CMPSCI 240: Homework 1

Due: 8pm in Gradescope, Friday February 10, 2017

To get full marks, show your working for every question. Remember to submit your answer to each
question on a separate page in order to help the graders.

Question 1. (12 points) Let A, B,C be three sets where P(A¢) > 0, P(B) > 0 and P(AN B) > 0.

1 (2 points): Prove that P(A|A) = 1.

2 (2 points): Prove that P(AN B|B) = P(A|B).

)
)
(2 points): Prove that P(BNC|A) = P(B|A)P(C|AN B).
1.4 (2 points): Prove that P(A|B) < P(A) implies that P(B|A) < P(B).
)
)

5 (2 points): Prove that if A and B are independent then A® and B are also independent.

6 (2 points): Prove that P(A|B) < P(A|[AN B).

Question 2. (14 points) Alex, Barbara, and Cecilia each roll a six-sided dice and each one of the
62 = 216 possible outcomes is assumed to be equally likely. Let A be the event that Alex “wins”, i.e., the
value of his dice is strictly larger than the value of Barbara and Cecila’s die. Let B be the event that Barbara
wins and let C' be the event that Cecila wins. Let D be the event that all the values are different.

1 (2 points):  What is the probability of A? Justify your answer.
2.2 (2 points):  What is the probability of D? Justify your answer.
3 (2 points):  Write all outcomes in the event AN D. What is the probability of A conditioned on D?
2.4 (1 points): What is the probability of D conditioned on A?

2.5 (2 points):  Write the event “no-one wins” in terms of the events A, B, and C. What is the probability
of this event? Note that no-one wins if there is a draw for the highest value.

Let A’ be the event that Alex wins or draws. Let B’ be the event that Barbara wins or draws. Let C’ be
the event that Cecilia wins or draws.

2.6 (2 points): What is the probability of A'? Justify your answer.
7 (2 points): What is the probability of A" U B’'? Justify your answer.

2.8 (1 points): What is the probability of A’ U B"UC'? Justify your answer.

Question 3. (14 points) Amit, Brad, Coco, and Diane each put their name in a hat. They then each
pick a random name (without replacement) from the hat and buy a present for the person whose name they
pick. You may assume that Amit picks first, then Brad, then Coco, then Diane. For the following questions,
show your work and simplify your answers as much as possible.



3.1 (2 points): Let Q = {ABCD,ABDC,ACBD,...} be the set of outcomes for the experiment where, for
example, “ACBD” indicates that “Amit”, “Coco”, “Brad”, and “Diane” where the names received by Amit,

Brad, Coco, and Diane respectively. Write out all the possible outcomes in Q. What is the value of |Q|?
3.2 (1 points): What’s the probability that Amit picks his own name?

1 points): What’s the probability that Amit and Brad both pick their own name?
1 points): Are the events “Amit picks his own name” and “Brad picks his own name” independent?

What’s the probability exactly three people pick their own name?

3.3 ( )
3.4 ( )
3.5 (2 points): What’s the probability everybody picks their own name?
3.6 (1 points):
3.7 ( )

2 points):  What’s the probability exactly two people pick their own name?

3.8 (4 points): Repeat the above parts of the question (although you don’t need to write out all the outcomes
in Q) if we assume that they pick random names with replacement.

Question 4. (10 points) Before each class, I either drink a cup of coffee, a cup of tea, or a cup of
water. The probability of coffee is 0.6, the probability of tea is 0.3, and the probability of water is 0.1. If T
drink coffee, the probability that the lecture ends early is 0.2. If I drink tea, the probability that the lecture
ends early is 0.1. If I drink water, the lecture never ends early.

2 points): Draw the conditional probability tree corresponding to the above information.
What’s the probability that I drink coffee and finish the lecture early?
What’s the probability that I finish the lecture early?

4.1 (

4.2 (2 points):

4.3 (2 points):

4.4 (2 points):  Given the lecture finishes early, what’s the probability I drank coffee?
)

4.5 (2 points):  Conditioned on the event that I don’t drink water, what’s the probability that I finish the
lecture early?

Question 5. (10 points) Suppose I own five different six-sided dice. Four of the dice are fair dice
and they are equally likely show the values 1, 2, 3, 4, 5, and 6. One of the dice is loaded and never shows
the values 1, 2, and 3 but is equally likely to show the values 4,5, and 6. Suppose I randomly pick one of the
five dice and then roll it twice.

5.1 (2 points): What is the probability I pick the loaded dice and see two sizes?

5.2 (2 points): What is the probability I see two sizes?

5.3 (2 points): Conditioned on observing two sizes, what’s the probability that I picked the loaded dice?
Suppose I randomly pick one of the five dice and then roll it ten times.

5.4 (2 points): What is the probability I see ten sizes?

5.5 (2 points): Conditioned on observing ten sizes, what’s the probability that I picked the loaded dice?

Question 6. (6 points) Suppose you toss three fair coins. Let A, B, and C be the events that the
first, second, and third coin lands heads. Let D be the event that exactly two of the coins land heads.

6.1 (2 points): Are A and D independent? Justify your answer by computing the relevant probabilities.

6.2 (2 points): Are A and B independent conditioned on C'? Justify your answer by evaluating the relevant
probabilities.

6.3 (2 points): Are A and B independent conditioned on D? Justify your answer by evaluating the relevant
probabilities.



