RJ 10040 (90536) August 22, 1996 (Revised 7/16/99)
Computer Science

Research Report

HOEFFDING INEQUALITIES FOR JOIN-SELECTIVITY ESTIMATION
AND ONLINE AGGREGATION

Peter J. Haas

IBM Research Division
Almaden Research Center
650 Harry Road

San Jose, CA 95120-6099

LIMITED DISTRIBUTION NOTICE

This report has been submitted for publication outside of IBM and will probably be copyrighted if accepted for publication.
It has been issued as a Research Report for early dissemination of its contents. In view of the transfer of copyright to the
outside publisher, its distribution outside of IBM prior to publication should be limited to peer communications and specific
requests. After outside publication, requests should be filled only by reprints or legally obtained copies of the article (e.g.,
payment of royalties).

—? Research Division
= Yorktown Heights, New York ¢ San Jose, California ¢ Zurich, Switzerland






HOEFFDING INEQUALITIES FOR JOIN-SELECTIVITY ESTIMATION
AND ONLINE AGGREGATION

Peter J. Haas

IBM Research Division

Almaden Research Center

650 Harry Road

San Jose, CA 95120-6099

e-mail: peterh@almaden.ibm.com

ABSTRACT: We extend Hoeffding’s inequalities for simple averages of random variables
to the case of cross-product averages. We also survey some new and existing Hoeffding
inequalities for estimators of the mean, variance, and standard deviation of a subpopulation.
These results are applicable to two problems in object-relational database management
systems: fixed-precision estimation of the selectivity of a join and online processing of
aggregation queries. For the first problem, the new results can be used to modify the
asymptotically efficient sampling-based procedures of Haas, Naughton, Seshadri, and Swami
so that there is a guaranteed upper bound on the number of sampling steps. For the
second problem, the inequalities can be used to develop conservative confidence intervals
for online aggregation; such intervals avoid the large intermediate storage requirements and
undercoverage problems of intervals based on large-sample theory.
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1. Introduction and Summary

In many applications, it is necessary to estimate a population mean

using random sampling; here m > 1 is a fixed integer and v is a real-valued function defined
on the set {1,2,... ,m }. Denote by L1, Lo, ... , L, a random sample drawn uniformly with
replacement from the set {1,2,... ,m} and by L{,L),... ,L!, a random sample drawn
uniformly without replacement. For n > 1, the estimators

Vo= =3 u(Ly) (1.1)

and

nAm
— 1

Y, = — Z v(L) (1.2)
i=1

are each unbiased for y in that E[Y,] = E[Y,] = u. (Here n A m denotes the minimum of
n and m.) In a famous paper, Hoeffding [11, Theorem 4] shows that

E[f(Y,)] < B[f(Vn)] (1.3)

for n > 1 and any convex function f. In particular, it follows by taking f(z) = 22 — p? in
(1.3) that Var[Y,,] < Var [V,,].

It is frequently useful to bound the probability that Y, (resp., ?;) deviates from p
by more than a specified amount. Suppose that the only information available prior to
sampling consists of lower and upper bounds a and b, respectively, on the function v:

a<wv(i)<b (1.4)
for 1 < ¢ < m. In [11], Hoeffding not only establishes (1.3), but also shows that
P{[V, —pl >t} <2e2nt/0me) (1.5)
and
P { V> t} < 9=t/ (b=a)® (1.6)
for t > 0 and n > 1, where

n =

, n if n <m
+o00 ifn>m.



In the following, we extend Hoeffding’s results by allowing v to be a function of more
than one variable and establishing analogues of inequalities (1.3), (1.5), and (1.6) for “cross-
product averages.” We also survey some new and existing Hoeffding inequalities for the
case in which we wish to estimate the mean, variance, or standard deviation of the numbers

{v(@): i€ S}, where SC {1,2,... ,m}. We refer to S as a “subpopulation” and assume
that the membership or non-membership in S of an element ¢ is discovered only when ¢ is
sampled.

Our results, which are stated formally in the remainder of this section, have a number
of applications in object-relational database management systems (ORDBMS’s). In Section 2
we consider the problem of using sampling to estimate the selectivity of a join to within a
prespecified precision. Haas, Naughton, Seshadri, and Swami [7] have previously provided
an asymptotically efficient procedure called f_p_cross for fixed-precision estimation of selec-
tivities. We show how the new inequalities can be used to modify f p_cross so that there
is a guaranteed upper bound on the number of sampling steps executed by the procedure.
In Section 3, we show that our results are pertinent to online aggregation processing as
described in Hellerstein, Haas, and Wang [9]. Section 4 contains the proofs of our results.

1.1. Cross-Product Averages

Let mq, mg,... ,mg (K > 1) be finite positive integers and v be a real-valued function
defined on the set A = Ay x Ay X --- X Ag, where A, ={1,2,... ;my } for 1 <k < K. To
avoid trivialities we assume throughout that mz > 1 for 1 < k < K. Suppose we wish to
estimate the population mean

u:mlm ZZ Z (I, 1y, ... ,lg) (1.7)

l1 1l=1 k=

using random sampling. For 1 < k < K, denote by Ly 1,Lgp2,..., Ly, a random sam-
ple of size n drawn uniformly with replacement from the set Ag. Similarly, denote by
Ly 1Ly 5, ..., L}, arandom sample drawn uniformly without replacement. We assume
thfough’out that the sampling mechanisms for sets Ay, Aa,... ,Ax are mutually indepen-
dent. Set N = {1,2,...}K and, for n = (ny,ng,... ,ng) € N, define the cross-product
averages Yy, and Y, by

Vo= v Z Z Z (L1iys Loy, - -+ » Liciy) (1.8)

11 1lio=1 ig—1
and

n1/\m1 naAmso ng/ \mg

Y,n = (H(nk Amk)) Z Z Z 1217L2 ig) ") IK,iK)a (19)

i1=1 is=1



respectively. It is straightforward to show that E[Y,] = E[Y'] = u for n € N. Moreover,
Y’n = p for all n = (nq,n,... ,nk) € N such that ny > my for 1 <k < K.

Although Y, can be viewed as a simple average of nins - - - ng random variables (and
similarly for Y")), the inequalities (1.3), (1.5), and (1.6) are not directly applicable. The
problem is that the random variables that make up the average are not mutually inde-
pendent: in general, v(Li;,, Lo, ... , Lk, ) and v(L1j;, Lo j,, - .. , Lk j,) are dependent
unless i3 # ji for 1 < k < K. An analogous remark applies to }7;

Our first result extends the inequality in (1.3).

Theorem 1. Let Y, and Y, be defined as in (1.8) and (1.9), respectively. Then
E[f(Y2)] < E[f (V)] (1.10)
for n € N and any convex function f. In particular, Var[Y!] < Var [Y ,].

Since Y, and Y, are each unbiased, it follows from Theorem 1 that Y”, has a lower mean
squared error than Y.

Our next result, Theorem 2 below, generalizes the inequalities in (1.5) and (1.6) and
bounds the probability that Y, (resp., Y ) deviates from p by more than a specified amount.
The inequalities require a priori knowledge only of lower and upper bounds a and b, respec-
tively, on the function v:

agv(ll,lg,... ,lK)Sb (]_]_1)

for (I1,12,... ,lg) € A. For n € N, set

m(n) = lgllclgnK ng
and
m'(n) = min, i,
where
n;c _ {nk ?f ne < Mg;
+oo if ng > my
forl1 <k <K.

Theorem 2. Let YV, and Y, be defined as in (1.8) and (1.9), respectively, and let a and b
satisfy (1.11). Then

P{|Vn—p| >t} <2e 2mmi/(b-a) (1.12)
and
PV —p| >t} < 2e 2 (E/(b-a)? (1.13)

fort > 0 and n € N.



Clearly, the tighter the bounds a and b on the function v, the tighter the above inequalities.

Suppose as a worst-case scenario that the function v depends only upon the first of its
K arguments and that n; < ng for 2 < k < K. Then the cross-product averages defined in
(1.8) and (1.9) reduce to ordinary averages as in (1.1) and (1.2), and the inequalities (1.12)
and (1.13) reduce to (1.5) and (1.6). These latter inequalities represent the best available
Hoeffding bounds for this situation. In this sense, the inequalities in (1.12) and (1.13) can
be viewed as tight worst-case Hoeffding bounds.

The bound in (1.13) sometimes can be tightened as follows. Fix n € N and suppose
that for some positive integer » = r(n) < K we have ny < my for 1 < k <r and ng > my
forr <k < K. Set

My41 Mp42

wa(ly,lz, ... ,l) = Z DIEE Z (7N S A R PSS /9

m m
r4+11Mpr4+2 " lyp1=11l42=1

(1.14)

for (I1,l2,...,l;) € Ay X Ag x -+ x A,. Let a(n) and b(n) be lower and upper bounds,
respectively, on the function w,. Applying Theorem 2 to the r-dimensional cross-product
average of the function wy, we find that

P{|V—pul >t} < 92— 2m' (n)t?/(b(n)—a(n))? (1.15)

for t > 0 and n € N. The key point is that it is sometimes possible to choose a(n) and b(n)
such that a(n) > a and/or b(n) < b, so that the bound in (1.15) is tighter than the bound
n (1.13); see Section 3.1 below for an example. Of course, this approach to tightening
the bound in (1.13) can be applied with obvious modifications when {k: ni < my } is an
arbitrary strict subset of {1,2,... , K }.

When n = (n,n,... ,n) for some n > 1, we write ¥,, and Y”, instead of ¥, and Y,
respectively, so that

B 1 n n n
Yn= nkK Z Z o Z v(Ll,iUL?,iw"‘ ’LK’iK) (1.16)
i1=liz=1  igx=1

and

~ K n/\mln/\m2 nAmg
Y;z: (H(n/\mk)> Z Z Z 1117 212, R ,K,iK)' (1.17)

k=1 i1=1 i2=1 ig—1

In this case, the inequalities (1.12) and (1.13) take the form

P{|Y, —p| >t} < 2e20/(b-a) (1.18)
and
P{ |}~/, > t} < 2e—2nt?/(b-a)* if p < max(my,ma,... ,MK);
n - B ] if n > max(mqy,ma,... ,mg)



fort >0 and n > 1.

Hoeffding actually establishes his inequalities (1.3), (1.5), and (1.6) for an arbitrary
collection of mutually independent, real-valued random variables (not necessarily discrete).
The inequalities in (1.10), (1.12), and (1.13) also can be shown to hold at this level of
generality. Hoeffding also establishes one-sided bounds, such as the following one-sided
analogues of (1.5):

and
P { H _ Yn Z t } S e—2nt2/(b—a)2 .

For each two-sided bound presented in this paper, there exists a pair of one-sided analogues
as in the above example.

In applications, the foregoing bounds are often “inverted” for purposes of obtaining
confidence intervals. For example, it follows from (1.13) that for fixed p € (0,1) and n € N

P{[Yp—pl<e}>p, (1.19)
where

1/2
e=(b—a) (Qm,l(n) ln(1 %p)) , (1.20)

Our final result gives an analogue of (1.19) for the ratio of two cross-product averages.
Consider two real-valued functions f and g, each defined on A, along with finite constants
af, b, ag (> 0), and by such that

af < f(lh,...,lg) < by and ag < g(li,...,lx) < b (1.21)

for (I1,...,lx) € A. For p € (0,1) and n € N, set

0= (g " 25))

Also set

o f/;l(~g)(bf —ag) + Vi (£)1(bg — ag) 1.22
n,p = Ynp ( Yé(g) (Y]{(g) - (bg - ag)’)/n,p) ) ( )

if Y1 (g) > (by — ag)Vn,p; otherwise, set €np = 00. In (1.22), Y'! (f) is defined as in (1.9), but
with v replaced by f, and similarly for Y/ (g). Define corresponding population averages
w(f) and u(g) analogously. Take 0/0 = 0.



Theorem 3. Suppose that (1.21) holds and u(g) > 0. Then

{504}

for p € (0,1) and n € N, where €y, is defined by (1.22).

Theorem 3 applies to the case of sampling without replacement, but analogous results hold
for sampling with replacement. The previously-mentioned techniques for tightening bounds
also can be applied in the current setting. Confidence intervals for other aggregates such as
VARIANCE also can be obtained by adapting the techniques used to establish Theorem 3.

1.2. Subpopulations

We now consider the problem of estimating the mean, variance, and standard deviation
of the numbers {v(i): 7 € S}, where v is a real-valued function defined on {1,2,... ,m}
(with m > 1) and S is a nonempty subset of {1,2,... ,m}. We assume that the set S is
specified by means of an indicator function wu:

1 ifq :
ui) = {1 MUES (1.23)
0 ifie{l,2,..., m}—S

for 1 < ¢ < m. We also assume that it is not possible to sample directly from S; as in
previous sections, each element in the sample is selected randomly and uniformly from the
set {1,2,... ,m}. The function u is then applied to determine whether the sampled element
is a member of S.

1.2.1. Mean

Denote by p(S) the average of the function v over the set S:

umz—ZWFQ%%%l (1.24)

where | S| denotes the number of elements in S. We refer to p(S) as the subpopulation mean
over S.

Define random indexes L, Lo, ... ,L, and L), L},... L] as at the beginning of Sec-
tion 1. For n > 1, two possible estimators of x(S) are

Yu(S) = =Y w(Li)v(L;) (1.25)



and

_ 1
Yo(8) =5 > u(Liv(L), (1.26)
I" i=1
where
In =) u(L) (1.27)
=1
and
nAm
I =" u(L). (1.28)
i=1

We take Y,,(S) = 0 when I, = 0 and similarly for Y, (S). Neither Y,(S) nor Y, (S) is
unbiased for u. As n becomes large, however, the bias of each estimator approaches 0 and
each estimator converges to u with probability 1.

Because Y ,,(S) and 7;(5’) are each biased estimators, it appears quite difficult to de-
velop Hoeffding inequalities analogous to (1.12) and (1.13). In practice, however, it suffices
to bound the conditional probability that Y ,(S) (resp., 7;1(5)) deviates from p by more
than a specified amount, given the observed value of I,, (resp., I},). The key observation (cf
Section 2.12 in Cochran [2]) is as follows: given that I, = k (where & > 0), the estimator
Y .(S) is distributed as (1/k) Zle v(L}), where { L], L5,... ,L; } is a random sample of
size k drawn from the set S uniformly with replacement. An analogous statement holds
for the conditional distribution of Y, (S) given I = k. Thus, Y,(S) and Y,,(S) are con-
ditionally unbiased for p(S) and, using the inequalities in (1.5) and (1.6), we obtain the
bounds

P{|Yn(S) = u(S)| 2t | In = k } < 2¢72¢/(=e)®
fort >0,n>1,and 1 <k <n, and

P{IV(S) = w(S)] > t | I =k | < 27207 /0=0)" (1.29)
fort>0,n>1,and 1 <k <|S|An.

1.2.2. Variance and Standard Deviation: Sampling with Replacement

Denote by o?(S) the variance of the function v over the set S:

2q) = LNy - (g2 = o w0 (0(0) — p(S))°
”(S)WS%(() )" = SO (1.30)



We refer to 02(S) and o(S) as the subpopulation variance over S and subpopulation standard
deviation over S, respectively.

First suppose that S = {1,2,... ,m} and that this fact is known a priori. (The value
of m need not be known.) In this case we write u for u(S) and o2 for 02(S). Fix n > 2 and
define the sample average Y, as in (1.1). It is well-known that the estimator

Zn= 1o S (0(L) ~ V) (1.31)
i—=1

is unbiased for o2; see, for example, Cramér [3, p. 347]. As pointed out by Hoeffding [10],
Zy, can be written in the form

1
Zp = m ZQ(U(Lz’),U(LJ’))a

where g(z,y) = (z — y)?/2; that is, Z, is a “one-sample U-statistic” as defined in [10,
11]. Hoeffding’s inequalities for U statistics [11, Section ba] therefore can be applied in a
straightforward manner to yield inequalities for Z,. These computations, which have been
carried out by Krafft and Schmitz [13], yield the inequalities

P{Zy—0? >t} < e Sln/2e/0-a)t (1.32)

P{o® = Z, >t} < e /2t /0-a)" (1.33)
and

P{|Zy -0 >t} < 2e78In/20E/(b-0)" (1.34)

for t > 0 and n > 2, where |z| denotes the largest integer less than or equal to .
The random variable v/ Z,, often serves as an estimator of the standard deviation o. To
obtain a bound analogous to that in (1.34), observe that

Vz =y =(z—2/zy+y)"* <V —y
for 0 <y < z. Using (1.32), we find that
P{ /Zn—UZt}SP{‘/Zn—U2Zt}:P{Zn—022t2}Se_SLn/2Jt4/(b_a)4_
(1.35)

A similar argument using (1.33) yields the same bound for P { o — v/Z, >t }, and combi-
nation of the two bounds yields the inequality

P{ ‘\/Z - a‘ > t} < ¢ 821t/ (-a)*, (1.36)



Now suppose that S is an arbitrary nonempty subset of {1,2,... ,m }. The quantity
02(S) can be estimated by

Zn(8) = =7 2o L) (v(L) = Vn($))",

i=1

where u, Y ,(5), and I, and are defined as in (1.23), (1.25), and (1.27), respectively. Using
the above results and arguing as in the case of the subpopulation mean, we obtain the
conditional inequalities

P{|Zn(S) = 0(S)| > t | I, = k } < 2¢~8k/2J8/(b=0)*

and

P{ ‘\/ZH(S) - 0(5)‘ > | Iy =k } <2 Sk 0-e)
fort >0,n>2,and 2 < k <n.

1.2.3. Variance and Standard Deviation: Sampling without Replacement

Suppose at first that S = {1,2,... ,m }, that this fact is known a priori, and that m is
known. Fix n > 2 and define the sample average 7; as in (1.2). It is well-known that the
estimator

nAm

;[ m—1 1 o(I) — V)2
Z= (") Gy = L0 T (1.37)

m (nAm P

is unbiased for o?; see, for example, [2, Theorem 2.4]. In analogy with (1.3), we have the
following result.

Proposition 1. Let Z,, and Z,, be defined as in (1.31) and (1.37), respectively. Then

E[f(Zy)] < E[f(Zn)]
for n > 2 and any convex function f. In particular, Var[Z]] < Var [Z,].

Pathak [18] gives a proof of this result based on the Rao-Blackwell inequality. In Section 4
we give a “first principles” proof along the lines of the original argument used by Hoeffding
to establish (1.3).

As in Hoeffding’s proof of (1.6), the inequality in Proposition 1 can be combined with
the results in Section 1.2.2 to establish inequalities for Z], and \/Z_,’l .



Theorem 4. Let Z], be defined as in (1.37), and let a and b satisfy (1.4). Then
P{|Z, - c® >t} < 2 8ln/2E/(b-0) (1.38)
and

P{ ‘\/Z_;L - a‘ > t} < 2e~8ln/2t!/(b—0)" (1.39)

fort >0 and 2 <n <m.

The inequality (1.38) is stated in [13], but the supporting proof is incomplete.
Now suppose that S is an arbitrary nonempty subset of {1,2,... ,m }. If | S| is known,
then for n > 2 the estimator

zus) = (B5t) g o w e - 71

i=1
is conditionally unbiased for o%(S), given the value of I/;. Arguing as in previous sections,
we obtain the conditional inequalities

P{|ZI(S) — 0| > t| I, = k } < 2¢ SLR/21E/0-a)*
and

P{ ‘\/m— 0‘ >t| I = k} < 9¢~8Lk/20t/(b-a)’

fort >0,n>2,and 2 < k < |S|An. If |S]| is unknown, we cannot use the estimator Z,(S).
If S is known to contain a sizable number of elements, however, a reasonable estimator
can be obtained by ignoring the troublesome bias-correction term (|S| — 1)/|S| and simply
computing the sample variance over all elements of S observed so far. This approach yields
a biased estimator of o%(S) given by

nAm
1 /

Z3(8) = 5 > u(Li) (v(Lf) =Y (S))", (1.40)

=1

where YIH(S) and I, are defined as in (1.26) and (1.28), respectively. Because Z also
is biased when given the value of I}, it is difficult to obtain even conditional Hoeffding
inequalities without some extra information. When |S| is large relative to (b — a)? and a
good lower bound d < |§] is available, the following inequality can be useful.

Theorem 5. Let Z)'(S) be defined as in (1.40) and let d < |S|. Then

P{|Z1(S) = o(S)| > t | I, = k } < 2¢~8lk/2)7*/(b=a)" (1.41)

10



and
P { VZE(S) —o(S)| >t | T, =k } < 2¢~8Lk/2)v*/(b-a)* (1.42)
fort >0, n > 2, and 2 < k < |S| An, where

d—1 (b—a)?

T =1(t,d,a,b) = y t_4(d—1)
and
d—1 (b—a)?
=v(t,d, a,b) = - :
v V(? 7a7) d 4:(d_].)

Note that, given I}, = k, we can set d = k if k is sufficiently large.

1.3. Some Further Refinements

Krafft and Schmitz [13] provide several techniques that can be used to tighten the
various bounds given in this section. The first (trivial) observation is that if a < v < b,
then, for example, P {|Y, — pu| >t} =0 for t > b—a, where Y, and p are as in Theorem 2.
Similarly, it follows from the inequality in (4.5) below that |Z, — 02| < t¥ for n > 0, where
Z, and o2 are as in (1.34) and

. n(b—a)?

"o4n—-1)"
Thus, P{|Z, —o? >t} =0fort >t} and P{|/Z, —o| >t} =0 for t > \/£5. All of
the other inequalities in this section can be tightened in a similar manner.

A less trivial result is obtained after rewriting (1.12), (1.34), and (1.36) in the form

P{|[Vy—p| >t} < 2e ™m0 (b=0)

P{|Zy—a?| >t} < 2e Ln/21000/0-a)?),
and

P{ ‘\/Z_"_ U‘ Z t} < 2~ [n/216(2¢%/(b-a)?)

respectively, where 0(z) = 2z2. It follows from results in [13] that the above inequalities
hold with @ replaced by 6y, where

4 2
Oo(z) = 2% + §$4 + §$6.

All of the other inequalities in this section can be rewritten and tightened in a similar
manner.

11



2. Application to Join-Selectivity Estimation

A (select-)join query with K (> 2) input relations Rj, Ra, ... , Rk specifies a subset of
the cross product Ry x Rs X -+ x Rg. For each element (ji,j2,...,jk) in this subset,
tuples j1, j2,... ,jk are concatenated to form a tuple of the output relation Ry . x. The
“selectivity of the join” is the number of tuples in R;3 . g divided by the number of
elements in the cross product of the input relations. Selectivity estimates play a key role in
query optimization for ORDBMS’s as well as for capacity planning, cost estimation for online
queries, system access control, load balancing, and statistical studies.

Our formulation of the selectivity-estimation problem follows [7]. For j; € Ry,js €
Rs,...,jk € Rk, set vo(j1,72,---,jK) = 1 if tuples ji,jo,... ,jk join (that is, if these
tuples are concatenated to form a tuple of Ry o . k); otherwise, set vy(j1,j2,... ,jKx) = 0.
The function vg is determined by the join and selection predicates that make up the query.
We wish to estimate the selectivity p, defined as

|Ri2,.. x| 1 i1 g j
p= ) — Z Z Z vO(]l,]Q;"' 7]K)
|R1 X X RK| |R1 X x RK| j1ER1 j2€Rs JjkE€RK

A naive method for estimating the selectivity u is to use a “tuple level, independent”
sampling scheme, denoted by tindep. At the nth sampling step of t_indep, a tuple is
selected randomly and uniformly from each input relation. The observation X, is then
computed from the K selected tuples, where X,, = 1 if the tuples join, and X,, = 0
otherwise. In other words, X, is the selectivity of the K-way join of the randomly selected
tuples. The tuples are then discarded prior to the next sampling step. For each n >
1, the observations Xj, Xs,..., X, are identically distributed, and the average of these
observations is an unbiased estimator of u; if samples are drawn with replacement, then
these observations are also mutually independent.

An alternative approach is to estimate p using the “page-level, cross-product” sampling
scheme proposed in Hou, Ozsoyoglu, and Taneja [12] and analyzed in [7, 19]. We denote this
scheme by p_cross. At each sampling step of p_cross and for each of the K input relations,
a page of tuples is selected randomly and uniformly from among the pages that make up
the relation; this randomly selected page is stored in main memory. At the nth sampling
step, n® — (n — 1)K observations are generated by computing

(i) the selectivity of the K-way join of the pages selected at the current sampling step;
and

ii) the selectivities of all possible K-way joins among pages selected at the current sam-
g pag
pling step and pages selected at previous sampling steps.

Although p_cross examines many more tuples per sampling step than t_indep, the resulting
observations are not mutually independent, even when samples are drawn with replacement.

Haas et al. [7] compare p_cross and t_indep when samples are drawn with replacement.
They show that, for any fixed number of sampling steps, selectivity estimators based on

12



the p_cross scheme always have variance less than or equal to that of estimators based on
the t_indep scheme. In practice, the variance of the selectivity estimator can be smaller by
orders of magnitude when p_cross is used. We therefore focus throughout on the p_cross
sampling scheme and its variants.

The sampling cost of p_cross sometimes can be reduced by using “index-assisted” sam-
pling as proposed by Lipton, Naughton, and Schneider [14, 15] and extended in [7]. Suppose,
for example, that we wish to estimate the selectivity of an equijoin of relations R; and Ry
using the ¢_indep scheme and that R has an index on its join attribute; that is, the join
predicate is “Rj.a = Rs.a” and Ry has an index on attribute a. At each sampling step, one
tuple is selected randomly and uniformly from relation R; and the total number of tuples
from Rs that join with this random tuple is computed using the index; no sampling from
Ry is required. Thus, we obtain |Rg| observations at each sampling step. This idea extends
in a straightforward manner to the p_cross scheme and to general K-way joins when one
or more of the input relations has a combined index on (the concatenation of) all relevant
join and selection attributes.

In the following, we assume that samples are drawn with replacement. We also assume
that tuples are stored and brought into main memory in pages, where each page contains
N (> 1) tuples. To discuss page-level and index-assisted sampling schemes in a unified
way, we consider a generalized scheme in which, for 1 < k < K, the tuples in relation Ry
are partitioned into my blocks B(k,1),B(k,2),... ,B(k,my) with tx (= |Rg|/mg) tuples
per block. For each relation Ry, a block of tuples is selected at each sampling step, and
all of the tuples in the block are brought into main memory. When ¢t; = --- = tg = N
we have pure page-level sampling. When t; = |R;| for one or more values of j we have
index-assisted sampling. (As indicated above, we don’t actually bring all of the tuples in an
indexed relation into memory, we just perform an index lookup. Such a lookup, however,
is equivalent to examining all of the tuples in the indexed relation, as far as their join
and selection attributes are concerned. In general, one or more I/O’s may be required to
perform the lookup; see [7] for a detailed discussion of sampling costs.) We assume that at
most K — 1 indexes are available; Ganguly, Gibbons, Matias, and Silberschatz [4] provide
an estimation procedure when K = 2 and there is an index on each input relation.

For (I1,13,... ,lg) € A, denote by v(ly,ls,...,lx) the selectivity of the join of blocks
B(1,l1),B(2,l3),... ,B(K,lk):

U(ll,l%---alK):ﬁ Z Z Z vo(J1,J2,- -+ +JK)-

J1€B(1,l1) j2€B(2,l2) JjkE€B(K,lk)

The function v is called the selectivity function for the join. Observe that the selectivity u
can be represented as a cross-product average of the form (1.7). Denote by L ; (resp., L;m.)
the random index of the block of tuples selected from relation Ry at the ¢th sampling step
when samples are drawn with (resp., without) replacement. Then for n > 1 the estimators
Y, and Y, defined by (1.16) and (1.17), respectively, are each unbiased for .
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Suppose that we wish to estimate the selectivity p to within +e with probability p,
where € > 0 and p € (0,1). In general, it is impossible to satisfy the precision criterion
with a probability exactly equal to p. To address this problem, Haas et al. [7] introduced
a fixed-precision estimation procedure called f p_cross. In this procedure, the basic p_cross
sampling procedure is executed for a random number of sampling steps. After each sampling
step of p_cross, a stopping rule is used to determine whether to continue sampling or to
stop sampling and return the cross-product average based on all of the blocks sampled so
far. The final estimate Y () is given by Y (e) = ?N(e), where Y, is defined by (1.16) for
n > 1 and N(e) is the random number of sampling steps executed by the procedure.

The stopping rule for fp_cross is obtained by approximating the distribution of Y (e)
by a normal distribution. Use of this approximation leads to an estimate of the probabil-
ity that the precision criterion is satisfied. If the estimated probability is greater than or
equal to the prespecified probability, then no further samples are taken; see [7] for details.
It is shown in [7] that the f_p_cross procedure is “asymptotically consistent” in the sense
that the probability of satisfying the precision criterion converges to the prespecified value
as the precision criterion becomes increasingly stringent: lim._,o P {|Y(e) — p| < e} = p.
Moreover, f p_cross is “asymptotically efficient” in the sense that the total number of sam-
pling steps converges to the theoretical minimum number of required steps as € becomes
small. The number of sampling steps required by f p_cross is independent of the size of the
input relations. Thus, for a fixed precision criterion, the cost of sampling relative to the
cost of computing p exactly decreases as the size of input relations increases; see Haas and
Naughton [8] for further discussion.

One shortcoming of f p_cross is that there is no guaranteed upper bound on the number
of sampling steps. This can be an issue because the normal approximation that underlies
the stopping rule is exact only in the limit as € — 0. For fixed positive €, the probability that
the precision criterion is satisfied can be underestimated, resulting in too many sampling
steps.

We can use the results in Section 1.1 to alleviate this problem and provide a guaranteed
upper bound on the number of sampling steps. (See [15] for a related discussion of “sanity

bounds.”) Set
1 2
no = ng(e,p) = [ﬁln (rp)],

where [z]| denotes the smallest integer greater than or equal to z. Then the idea is to stop
sampling in f.p_cross after min(no, N(€)) steps, where N(e) is the number of steps executed
in the original f p_cross procedure. It follows from (1.12) that no more than ny sampling
steps are ever needed to satisfy the precision criterion.

The bound ng can be improved upon when there is additional a prior: information on
the selectivity of the join. For example, consider a join query consisting of the single join
predicate

Rl.al = Rz.al and R2.a2 = R3.a2 and --- and RK_l.aK_l = RK.aK_l.
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Suppose it is known a priori that each tuple in relation Ry (1 < k < K — 1) joins with at
most Yx1 tuples in relation Ry, where yx11 < txr1. Then 0 < v(ly,ls,... ,lx) < u for
all Iy, ly,... Ik, where u = [Jf_y(v&/tx) < 1. It follows from (1.18)that

P{|yno(u)_ou'| Se} Zp,

where

no(u) = no(u;€,p) = B—; In (%p)] < ng.

3. Application to Online Aggregation

Users of an ORDBMS often execute “aggregation queries” in order to obtain statistical
summaries of large, complex data sets. Aggregation queries are processed by first executing
a (typically complex) sequence of joins and selections on the base relations to create an
output relation; each tuple of the output relation is then mapped to a real number and
aggregate quantities such as the sum, mean, or variance are computed from the numbers.
The rows of the output table sometimes are divided into groups based on values of the data
attributes and aggregates are computed separately for each group.

We focus on scientific and decision-support applications in which the user explores a
data set by executing a sequence of aggregation queries in an interactive manner. The
formulation of each successive query is influenced by the results of previous queries. In
this setting it is crucial that the processing time for each query be as short as possible.
Moreover, since the typical goal is simply to get a rough feel for the data, approximate
results often suffice. Unfortunately, current database systems do not adequately support
such interactive exploration: the result of an aggregation query is not returned to the user
until the query has run to completion and the exact answer has been computed. Such an
exact computation, which can involve the processing of many terabytes of data, can take an
extremely long time. Moreover, there is no feedback during processing; a user can lose much
valuable time before discovering that a particular query is misguided or uninformative.

In an effort to address these problems, Hellerstein, Haas, and Wang [9] have proposed
an online aggregation interface to an ORDBMS. This interface lets users both observe the
progress of their aggregation queries and control the execution of these queries on the fly.
The idea is to retrieve the pages of each base table in random order, so that the rows re-
trieved so far can be viewed as a random sample. At each time point, the system displays
a running estimate of the final value of the aggregate based on all of the pages retrieved
so far. The system also indicates the estimated proximity of each running estimate to the
corresponding final result by means of a running confidence interval. The user can abort
processing of the query as soon as the intervals become sufficiently short. When aggregates
are being computed for multiple groups, some online-aggregation prototype systems main-
tain a running confidence interval for each group and permit the user to increase/decrease
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the relative processing speed for an individual group on the fly or abort processing for an
individual group.

Classical confidence-interval formulas based on results for i.i.d. observations cannot be
applied in the setting of online aggregation because of the complicated correlation structure
induced by the joins and selections executed prior to the final aggregation step. Large-
sample confidence intervals suitable for online aggregation are given in [5, 6]; such intervals
are based on central limit theorems. Although the large-sample intervals are useful in the
earlier stages of query processing, the set of auxiliary statistics needed to compute the
intervals can become very large as the processing proceeds. Also, the intervals rest on the
approximating assumption that samples are obtained with replacement, and this assumption
becomes untenable as the sample size (number of records scanned) becomes large. Finally,
the actual coverage probability for the intervals can be less than the nominal value.

The results in Section 1 can be used to obtain conservative running confidence intervals
for a variety of online aggregation queries. That is, for a prespecified parameter p € (0, 1),
a number ¢ is displayed such that the current value of the running estimate is within *e
of the final answer y with probability > p. Although conservative confidence intervals are
wider in general than large-sample intervals, the computations for the conservative intervals
require minimal memory and CPU time and avoid the undercoverage problem alluded to
above.

In the following subsections, we illustrate the application of our results to online ag-
gregation processing by means of an extended example. Consider an online aggregation
interface to a relational database system containing the following three relation schemes:

Supplier-scheme = (part-num, supplier, price)
Inventory-scheme = (part-num, location, quantity)

Sales-scheme = (item, month, day, location, number-sold)

Assume that there are my pages of tuples (with ¢; tuples per page) in the Supplier relation,
my pages of tuples (with ¢o tuples per page) in the Inventory relation, and mgs pages of
tuples (with ¢3 tuples per page) in the Sales relation. Tuples are retrieved from each input
relation a page at a time. Denote by Supplier(i) the ith tuple in the Supplier relation, and
similarly for the Inventory and Sales relations.

3.1. Complex SUM, COUNT, and AVERAGE Queries

As a first example, consider the query that returns the total value u of inventory stored
at the San Jose warehouse:

SELECT SUM(Supplier.price * Inventory.quantity)
FROM Supplier, Inventory

WHERE Supplier.part-num = Inventory.part-num
AND Inventory.location = “San Jose’;
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For 1 S ) S m1t1 and 1 S ] S m2t2, set
vo(Z,7) = (Supplier(i).price) X (Inventory(j).quantity)

if Supplier(i).part-num = Inventory(j).part-num and Inventory(j).location = “San Jose”;
otherwise, set vy(7,7) = 0. Also set

’U(ll,lz):mlmz Z Z ’Uo(’i,j), (3.1)

i€B(1,l1) jEB(2,l2)

where B(1,k) and B(2,k) denote the kth page of tuples from the Supplier relation and
Inventory relation, respectively. Observe that p is of the form (1.7) with v defined as above.
Suppose it is known that

(i) no part has a price greater than p; and

(ii) no more than ¢ units of a given part type are stored at the San Jose warehouse
simultaneously.

Such information often can be deduced from statistics that are maintained in the database
system catalog for use by the query optimizer. It follows that max; jvo(%,j) < pg and the
function v satisfies the bounds a < v < b with a = 0 and b = mymatitapq. Tighter bounds
on v can be obtained by observing that the part-num attribute is in fact a key for the
Supplier table; that is, there are no duplicate part-num values in Supplier. (Otherwise, the
query is not well posed.) We can take b = mymatapq, since each row in the Inventory table
joins with at most one row in the Supplier table.

Suppose that at a given time point n; pages have been retrieved from the Supplier
relation and ns pages have been retrieved from the Inventory relation. Then the estimator
Y! defined by (1.9) is unbiased for u, where n = (ny,7ny). It follows from (1.13) that a
conservative 100p% confidence interval for p is given by [V’ —¢, Y’ + €], where € is defined
by (1.20) with a and b as above. If the assumptions in (i) and (ii) hold and

(iii) all of the pages in the Supplier relation and a portion of the pages in the Inventory
relation have been retrieved, so that n; = my; and ng < ma,

then we can obtain a tighter interval than the one given above. In analogy to (1.14), set

1 S -
wn(l2) = p— oolnlk)=m2 > Y. Y w(ig)
L= hi=1ieB(1,l1) j€B(2,l2)

for 1 < j < mo. Since at most to terms in the above sum are positive (with the ~value of a
positive term equal to at most pq), we can obtain a tighter interval [Y! — e(n), Y + €(n)]
by setting

1/2
¢ = (b(n) — a(n)) (Zm’l(n) In( fp)) , (3.2)
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where a(n) = 0 and b(n) = matapg.

The formula (1.20) for the precision parameter € assumes that pages, but not necessarily
tuples, are retrieved in random order. That is, the attribute values of a tuple may depend
on the page on which the tuple resides. When such dependence is present, the tuples
are said to be clustered on the pages; otherwise, they are said to be unclustered. If it is
known that rows are unclustered, the lengths of the conservative confidence intervals can
be considerably reduced. To see this, suppose that the assumptions in (i) and (ii) hold.
Also suppose that ny (< my) pages have been retrieved from the Supplier table and ng
(< mg2) pages have been retrieved from the Inventory table. If the rows are clustered on
the pages then € is computed from (1.20) with n = (ny,n2) as discussed above. If the
rows are unclustered, however, then rows (and not just pages) are retrieved in random
order, and € can be computed using the same formula as in the clustered case except that
n = (tinq,teng). Similarly, if the assumptions in (i)—(iii) hold, then € is computed from
(3.2) with n = (ny,n2) in the clustered case and n = (¢1n1,tan2) in the unclustered case.

As a second example of an aggregation query, consider the query that returns the total
number y of part types at the San Jose warehouse that are supplied by the Acme company:

SELECT COUNT (*)

FROM Supplier, Inventory

WHERE Supplier.part-num = Inventory.part-num

AND Supplier.supplier ="Acme” AND Inventory.location = “San Jose”;

We assume here that the combined attribute (part-num, location) is a key for the Inventory
relation. Set
Vo (27.7) =1

if Supplier(i).part-num = Inventory(j).part-num, Supplier(i).supplier = “Acme”, and
Inventory(j).location = “San Jose”; otherwise, set vy(é,7) = 0. Defining v(Z,7) as in (3.1),
we see that p is of the form (1.7). With no additional assumptions about the data, the
function v satisfies the bounds a < v < b with a = 0 and b = mymatits. As with the SUM
query discussed above, tighter bounds on v may be obtainable. Since y has the same math-
ematical form as the result of the SUM query discussed above, the previous discussion for
the SUM query carries over to the current setting almost unchanged; only the specific form
of the function v and the value of b are different. In particular, the estimator }7; defined
by (1.9) is unbiased for g and conservative choices for the confidence interval half-width e
are of the form (1.20). Moreover, the result in (1.15) can be applied as described for SUM
queries.

Finally, consider the query that returns the average price u of the part types supplied
by the Acme company and stored in San Jose:

SELECT AVERAGE (Supplier.price)

FROM Supplier, Inventory

WHERE Supplier.part-num = Inventory.part-num

AND Supplier.supplier ="Acme” AND Inventory.location = “San Jose”;
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For 1 S ) S m1t1 and 1 S ] S m2t2, set

fo(i,7) = Supplier(i).price

if Supplier(i).part-num = Inventory(j).part-num, Supplier(i).supplier = “Acme”, and
Inventory(j).location = “San Jose”; otherwise, set fo(z,7) = 0. Also set

Fnl)= Y > foli,d).

i€B(1,l1) jEB(2,l2)

Similarly, set
go (27 ]) =1

if Supplier(i).part-num = Inventory(j).part-num, Supplier(i).supplier = “Acme”, and
Inventory(j).location = “San Jose”; otherwise, set go(¢,7) = 0. Also set

gll,)= > Y goli, ).

i€B(1,l1) j€B(2,l2)

Then p is of the form pu(f)/u(g) as in Theorem 3. Under assumption (i) above, a conser-
vative 100p% confidence interval for p is given by [V, — €y, Y + €n ], where €, is given
by (1.22) with ay = 0, by = top, ag = 0, and by = to. (As above, we have used the fact that
the part-num attribute is a key for the Supplier table.)

3.2. Summary Statistics Defined on Selections

We assume throughout that the online aggregation system retrieves tuples from each re-
lation in random order. As discussed above, this assumption is stronger than the assumption
that the system retrieves pages in random order and implies that tuples are unclustered.

Consider the query that returns the average daily number u(S) of widgets sold in De-
cember:

SELECT AVG(Sales.number-sold)
FROM Sales

WHERE Sales.month="December”
AND Sales.item="widget~”;

For 1 < i < mgts, set v(z) = Sales(i).number-sold. Also set u(i) = 1 if Sales(i).item =
“widget” and Sales(i).month = “December”; otherwise, set u(¢) = 0. Then p(S) is of the
form (1.24) with v and v defined as above. Suppose that no location stocks more than w
widgets on any day. Then the function v satisfies the bounds a < v < b with ¢ = 0 and
b=w

Suppose that at a given time point n tuples (equivalently, n/t3 pages) have been retrieved
from the Sales relation and k (> 0) of these tuples correspond to widgets sold in December.
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The estimator 7;1(5' ) defined by (1.26) (with I}, = k) is conditionally unbiased for x(S). By
(1.29), a conservative 100p% confidence interval is given by [7;(5 ) — 6,?;(5 ) + €], where

c=(b—a) (im(fp))lﬂ.

Note that an alternative confidence interval is given by Theorem 3. Neither interval domi-
nates the other in all cases, and the shorter of the two intervals should be used.

Now consider the query that returns the variance o2(S) of the daily number of widgets
sold in December:

SELECT VARIANCE(Sales.number-sold)
FROM Sales

WHERE Sales.month="December”

AND Sales.item="widget”;

Defining u and v as above, we see that 02(9) is of the form (1.30). As above, suppose that
n tuples have been retrieved from the Sales relation and k of these tuples correspond to
widgets sold in December. We can estimate o2(S) by Z(S), where this estimator is defined
by (1.40) (with I}, = k). It follows from (1.41) that a conservative 100p% confidence interval
is given by [Z)/(S) — €0, Z)/(S) + €o], where

_d(b—a)®  d(b-a)? 1 2\ /2
d—1 <8Lk/2jln(1—p)> '

In the above expression, d is a lower bound on the total number |S| of tuples that correspond
to widgets sold in December. The parameter d can be taken equal to k; if a larger lower
bound on |S| is available, then d should be taken equal to this lower bound. If the quantity
of interest is the standard deviation rather than the variance, then \/Z"(S) can be used
to estimate o(S). By (1.42), a conservative 100p% confidence interval is given by [Z)(S) —
€,Zn(8S) + €], where € = /€.

4. Proofs

Proof of Theorem 1. Fix a vector n € N. For 1 < k < K let Ni (> ng) be the unique
random integer such that Sy = {Lg;:1 <i < Ni} contains exactly ny distinct values;
denote the set of these distinct values by T, = { L} ;: 1 < i < ng}. Observe that T}
coincides with a random sample of size n; drawn unifbrmly without replacement from Ajy.
Set S = (51,8%,...,8%) and T = (T1,Ts,... ,Tk). We can view Yy, V', and T as
functions of S. Write

5 1 ni ng
E[Ya|T) = E— > oY E(Li, - L) | T1. (4.1)
k=1

11=1 12
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It follows from symmetry considerations that

1
P{Lpi=1[1€Tx}=—

ng’
for 1 <l <myg,1<i<ng and 1<k <K, so that
1 ni ng
Ew(Liy, - Liig) | T] = P Z Z V(L5 Ui ige)- (4.2)

i1=1 ig=1

Substituting (4.2) into (4.1), we find that Y', = E[Y, | T]. The desired result now follows
from the Rao-Blackwell Theorem, because T is a sufficient statistic for the sampling scheme
that generates S; see Pathak [17] for definitions and details. O

We now prove Theorem 2 using an approach developed by Hoeffding in the setting of
U-statistics and averages of m-dependent random variables; see [11, Section 5].

We first recall the following elementary but useful inequality, attributed by Hoeffding [11]
to S. N. Bernstein:

P{Xzo}glilggE[th] (4.3)

for any random variable X. The inequality in (4.3) holds since P{X >0} = FE[g(X)],

where
(2) 1 ifz >0
€Xr =
g 0 ifz <0,

and g(x) < e"® for all real z and h > 0. We also need the following proposition.

Proposition 2. Let Y = piU; + poUs + - - - + pUp,, where each of Uy, Us, ... ,Up, is the
average of n > 1 independent random variables taking values in [0, 1] and p1,p2, ... ,pm are
nonnegative numbers such that p1 +ps+---+pm = 1. The random variables U1, Us, ... ,Un,
need not be mutually independent, but are assumed to have common mean p. Then

inf £ [eh(yf‘“t)] < e 2nt?
h>0 =

for t > 0.

This proposition follows almost immediately from results in Sections 1, 4 and 5 in [11].
Indeed,

E [eh(annufnt)] < iPiE [eh(nUifnufnt)] '

i=1
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for h > 0 by the inequality that is stated just prior to (5.2) in [11]. On the other hand, it
follows from (1.8) and (4.16) in [11] that

E [eh(nUifnufnt)] < efhnt+h2n/8

for 1 <7 <m and h > 0. The right side of the above inequality is minimized when h = 4¢,
so that

inf E [eh(nUi—nu—nt):| < e—2nt2
h>0

for 1 < ¢ < m, and the asserted inequality follows directly.
Proof of Theorem 2. Fix t > 0 and n € N, and set
m = m(n) = min(ny,ng, ... ,nKg).

Assume without loss of generality that n; = m. Also assume without loss of generality that
0 < v < 1; the general result follows by considering the function v'(:) = (v(-) — a)/(b — a).
Set

o : 1
U(lg,lg,... ,ZK) = n—ljZIU(Ll,jaLZ,inrja--- aLK,z'KJrj)
for (i2,43,...,ix) € {1,2,... ,na } x{1,2,... ;n3} x---x{1,2,... ,ng }, where an index

of the form “ij, + j” is interpreted as ((ix + j — 1) mod ng) + 1 (that is, the indices “wrap
around”). For example, when K = 3, ny = 3, ny =4, and n3g = 3, we have
v(L1,1, Lo, L32) +v(L12, Lo, L33) +v(L13, L2, L31)

U(3,1) = ; .

Observe that

n2 ng nK

?n:mz Z Z U(Z2,7'37 ,’IJ{)

ip=1143=1 ig=1

Indeed, for specified values of i1,12,... ,ix the quantity v(Li;,,L2s,,... , LK ,) appears
exactly once as the 7;-st term in the representation of U (i3 — 41,43 —%1,... ,ix — i1), where
indices wrap around as described above. By construction, each U(iz,is,... ,ix) is the

average of n; i.i.d. random variables. It follows from (4.3) and Proposition 2 that

P{f}n — K > t} < ;LI;%E [eh(?n*u*t)] < e,2nt2.

A symmetric argument establishes the same bound for P { . — Y, > ¢}, and (1.12) follows.
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We can now use (1.12) to establish (1.13) in the same way that Hoeffding uses (1.5) to
establish (1.6). First suppose that ny < my for 1 < k < K, and define m = m(n) as above.
Observe that m is also equal to m/(n) in this case. Since the function g(z) = €* is convex
for h > 0, it follows from (4.3) and Theorem 1 that

PV — >t} < B [MTanm0] — oot g [oh74] < oot [oh7]

for h > 0, so that, by Proposition 2,
P { Y — w > t} < inf F [eh(?“ﬂ‘*t)] < e 2t
h>0
A symmetric argument establishes the same bound for P { u — Y*, > ¢}, and (1.13) follows.

Now suppose without loss of generality that for some integer r = r(n) with 1 <r < K we
have niy < mg for 1 < k <7 and ny > my for r +1 < k < K. Observe that we can write

niy n2

Y !

Yn_nn E E E :’wn 1z17 212, . err)
172 11 1lio=1 ir=1

where wy, is defined as in (1.14). The desired result follows by applying the previous
argument to the r-dimensional cross-product average of the function wy. The only case not
considered so far is when nj > my, for 1 < k < K, but for this case the desired result follows
trivially. 0

To prove Theorem 3, we need the following lemma.

Lemma 1. Suppose that there exist real numbers Y;, p;, €; (i = 1,2) such that e;,e2 > 0,
Yo>eand Y; — ¢, < pu; <Y; +¢ fori =1,2. Then

p N < Yoer + |Yie2
pe  Yo| T Yo(Yz —e2)
Proof. We have
p Vi) ‘YZU'I —Yipuo |Yopr — Yipol
p2 Yo Yapuiz Ya(Yz2 —€2)

The set A = {Y1 —e1,Y1+ €1} x {Ya—e€2,Y2+ €2} contains the value of (u1,u2) that
maximizes the numerator of the rightmost term. Observe that |You; — Yips| < Yaer +|Y1|e2
for any (u1,us) € A. O

Proof of Theorem 3. By (1.19), we have

P{|V(h) — p(h)] < (bh — an)Yap } = (1 +p)/2

for h = f,g. It then follows from Bonferroni’s inequality (see Miller [16, p. 8]) that
P{|Yy,(h) — u(h)| < (bh — an)ymp for h=f,g} > p.

The desired result now follows from Lemma 1. O
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Proof of Proposition 1. Set Y; = v(L;) and Y] = v(L}) for 1 < i < n. Throughout, we use
the algebraic identities

n

N D IRLY

i=1 i=1 j=i+1
and
z=mt (LS 2SS
m n' 4 ¢ n'( ’
=1 =1 j=i+1

where n' = n A m.
Fix a convex function f and assume first that n > m. Using Jensen’s inequality (see [1,
p. 283]) and the fact that Z! = o when n > m, we have

E[f(Z))] = f(0%) = f (E[Zn]) < E[f(Zn)].

Now assume that n < m. We establish the desired inequality by mimicking the argument
in Section 6 of [11]. For y = (y1,y2,--. ,¥n) € R", set

1 n
—Ez;y? n—l ZZyzyJ
1=

=1 j=i+1

and

Thus, Z, = z,(Y) and Z], = 2/,(Y'), where Y = (Y1,Y2,...,Y,) and Y' = (Y{, Yy, ... ,Y;)).
Also set
Qn :{q: ((Il,(ha--- 7QH) S {0717 ,n}n: Q1+(I2++Qn:n}

and denote by II,, the set of permutations of {1,2,... ,n}. For 7 € II,, and y = (y1,¥2,--- ,
Yn) € N", we abuse notation slightly and denote the vector (Yr(1), Yr(2)s- -« > Yn(n)) BY 7(¥)-

Fina‘HY7 for Yy = (y17y27"' ,yn) € R" and q = (q17q27"' 7QH) € Qna set /z\n(qay) = zn(:’//\)a
where 7; = yy for 1 < ¢ < q1, J; = yo2 for 1 < i < q1 + ¢2, and so forth. For example,

when n = 5 and ¢ = (2,0,2,1,0), we have z,(¢,y) = zn(y1,Y1,Y3,Y3,¥4). Similarly to
Equation (6.6) in [11], we can write

Ef(Zn)] = E[f(2n(Y))] = E [3.(Y"; )], (4.4)

where g,, is a function of the form

=3 Y vl (5ala. 7))

q€Qn well,
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with each coefficient p(q, 7) independent of f and

> plg,m) =

qEQn mEIl,

The representation in (4.4) can be interpreted as follows: a realization y of the random
vector Y can be obtained by generating a realization g’ of the random vector Y’, permuting
the components of 4’ according to a randomly selected permutation = € II,, and then
forming a new vector of length n by replacing each component of w(y') by 0 or more copies
of the component in accordance with a randomly selected vector ¢ € @,. The quantity
p(q, ) is the probability that the components of 3’ are permuted according to 7 and then
the components of 7(y') are duplicated in accordance with gq.

Symmetry considerations imply that there exist numbers {p(q): ¢ € Q, } such that
p(q, ) = p(q) for m € II,, and q € @y, so that

In(y; f) = Z p(q) (Z f(?n(q,ﬂ(y)))) )

q€Qn well,

For fixed ¢ = (¢1,92,--- ,qn) € Qn and ¥y = (y1,¥2, ... ,yn) € R", observe that

> Znla,(y))

ﬂ'GHn

= Z Zqzy7r Z Z qZQJyW y?r n—l Zqz _1 72r)

w€elly, =1 j=i+1
= ’n—]_ Z 2 n_2 Z Z QzQ] Z Z yzyj
=1 j=i+1 =1 j=i+1

( nn__ll ZQz —1)) z;y?

i)

Denoting the identity function by h, we see that g,,(y; h) = cz,(y) for some constant c. It
follows from (4.4) and the unbiasedness of both Z,, and Z!, for o% that

B3, ()] = Blea(V)] = ™ LB [2a()]
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so that ¢ = (m — 1)/m and thus g, (y; h) = z],(y). Using Jensen’s inequality, we have

=3 Y pamf(Z(e W)

q€Qn well,

> f Z Z zn q, (y))

qEQn mell,

= f(Gn(y; b))
= f(zn(y))-

Since y is arbitrary,

E[f(Za)) = E [3,(Y'; )] 2 E [f (2, (Y"))] = E [£(Z)],
and the desired result follows. 0O
Proof of Theorem 4. Fixt >0and n € {2,3,... ,m}. We have

for h > 0, where the first inequality follows from (4.3) and the second inequality follows
from Proposition 1. Krafft and Schmitz [13] show that

inf e M+ [ehz"] < ¢ 8ln/21/(b-a)*
h>0 =

so that

A symmetric argument establishes the same bound for P { o2 -7 >t }, and the inequality

in (1.38) follows. An argument as in (1.35) then establishes (1.39). O
Proof of Theorem 5. Fix 7 > 0, n € {2,3,... ,m},and k € {2,3,...,|S| An}. Since for
any random variable 0 < X <1 we have
1
_ 21 2 < 2 < a2yt ‘
Var[X| =E [X?] - E*[X] < E[X]- E*[X] < Orélggl(u u®) T (4.5)

it follows that

b—a)? |S|(b—a)? _d(b— a)?
LS as—y) Sad-n

a?(8) < (
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Using this result, Theorem 4, and an argument as in the derivation of (1.29), we find that

P{Z”(S) 02(5)_df1 +ZEZ_“)2 ‘I,’l:k}

)del (()>‘ k}

{ s
P{ =1 gy 52(s) >T‘I,_k}
oy

VAN

p

< P ZII _ 2
[£/2)72/(b-a)*
Similarly,
d d(b
" 2 < I
P{Zn(S) 8) <7 ‘1 k}
SP{Z,’{(S)—U2(S)<—T‘ —k}
< p{ Btz - o) it}
< ¢-8lk/2]7/(b-a)*
Thus,

—a)?
P{1218) - () 2 3577+ =1

and (1.41) follows directly. The inequality in (1.42) now follows by an argument as in
(1.35). 0

I =k } < 96 8LK217*/(b-a)"
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