state decreases, since lim;_, o, (A7) = 0.

Notice that ¥ represents (up to a constant scaling factor)
the total discounted return received by the agent throughout
an entire trajectory and passing through a specific state.

In this work, we wish to further investigate the properties
of the value functions ¥ and ¥, and whether learning v and ©
can facilitate the identification of the forward value function,
v™. More precisely, in the next sections we:

* Investigate formal properties of these value functions in
terms of learnability and convergence;

» Design principled and practical learning rules based on
online stochastic sampling;

* Evaluate whether learning ¥/™ may result in a more ef-
ficient policy evaluation process, particularly in settings
where standard methods may struggle.

Bellman Equations and Theory

In this section, we show that the two newly introduced value
functions (7 and ¥) have corresponding variants of Bellman
equations. Previous work (Zhang, Veeriah, and Whiteson
2020) has shown that v allows for a recursive form (i.e.,
a Bellman equation), but our work is the first to present a
Bellman equation for ¥. We also prove that these Bellman
equations, when used to define corresponding Bellman op-
erators, are contraction mappings; thus, by applying such
Bellman updates, we are guaranteed to converge to the corre-
sponding value functions in the tabular setting.

First, we present the standard Bellman equation for the
forward value function, ¥:

U7 (s¢) =17 (s¢) + Z ﬁ(3t+1|5t)67r(5t+1);

St41

wherein we define 77 (s) > acaT(als)R(s,a) and
Pr(s'|s) = a4 m(als)P(s']s,a). This is the standard
Bellman equation for the forward value function. Similarly,
we can show that the Bellman equation for the backward
value function can be written as

T (s6) = My (se) + Ay Y P (s0-1]50) T(se-1)-

St—1

The expression above can be proved by applying the recur-
sive definition of v on (7), where ’P”(st 1|st) and r ( +)
are the backward-looking transition and reward functions.
Appendix B presents further details about these definitions,
and Appendix D shows the proof/complete derivation of the
above Bellman equation.

Theorem 2. Given the Bellman equations for v™ and o™,
the Bellman equation for V™ is

T7(s0) =gy (17 (s0) (1 = 20+
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Y Z 7) 3t+1‘3t

St4+1

)\’yZﬁ(st,ﬂst)

St—1

"(se41)+
U”(st,l)).

Proof. We provide a proof sketch here. The complete proof
is in Appendix E. To prove this result, we first recall that,
by definition, ¥ is the sum of ¥ and ¥. We the expand these
terms into their corresponding Bellman equations. Further
simplification of terms leads to the above Bellman equation.

O

An important point to note in the above equation is that the
value of ¥ (s;) bootstraps from the value of the previous state
(U (s¢_1)), as well as the value of the next state (¥ (s¢41)),
which makes sense since this value function does look in
the past as well as future. Another observation regarding
this equation is the division by a factor of ﬁ, which
can be viewed as a way to normalize the effect of summing
overlapping returns from two bootstrapped state values.

Using the Bellman equations for v; and ¥, we now define

their corresponding Bellman operators, 7 and 7T, as:

T(0:(5)) = Myr™(s) + AvZE(s’ $)vi(s), (8)

i

and

T(0:() = (7= 0+ ©)

7P I) Ba(s)+

X P (sls ) Ta(s)).

Assumption 1. The Markov chain induced by 7 is ergodic.
Under 1, the
limy o0 E[ét\St = s} exists and the operator defined

Theorem 3. Assumption limit

in (8) is a contraction mapping; and hence, repeatedly
applying it leads to convergence to v™.

Proof. The proof is provided in the Appendix F. O

Theorem 4. Under 1,
limtﬂooE[‘C:'t—i—Gt\St:s exists and the operator

defined in (9) is a contraction mapping; and hence,
repeatedly applying it leads to convergence to U™.

Assumption the  limit

Proof. The proof is provided in the Appendix F. O

Online and Incremental Update Equations

In the previous section, we introduced the Bellman operators
for two value functions and proved that their corresponding
operators are contractions. We would now like to derive an
update equation allowing agents to learn such value functions
from stochastic samples. Similar to how the TD(0) update
rule is motivated by its corresponding Bellman operator, we
can define similar update rules for ¥ and v. Let us parame-
terize our value functions as follows: Uy, U, . The TD(0)
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equivalent of the update equations for the parameters of ¥4
and v, value functions are presented below.

Update for ) and ¢ :
va(St) aU¢(St>
Ay =ad , DNy = 5 .
o=ty o ly=y, h=ahT ¢ lo=¢.

(10)

where the corresponding TD error are defined as gt =
1+72,\(Rt(1 = A + YV (Se1) + YAV, (Sp-1)) —

Ty, (S1)) and 0 == MRyt + Ay, (Si-1) — U, (S).
The above update equations (as is the case with standard
TD methods) can be computed online and incrementally; i.e.,
they incur a fixed computation cost per step and thus allow us
to distribute compute evenly throughout an agent’s trajectory.
Note that when implementing such updates, we can use
a scalar value to store the backward return and obtajn an
online version of the Monte Carlo update for v, i.e., G; =

)qf(—?,g,l + AyR,;_1, leading to the following online update:
0v(St)
2
where we define 50 = 0 and start updating v at time step

t = 1. In Appendix G, we present several update equation
variants that rely on other types of value functions.

—

Ay =a(Gy — Ty, (Sr)) (11)

bt

Experiments

We investigate three questions: RQ1: Can we jointly param-
eterize all three value functions such that learning each of
them individually helps to learn the other two? RQ2: Can
learning such value functions facilitate/accelerate the process
of evaluating forward value functions compared to standard
techniques like TD(A\)? RQ3: What is the influence of A on
the method’s performance?

Parameterization (RQ1)

We want to identify a parameterization for our value functions
such that training v helps learn 7, i.e., the value function
we care about. We can leverage the mathematical property
that ¥ = © + ¥ to learn ¥ such that these two functions are
interdependent and allow for the other to be inferred.

Figure 3 shows a possible way to parameterize the value
functions. In this case, we parameterize v as the sum of the
other two heads of a single-layer neural network. In partic-
ular, ¥ = ¥ + v, and so 6 = {w',w?}, ¢ = {w!, w3},
and ¢ = {w!, w? w3}. We refer to this parameterization as
BiTD-FR. We can similarly fully parameterize the forward
value function with all the weights as shown in Appendix
H (Figure 7b), wherein v = ¥ — . In this case, the pa-
rameterization becomes 0 = {w!, w? w3}, ¢ = {w', w3},
and v = {w!, w?}; i.e., we make use of all the weights to
parameterize v. We refer to this variant as BiTD-BiR. Sim-
ilarly, for completeness, we define a third parameterization
as v = ¥ — v, wherein 0 = {w!, w?}, ¢ = {w', w?, w?},
and ¢ = {w!, w3}. We call this parameterization BiTD-FBi.
Note that we have only shown a 1-layer neural network, but
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Figure 3: Parameterizing the three value functions: We pa-
rameterize v to be sum of the other two value functions.
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w! can be replaced with any deep neural network and the pa-
rameterization would remain valid. Our formulation simply
imposes more structure in our value function representation.
Training this network is also straightforward since we can
estimate all three value functions with a single forward pass.
We can also compute the losses of all three heads with their
respective TD/MC updates as shown in (1), (10) and (11).

Policy Evaluation (RQ2 & RQ3)

We study the utility of using these value functions in a stan-
dard prediction task. One issue that might arise in value
function approximation occurs when trying to approximate
non-smooth value functions—i.e., value functions that might
change abruptly w.r.t. to the input feature. In RL, this implies
that the value of spatially similar states may differ vastly.
For our prediction problem, we consider a chain domain
with 9 states (Sutton and Barto 2018) as depicted in Figure
4. The initial state is drawn from a uniform distribution over
the state space. The agent can only take two actions (go left
and go right) and the ending states of the chain are terminal.
We use a feature representation (motivated by Boyan’s chain
(Boyan 2002)) such that the values of nearby states are forced
to generalize over multiple features—a property commonly
observed in continuous-state RL problems. To simulate a
highly irregular value function, we define a reward function
that fluctuates between -5 and +5 between consecutive states.
We evaluate each TD learning algorithm (along with the
Monte Carlo variant for learning ¥) in terms of their abil-
ity to approximate the value function of a uniform random
policy, m(left|-) = m(right|-) = 0.5, under a discount
factor of v = 0.99. The analytically derived value function is
shown in Figure 4 alongside the feature representation used
for each state. In our experiments, we sweep over multiple
values of learning rate () and A\. We use the learning rate
for all value function heads. Each run corresponds to 50K
training/environment steps, and we average the loss function
over 100 seeds. We used a single-layer neural network with
9 units in the hidden layer and ReLU as the non-linearity.
Figure 5 depicts the results of this experiment with hyper-
parameters optimized for Area Under Curve (AUC). (RQ2)
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Figure 5: Experimental results for prediction in random chain
domain. The y axis shows the MSTDE error of the forward
value function. (top) Best performing parameter setting for
BiTD-FR, BiTD-BiR, BiTD-FBi and standard TD()). (bot-
tom) We compare all BiTD variants and TD(\) for different
values of \; notice that any values A > 0 are detrimental
to TD(M)’s performance, but can aid in performing policy
evaluation using the proposed framework.

From Fig. 5(top) we can see how all variants of BiTD achieve
a lower MSTDE loss than TD()) for a given number of sam-
ples. (RQ3) To investigate the role of )\ in the efficiency of
policy evaluation, we analyze Fig. S(bottom). From this fig-
ure, we can see that TD(\)’s performance deteriorates strictly
as the value of \ increases and that it performs best for A = 0.
We also notice that BiTD-FR performs similarly to TD for
A = 0, but its performance is better for intermediate values
of A (with the best performance being for A = 0.4). Further-
more, notice that among different BiTD methods, the ones
that directly approximate v (BiTD-FR and BiTD-FBi) seem
to perform better than the ones that indirectly approximate
it, like BiTD-BiR. Appendix H provides detailed plots with
standard error bars (as well as the sensitivity of methods w.r.t
« and \) to better understand how o may affect methods.

Literature Review

The successful application of eligibility traces has been his-
torically associated with linear function approximation (Sut-
ton and Barto 2018). The update rules for eligibility traces,
explicitly designed for linear value functions, encounter am-
biguities when extended to nonlinear settings. The fact that
the RL community started to use non-linear function approx-
imations more often (due to the rise of deep RL) led to the
wider use of experience replay, making eligibility traces hard
to properly deploy. Nonetheless, several works have tried to
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adapt traces for deep RL (Tesauro 1992; Elfwing, Uchibe,
and Doya 2018). Traces have found some utility in methods
such as advantage estimation (Schulman et al. 2017). One in-
teresting interpretation, proposed by van Hasselt et al. (2020),
applies expected traces to the penultimate layer in neural nets
while maintaining the running trace for the remaining net-
work. Traces have also been modified to be combined with
experience replay (Daley and Amato 2018).

Backward TD learning offers a new perspective to RL by
integrating “hindsight” into the credit assignment process.
Unlike traditional forward-view TD learning, which defines
updates based on expected future rewards from present deci-
sions, backward TD works retrospectively, estimating present
values from future outcomes. This shift to a “backward view”
has spurred significant advancements. Chelu, Precup, and
van Hasselt (2020) underscored the pivotal roles of both fore-
sight and hindsight in RL, illustrating their combined efficacy
in algorithmic enhancement. Wang et al. (2021) leveraged
backward TD for offline RL, demonstrating its potential in
settings where data collection proves challenging. Further,
the efficacy of backward TD learning methods in imitation
learning tasks was highlighted by Park and Wong (2022).
Zhang, Veeriah, and Whiteson (2020) reinforced the need for
retrospective knowledge in RL, underscoring the significance
of the backward TD methods.

One may consider learning ¥ and ¥ as auxiliary tasks.
Unlike standard learning scenarios where auxiliary tasks
may not directly align with the value function prediction
objective, in our case, learning ¥ and ¥ results in auxiliary
tasks that directly complement and align with the primary
goal of learning the forward value function. Auxiliary tasks,
when incorporated into RL, often act as catalysts, refining
the primary task’s learning dynamics. Such tasks span vari-
ous functionalities—next-state prediction, reward forecasting,
representation learning, and policy refinement, to name a few
(Lin et al. 2019; Rafiee et al. 2022). The “Unsupervised
Auxiliary Tasks” framework, introduced by Jaderberg et al.
(2017) demonstrates how auxiliary tasks can enhance feature
representations, benefiting primary and auxiliary tasks.

Conclusion and Future Work

In this work, we unveiled an inconsistency resulting from
the combination of eligibility traces and non-linear value
function approximators. Through a deeper investigation, we
derived a new type of value function—a bidirectional value
function—and showed principled update rules and conver-
gence guarantees. We also introduced online update equations
for stochastic sample-based learning methods. Empirical re-
sults suggest that this new value function might surpass tradi-
tional eligibility traces in specific settings, for various values
of )\, offering a novel perspective to policy evaluation.

Future directions include, e.g., extending our on-policy
algorithms to off-policy prediction. Another promising di-
rection relates to exploring analogous functions but in the
context of control rather than prediction. We would also like
to investigate the hypothesis that bidirectional value functions
(akin to average reward policy evaluation methods, which
model complete trajectories) may be a first step towards uni-
fying discounted and average-reward RL settings.
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