CMPSCI 240: Second Summary

1 Random Variables

Sample Space
Q

C Real Number Line

e A random variable X is a mapping from a sample space ) to R. Given a random variable
X : Q0 — R, we can construct a different event for each value of k£ € R:

{X =k} ={oloe Q and X(0) =k}
The probability of these events defines the probability mass function:

P(X =k) = > P(0)

0€Q such that X (o)=k

e The expectation of a random variable X that takes values in the set S is:

E(X)=> kP(X =k)
keS

and if f: R — R then E(f(X)) =) cq f(k) P(X = k).

e The variance of a random variable X that takes values in the set S is:

var(X) = B((X — w)?) = S_(k — n)? P(X = k) = B(X?) —
kesS

where p = E(X).

1.1 Standard Random Variables

e Bernoulli Random Variable with parameter p € [0, 1]:

P(X:k):{ L=p k=0 " EX)=p , Var(X)=p(l-p)

P ifk=1



Binomial Random Variable with parameters p € [0,1] and N € {1,2,3,...}:

For k € {0,1,2,...,N}: P(X =k) = <]]:/'> p* (1—p)N % | E(X)=Np , var(X)= Np(1—p)

Geometric Random Variable with parameter p € [0, 1]:

EHkG{LZ&”}:]%X:k%:ﬂ—pfA'p,lﬂX%:l,1mMX%=ﬂ—pVﬁ

p
e Poisson Random Variable with parameter A\ > 0:
)\k
EHkE{QLZ”}:l%X:k):é“@—,IHX):A,/MMX):A

Discrete Uniform Random Variable with parameters a,b € Z and a < b:

1 a+b (b—a+1)*-1

For k € {a,a+1,...b}: P(X =k) , var(X) =

- EB(X)=
b—a+1" & 2 12

2 Probability Bounds

e Markov Bound Given a non-negative random variable X and value k£ > 0,

E(X)

P(X > k) < =

where P(X > k) =} cq.x(0)>k F(0)-

e Chebyshev Bound Given a random variable X and value k& > 0,

var(X
P(X — ] 2 ¢) < 20
where = E(X) and P(|X — u| = ¢) =3 e, x(0)—p[zc L(0)-

3 Multiple Random Variables
e Given two random variables, X and Y mapping €2 to R, for each i, j € R, we define the event
{X=iY=j}={X=iJn{Y =45}={oeQ| X(0) =i and Y(o) =7}
and the probabilities of these events give the joint PMF of X and Y:
P(X=4Y =5 =P{X=14Y =j})

It is convenient to write these probabilities in tabular form, e.g.,

] [Y=1]Y=2]Y=3][YV =4

X=1 0.1 0.1 0 0.2
X =2 0.05 0.05 0.1 0
X =3 0 0.1 0.2 0.1




g, P(X=2Y =3)=01and P(X =3,V = 1) = 0.
Given the joint PMF we can work out P(X =) and P(Y = j)?

P(X:i):ZP(X:z’,Y:j) , P(Y:j):ZP(X:i,Y:j)

Given N random variables X1, Xs,..., Xy and a function f:R xR x ... x R - R,
7 = f(X1,X2,...,XN)
is a new random variable where

E(Z) = Z f(l’l,l'g,...,l‘n)P(Xl :l'l,XQ :l‘Q,...,XN ::EN) .
1 T

and var(Z) = E(Z?) — (E(Z))2.

Linearity of Expectation: If Z = Zfil X,

N N
E(Z)=EQ_Xi)=) E(X))
i=1 i=1
Linearity of Variance: If Z = Zf\il Xi,

N N

var(Z) = var(z Xi) = Zvar(Xi)
i=1

i=1

if Xi,...,Xn are pairwise independent, i.e., for any a,b € R and i # j € {1,2,..., N} the
following inequality holds true:

The conditional PMF of X given Y is

P(X=z,Y=y)
P =y)

P(X =z|Y =y) = P{X = 2}[{Y = y}) =

The covariance between X and Y is one measure of dependence that quantifies the degree
to which there is a linear relationship between X and Y.

cov(X,Y) = E(X — E(X))(Y — E(Y))) = E(XY) — E(X)E(Y) .

The covariance of X and Y is positive if when X is large, Y is also large. It’s negative if
when X is large, Y is small. The correlation between X and Y is a normalized version of
covariance:

cov(X,Y)

X,)Y)=corr(X,Y) = .
L ) ( ) var(X)var(Y)




