COMPSCI 687 Homework 2
(100 Points)

Instructions: Submit your answers as a single typed PDF file in Gradescope. You may use any software to create the PDF,
and any reasonable formatting of your answers will suffice. You may collaborate with other students and may use generative Al
to complete this assignment without reporting the collaboration or generative Al usage, but you are responsible for the accuracy
of your answers.

Part One: Written (75 Points)

1. Given an MDP M = (S, A,p, R,dy,~y) and a fixed policy, 7, the probability that the action at time t =0 is a € A is:
Pr(4p =a) = Zdo(s)ﬂ'(s, a). (1)
sES

Write similar expressions (using only S, A, p, R, dy,~, and ) for the following problems. Your final answer should not
include Pr terms, e.g., Pr(S3 = s), although such terms will show up as you derive your final answer. Assume that every
event on which you are asked to condition has positive probability.

Example problem: The probability that the state at time t = 1is s € S.

Pr(S) = s) = Zspr(so = 50) Pr(S; = s]So = s0) (2)
- ZZ do(so) Pr(Sy = s|So = s0) (3)
=SOZZ do(so0) ZA Pr(Ag = ag|So = s0) Pr(S = ]Sy = s0, Ay = aq) (4)
= ZG: do(So)aoi (0, a0)p(so, ao, ). (5)
s0es aoeA



Problems:

For this question, all probabilities and expectations are evaluated under the fixed policy w. We suppress the notation
for brevity. You may similarly drop the

context.

«“.

(a) The probability that the action at time ¢ = 3 is either a € A or @’ € A, with a # d'.

Pr(As € {a,d’'})

®)

A
=

> Pr(As € {a,d'}|S3 = s3) Pr(S5 = s3)
s3€ES

Z Pr(S5 = s3)(Pr(As = a|S3 = s3) + Pr(As = d'|S3 = s3))

s3€S

Z Pr(S; = 83)(7T(537a) + m(ss, a/))

s3€S
Z PI‘(SQ = 82) PI‘(AQ = a2|52 = 82>
s2€8,a2€A
X Z Pr(Ss = s3]S2 = 52, A2 = a2)(7(s3,a) + w(s3,a’))
s3€S
Z Pr(Sy = s9) Z m(s2,az) Z p(SQ,a2,33)(7r(83,a) + 7r(53,a’))
soE€S aseA s3€S
Z PI‘(SO = 80) Z PI‘(AO = CLO|SO = SO) Z PI‘(Sl = 31|So = So,Ao = ao)
S0ES ap€A s1ES

X Z PI‘(Al = a1|51 = 81) Z PI‘(SQ = 82|Sl = 81,A1 = al)

a1 €A $2E€S

X Z 7(s2,a9) Z p(s2,a2,53)(m(s3,a) + 7(s3,a"))

az€A s3€S
Z do(s0) Z (0, ao) Z p(s0, a0, s1) Z m(s1,a1) Z p(s1,a1,52)
SoES apEA s1ES a1 €A s2€S
X Z 7T(327a2) Z p(527a27 53)(71'(337@) + 7T(83’ a/))a

az€A s3€S

LL; T
;7”7 term in assignments and exams when the policy in question is clear from

9

(11)
(12)
(13)
(14)
(15)

(16)

where (a) follows from the law of total probability, (b) follows from the addition rule since the events A3 = a and
Az = o are exclusive, (c¢) follows from the definition of 7, (d) follows from the law of total probability and the
product rule, (e) follows from the definitions of 7 and p, (f) follows from the continued application of the law of total
probability and the product rule, and (g) follows from the definitions of dy, 7, and p.



(b) The expected reward at time ¢ = 6 given that the action at time ¢ =5 is a € A and the state at time t =4 is s € S.
The expected value of Rg will be expressed using R. For each possible state-action pair (sg,ag), the corresponding
expected reward is R(sg, ag). To obtain this R(sg, ag) term, we first apply the law of total expectation to consider all
possible values of Sg and Ag:

E[R6|A5 :a,5’4:s] = Z PI‘(S@ZSG,AG :a6\54:s,A5 :a)E[R6|S6=SG,A6 ZGG,A5 :a,5’4:s]. (17)
s6ES,agEA

Rg is conditionally independent of A5 and Sy given Sg and Ag, and so

E[Rg‘S(; = Sg, AG = g, A5 =a, S4 = S} = E[Rg‘SG = Sg, A6 = CLG] (18)
= R(Sﬁ,aﬁ). (19)

Substituting this into we obtain:

E [RG‘A5 = a, 54 = S] = Z PI‘(Sﬁ = 567A6 = a6|S4 =S, A5 = a)R(sG, CL(,‘). (20)
s6€S,a6€A

Next we will handle the conditioning on Sy = s and A5 = a. This conditioning is awkward because these events occur
at different time steps. From the product rule we have that

PI‘(Sﬁ = 867A6 = a6,A5 = CL|S4 = S) = PI‘(SG = 56;A6 = a6|54 = S,A5 = CL) PI‘(A5 = Q‘S4 = S). (21)
Dividing both sides by Pr(A; = a|Sy = s) gives:

PI‘(S6 = 86,A6 = GG,A5 == a|5’4 = S)
Pr(As = a|Sy = s)

= PI‘(SG = 86,A6 = a6\54 = S,A5 = (l). (22)

Substituting this expression for Pr(Ss = sg, Ag = ag|Ss = s, A5 = a) into we obtain:

Z PI‘(SG = 86,AG = ae,A5 = a|S4 = S)

E[Rs|As = 0,51 = 5] = Pr(As = a|S4s = s)

R(Se,, ae,). (23)
s6E€S,agEA

The numerator and denominator of the fraction in this expression can each be expanded similar to the first question,
via repeated application of the law of total probability and the product rule. This gives the following two equalities for
the numerator and denominator:

Pr(Ss = s¢, A¢ = ag, As = alSy = s) = Z 7(s,a4) Z p(s, a4, $5)7(85,a)p(ss5, a, s¢)7(s6, ag) (24)
as €A s5€S

Pr(As = a|Sy =s) = Z (s, aq) Z p(s, aq, 85)7(85,a). (25)
as€A s5 €S

Substituting these into we obtain:

Za4eA 7T(8, a/4) 25565 p(sa aq, 85)7T(S5a a)p(857 a, 86)7‘-(56’ a/ﬁ)
Za4€./4 7(-(8’ a’4) 25565 p(S, Qayq, 85)71—(857 a)

E[Rs|4; =a,Si=s]= Y R(sg,a6).  (26)

seES,agEA

While this expression is complete, we can simplify it by recognizing that s and ag only appear in the numerator and
R(sg, ag) term, and so those summations and the R(sg, ag) term can be moved into the numerator to give the solution:

Za4EA 7'('(8, a4) 28565 p(57 aq, 55)71-(557 CL) 23665 p(557 a, 56) ZQGEA 7."('56? aﬁ)R(Sﬁv aﬁ)

E A — = =
[R6| 5 0,,54 S] ZG4EA7T(3,G/4)Zs5e$p(8aa4as5)ﬂ-(85?a/)

(27)



(¢) The probability that the action at time ¢ = 16 is a’ € A given that the action at time ¢ = 14 is a € A, and the state at
time t =15is s € S.
Since Ay is conditionally independent of A1y given S5, Pr(Ais = a'|S15 = 8, 414 = a) = Pr(A1 = d/|S15 = 3).
Applying the law of total probability similar to the earlier questions, we obtain

PI’(AlG = a’|Sl5 = S,A14 = (L) = Z 7T(S,(L15) Z p(s,alg,,sw)w(sw,a’). (28)
ais€A S16ES

(d) The probability that the initial state was s € S given that the action at time t =1 is o’ € A.
By rearranging terms in the product rule, we obtain
Pr(Sp=s,4;1 =d)
Pr(4; =d)
Expanding the numerator and denominator using the law of total probability as in the previous questions, we obtain:
Pr(Sp=s,41 =4a')
Pr(A; =d)
do(s) ZaOEA (s, a0) Zsles p(s, a9, s1)m(s1,a’)
D soes Q0(50) D gy T(50,00) D2, s P(50, a0, 51)T(s1,0")

Pr(Sy =s|A; =d) =

(29)

Pr(So =s|A; =d') = (30)

(31)

2. In 687-Gridworld, if we changed how rewards are generated so that hitting a wall (i.e., when the agent would enter an obstacle
state, and is placed back where it started) results in a reward of —10, then what is E[R;|S; = 17, A; = AL, Syy1 = 17]7
Let H be the event that the agent hits the obstacle to the left of state 17 (here H stands for “hit”). For brevity, we will
avoid constantly conditioning on Sy = 17, A; = AL, and S;;1 = 17 by defining the event E to be the event that S; = 17,
Ay = AL, and S;y1 = 17. Hence, we aim to compute E[R;|E], which we can expand by the law of total expectation to:

E[R|E] = Pr(H|E)E[R|H, E] + Pr(H|E)E[R,|H", E], (32)
where H¢ denotes the complement of H, i.e., the event that H does not occur. Notice that E[R;|H, E] = —10 and
E[R:|H¢, E] = 0, since the reward is always —10 when the agent hits the wall (i.e., when H and FE jointly occur) and is
always 0 when the agent does not hit the wall (i.e., when H¢ and E jointly occur). Hence, becomes:

E[R.|E] = — 10Pr(H|E). (33)
To compute Pr(H|FE), we expand the definition of E and apply the product rule (with terms rearranged) to obtain:
PI'(H|E) = PI'(H|St = 17, At = AL, St+1 = 17) (34)
_PI'(H, St+1 = 17‘5,5 = 17,At = AL)
~ Pr(Si1 = 17|S; = 17, A, = AL)
Since the event H implies that S;11 = 17 when S; = 17 and A; = AL, Pr(H, Sy = 17|S; = 17, A; = AL) = Pr(H|S; =

17, A; = AL). From the transition dynamics of 687-Gridworld, this value is 0.8 (the chance the “Attempt Left” action
succeeds). Hence,

(35)

0.8
Pr(H|E) = . 36
r( | ) Pr(St+1 = 17‘St = 17,At = AL) ( )
The event in the denominator occurs when the agent’s “Attempt Left” action either succeeds or results in the “Stay”
behavior. The former occurs with probability 0.8 and the latter with probability 0.1. Hence the total probability that
Sty1 = 17 given that Sy = 17 and Ay = AL is 0.8 + 0.1 = 0.9. Hence,

0.8
Pr(H|E) = —. 37
(H|E) = 75 (31)
Substituting this into (33)) we obtain:
0.8
E[R/|FE]= — 10— 38
[RE] = — 1007 (39)
-8
__° 39
0.9 (39)
=-88 (40)



3. How many deterministic policies are there for an MDP with |S| < co and | A| < co? (You may write your answer in terms
of |S] and |A|).

In each of the |S| states there are |A| possible actions, resulting in a total of |A|lS! deterministic policies.

4. Give an example of an MDP with A = R, bounded rewards (but perhaps not with finite support), and v < 1 that does not
have an optimal policy. Prove that it does not have an optimal policy. Hint: J is well-defined in this case.
Let the MDP have a single state s and v = 0. Let

Ry = .
0 otherwise.

Notice that this satisfies the requirement that the rewards are bounded since R; € [0,1).

This MDP does not have an optimal policy because an optimal policy would select the largest action less than 1,
and the maximum real number less than 1 does not exist. To see this more clearly, we will provide a proof by contradiction
starting with the assumption that there exists an optimal policy 7* for this MDP. Let A* be a random variable with
distribution 7* (s, )El Define a new policy 7’ that produces actions

. (42)
0.5 otherwise.

, {“;‘ if0<A* <1
When 0 < A* < 1, this new action A’ is closer to 1 but still in [0,1), and so it results in a larger reward. Any time
A* ¢10,1), it results in a reward of 0 whereas A’ = 0.5 results in a reward of 0.5. Hence, the rewards produced by A’ are
always greater than the rewards produced by the actions A*. Hence, the expected reward (discounted sum of rewards with
~v = 0) when using 7’ is greater than the expected reward when using 7*, and hence 7* is not an optimal policy. This is a
contradiction with the assumption that 7* is an optimal policy.

5. Give an example of an MDP with .4 = Ny, bounded rewards (but perhaps not with finite support), and v < 1 that does not
have an optimal policy. Prove that it does not have an optimal policy. Hint: J is well-defined in this case.
Similar to the previous example, let the MDP have one state s and v = 0. Then let

-1

Rt:E.

(43)
These rewards are bounded within [—1,0).

This MDP does not have an optimal policy because an optimal policy selects the largest possible action, and there
is no largest element of the natural numbers. More formally, we provide a proof by contradiction. Assume that there exists
an optimal policy 7* for this MDP. Let A* be a random variable with distribution 7*(s,-). Define a new policy 7’ that
produces actions

A=A+ 1. (44)
The reward produced by A* is ;‘}, while the reward produced by A’ is Aj—}rl. Since
-1 -1
_— 45
A1 A (45)

A’ always results in a larger reward. Hence, the expected reward (discounted sum of rewards with v = 0) when using 7’ is
greater than the expected reward when using 7%, and hence 7* is not an optimal policy. This is a contradiction with the
assumption that 7* is an optimal policy.

6. We refer to the discounted sum of rewards, Efio YRy, as the return. Let an MDP exist such that it has two optimal

policies and v < 1. Can the expected value of their returns differ? If so, give an example. If not, explain why. Can the
variance of their returns differ? If so, give an example. If not, explain why.
By the definition of an optimal policy described in class, the expected value of the returns of the policies cannot differ.
However, the variance of their returns can differ. Answers may vary for the example. One example is an MDP with one
non-terminal state that always transitions to s, and which has two actions. The first action results in R; = 0.5 always
and the second results in R; being Bernoulli with parameter p = 0.5. Every policy for this MDP is optimal with expected
discounted return of 0.5, but the variance of returns can vary from zero (when always selecting the first action) to 0.25
(when always selecting the second action).

1Since actions are continuous, you might consider 7*(s,-) to be a probability density function, or more generally a probability measure.



7.

10.

11.

Read the Wikipedia page on Markov chains. A Markov chain is irreducible if every state can be reached from every other
state with positive probability and in finitely many steps. An MDP is irreducible if the Markov chain associated with every
policy is irreducibleﬂ A state in a Markov chain has period k if k is the greatest integer that divides every possible return
time. More formally,

k = ged{t > 0: Pr(S; = s|Sp = s) > 0}.

A Markov chain is aperiodic if the period of every state is k = 1. An MDP is aperiodic if the Markov chain associated with
every deterministic policy is aperiodic (or equivalently, if the Markov chain associated with every policy is aperiodic). Can
an MDP be aperiodic and not irreducible? If so, give an example. If not, explain your reasoning.

Yes, an MDP can be aperiodic and not irreducible. Student answers may vary for the example. One example is an MDP
with two states that always transition to themselves.

. The state of a Markov chain is positive recurrent if the expected time until the state recurs is finite. A Markov chain is

positive recurrent if all states are positive recurrent. An MDP is positive recurrent if the Markov chains associated with
every policy are all positive recurrent. Give an example of an MDP with |S| > 2 states that is positive recurrent and
aperiodic. For any number of states |S|, can you think of a simple way of defining state transitions such that the MDP is
positive recurrent and aperiodic? Explain your methodology (a picture might be useful).

Student answers may vary. An example is an MDP with states that always transition to themselves, making it both positive
recurrent and aperiodic.

. Describe a real-world problem and how it can be reasonably modeled as an MDP where R; is not a deterministic function

of St, At, and St+1.

Student answers may vary. Example: Consider scanning space for extraterrestrial or other interesting radio signals. The
state might be a vector representing the current spatial location and frequency the radio is scanning. The action space is
the direction to point the radio and what frequency to listen to next. The reward would be +1 for finding an interesting
signal and 0 otherwise. The signal may not always be received even when the radio focuses in the right direction/frequency
due to noise in the signal, so it is not a deterministic function of the state, action, or next state.

If you know (S, A, p, R, dy,7), can you derive dg? Prove your answer is correct.

You cannot derive dg given R. To prove this, we provide two MDPs that have the same S, A, p, R, dy, and ~, but
different dp. For all s € S,a € A, and s’ € S let dk(s,a,s’) be a constant distribution such that R; = 0.5 always and let
d%(s,a,s’) be a Bernoulli distribution with parameter p = 0.5. For every s € S and a € A, the expected reward given
Sy = s and A; = a is 0.5 under both reward distributions, and hence R(s,a) = 0.5. So, these two MDPs with different
reward distributions share the same reward function. Hence, the reward function R is insufficient to differentiate between
these two different reward distributions, d}, and d%.

You are given a program, VI, that takes as input an MDP of the form (S, A, p, R, dy,7), and which returns an optimal
policy, 7*. The program is highly efficient — significantly more efficient than any other solver. However, its inner workings
are secret, and so you are unable to inspect how it works or make changes to it. You are tasked with using this program to
solve a large real-world problem. However, for this problem not every action is available in every state. For all s € S, let
A’(s) be the set of actions available in state s. So, you need to write a program that takes as input (S, A’;p, R,dp,~), and
which returns an optimal policy 7*, and your program must use the VI program to do the majority of the work (since it is
particularly efficient). If needed, you may assume that max,es |A’(s)| is small (roughly 5) and that |J,.s .A’(s)’ is also
relatively small (roughly 10), and so the complexity of the large problem comes from having a large state set. Explain in
English how your program would work. It does not need to be maximally efficient. Although this will not be as precise as
pseudocode (since we haven’t specified the format of the inputs to VI or your program), it should explain how the inputs to
your program are transformed before being provided to VI, and how the output of VI is transformed before being returned.
Assume that A'(s) # @ for every s € S.

There are many correct answers. One solution is to make each disallowed action behave exactly like an allowed action. Let
AT be the set of all actions that are admissible in at least one state:

At = U A'(s). (46)

seS

We will apply VI to an extension of the provided MDP that uses this larger action set A™.

For each state s € S, choose a default action agetauis(s) € A’(s). The MDP that we create will be defined to allow

2Note that once a policy is fixed, the state transitions of an MDP can be modeled as a Markov chain.


https://en.wikipedia.org/wiki/Markov_chain

any action in A1 in any state. If the agent ever selects an action that should be disallowed (i.e., one in AT\ A'(s)), we will
treat it as though the agent selected the allowed action agefauls(s)-

To do this, construct a new MDP with state set S and action set A1, where allowed actions keep their original transition
probabilities and expected rewards. Disallowed actions are assigned the transition probabilities and expected rewards of the
default action. Specifically, for every s € S, s’ € S, and a € AT, let

+ N Jp(s.a,8") if a € A'(s)
p(s,a,s") = {p(s,a(iefault(s)vsl) if a g A(s) ) (47)

and
R(s,a) ifae A(s)
R(s, aqefauis(s)) if a & A'(s).

Keep dg and v unchanged, passing (S, A", p*, R, do, ) to the VI algorithm.

R*(s,a) = { (48)

Let ©T be the optimal policy returned by VI. This policy may place probability on disallowed actions. However, any time the
agent selects a disallowed action, we simulated transitions as though the agent selected the allowed action adefauit(s). So, we
can modify the returned policy so that it actually selects agefauit($) any time that it would have selected a disallowed action.
That is, for each state s € S, the policy that our algorithm returns will shift any probability on disallowed actions to agefaurt($)-

More formally, our algorithm returns 7* defined as follows for every s € S and a € A™:

TH(8,0) + X pe ar\ar(s) T (8:0) if @ = adetaute(s)
7 (s,a) = ¢t (s,a) if a € A'(8) \ {@dotaurs (S) } (49)
0 ifadg A(s).

The first case above says that the probability of aqefaus(s) is the sum of the probability initially placed on aqefaus(s) and
the total probability placed on disallowed actions b. The second case says that the probability of any allowed action other
than agefauis($) is unchanged, and the third case says that the probability of disallowed actions is zero.

Part Two: Programming (25 Points)

Implement the 687-Gridworld environment. I recommend creating an object with member variables to store the current state and
the following member functions:

e newEpisode: Resets to the initial state
e getState: Returns the current state.

e inTerminalState: Returns true if the current state is the terminal absorbing state. You may alternatively have this
function return true if the current state always transitions to the terminal absorbing state.

e step: Takes an action as input, updates the state to the next state and returns the resulting reward (not the state — the
resulting state must be queried using a separate call to getState).

The answers to the questions below should be numerical values and plots. You do not need to submit your source code.

1. Run 10,000 episodes using the policy that selects actions uniformly randomly from A. Report the average discounted return,
the standard deviation of the discounted returns, and standard error of the discounted returns. When run for 1 million
episodes, the average return is ~ —0.596 with a standard deviation of ~ 2.306. The number of episodes influences the
standard error. When run for 10,000 episodes, I observed a standard error of roughly 0.0229.

2. Pick one policy that you think is optimal for this MDP. You do not need to be correct — just guess based on your
understanding of the MDP. Report what this policy is and run 10,000 episodes using this policy. Report the average
discounted return, the standard deviation of the discounted returns, and standard error of the discounted returns. Answers
may vary depending on the chosen policy. For my guessed optimal policy, the average discounted return was close to 4, and
the standard deviation of the discounted returns was roughly 0.7. When run for 10,000 episodes, I observed a standard
error of roughly 0.007. These values may differ if students select different approximately optimal policies.



3. Create histograms of the discounted return distributions under (a) the uniform random policy and (b) your guess of the
optimal policy. You may provide two plots, each with one histogram, or one plot showing both histograms.

I Uniform random policy
6000 - Guessed optimal policy

Number of episodes

O I 1 1
-10 -8 -6 -4 -2 0 2 4
Discounted return

Histograms of the discounted returns under the uniform random policy and my guessed optimal policy. The shape for the
uniform random policy should be very close to this. Your results for the approximately optimal policy may differ depending
on the policy you select, but it should have an average discounted return around 4.0.

4. Using Monte Carlo simulations, approximate the probability that Sig = 21 given that Sg = 18 (the state above the goal)
when running the uniform random policy. Note that sampling episodes as in the previous questions would be inefficient (the
condition that Sg = 18 is exceptionally rare), and so you should devise a more efficient sampling strategy. Explain your
methodology (sampling procedure and number of samples) and report your final estimate along with a 95% confidence
interval. Report the method that you used to compute the 95% confidence interval. If you’re not familiar with such
confidence intervals, you may use the confidence interval from Hoeffding’s inequality. That is, given n i.i.d. samples
Xi,..., X, where each X; € [a,b], [L,U] is a 1 — ¢ confidence interval for E[X;], where:

1 « In (%)

L::EZXi—(b—a) =50 (50)
U::%iXi—F(b—a) # (51)
i=1

The estimated probability was 0.0187474, based on 187,474 successes in 10,000,000 Monte Carlo samples. The corresponding
two-sided 95% Clopper—Pearson confidence interval is approximately [0.01866343,0.01883165]. Confidence intervals using
Hoeffding’s inequality will be looser.

Using Hoeffding, b = 1 and a = 0, and so \/% ~ 0.0004295 would be added to and subtracted from the
estimate, giving approximately [0.0183,0.0191].

The key insight for this problem is that sampling episodes using the uniform random policy and filtering for the episodes
where Sg = 18 is extremely inefficient, since this event rarely happens. Instead, we can initialize the state to 18 and simulate
the 11 transitions from time ¢t = 8 to time ¢ = 19. This is valid because, under the fixed policy, the future states are
conditionally independent of the preceding trajectory given Sg = 18. That is, the events before Sg = 18 don’t impact the
events after, and so how the agent reached state 18 does not impact the probability in question.



