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Background

Dirichlet	
  Distribu8on
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Dirichlet	
  DistribuHon

• This	
  distribuHon	
  is	
  defined	
  over	
  a	
  “(k-­‐1)-­‐simplex”
(k	
  non-­‐negaHve	
  arguments	
  which	
  sum	
  to	
  one).

• The	
  Dirichlet	
  is	
  the	
  conjugate	
  prior	
  to	
  the	
  mulHnomial.
(This	
  means	
  that	
  if	
  our	
  likelihood	
  is	
  mulHnomial	
  with	
  a	
  Dirichlet	
  
prior,	
  then	
  the	
  posterior	
  is	
  also	
  Dirichlet!)

• The	
  Dirichlet	
  parameter	
  αi	
  can	
  be	
  thought	
  of	
  as	
  a	
  prior	
  count	
  of	
  
the	
  ith	
  class.
	
  QuesHon:	
  How	
  likely	
  is	
  mul-nomial	
  θ?
	
  Answer:	
  	
  	
  What	
  probability	
  would	
  it	
  give	
  to	
  the	
  counts	
  αi.

A	
  “dice	
  factory”



Dirichlet	
  DistribuHon
• Mul8variate	
  equivalent	
  of	
  Beta	
  distribu8on
(a	
  “coin	
  factory”)

• Parameters	
  α	
  determine	
  form	
  of	
  the	
  prior

Small	
  α,	
  most	
  mass	
  concentrated	
  on	
  
a	
  few	
  outcomes.

Important	
  for	
  later!



Latent	
  Dirichlet	
  AllocaHon

A	
  tool	
  for	
  discovering	
  interpretable	
  “topics”	
  
from	
  large	
  collec8ons	
  of	
  documents
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Analysis	
  of	
  PNAS	
  abstracts

• Test	
  topic	
  models	
  with	
  a	
  real	
  database	
  
of	
  scien8fic	
  papers	
  from	
  PNAS

• All	
  28,154	
  abstracts	
  from	
  1991-­‐2001

• All	
  words	
  occurring	
  in	
  at	
  least	
  five	
  
abstracts,	
  not	
  on	
  “stop”	
  list	
  (20,551)

• Total	
  of	
  3,026,970	
  tokens	
  in	
  corpus
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probabilis8c
process

Latent	
  structure	
  (meaning)

Observed	
  data	
  (words)



sta8s8cal
inference

Latent	
  structure	
  (meaning)

Observed	
  data	
  (words)



Latent	
  Dirichlet	
  allocaHon
(Blei,	
  Ng,	
  &	
  Jordan,	
  2001;	
  2003)

Nd D
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Inference	
  in	
  LDA
High	
  tree	
  width	
  =	
  intractable	
  exact	
  inference

θ

z4z3z2z1

w4w3w2w1

α

 β

θ

z8z7z6z5

w8w7w6w5

θ

z12z11z10z9

w12w11w10w9

Approximate	
  inference:
	
  -­‐	
  VariaHonal	
  Mean	
  Field
	
  -­‐	
  Gibbs	
  Sampling
	
  -­‐	
  Collapsed	
  Gibbs	
  Sampling



The	
  collapsed	
  Gibbs	
  sampler
• Using	
  conjugacy	
  of	
  Dirichlet	
  and	
  mul8nomial	
  
distribu8ons,	
  integrate	
  out	
  con8nuous	
  parameters

• Defines	
  a	
  distribu8on	
  on	
  discrete	
  ensembles	
  z



The	
  collapsed	
  Gibbs	
  sampler

• Sample	
  each	
  zi	
  condi8oned	
  on	
  z-­‐i

• Nota8on:
– i	
  indexes	
  over	
  words	
  w	
  and	
  their	
  topic	
  assignments	
  z

– j	
  indexes	
  over	
  topics

– nwi(zi)	
  is	
  the	
  number	
  of	
  8mes	
  word	
  type	
  i	
  occurs	
  in	
  topic	
  zi
– nj(di)	
  is	
  the	
  number	
  of	
  tokens	
  in	
  document	
  di	
  assigned	
  to	
  topic	
  j.

– n.(zi)	
  is	
  the	
  total	
  number	
  tokens	
  in	
  topic	
  zi	
  	
  	
  	
  (the	
  “.”	
  is	
  wildcard)

– n.(di)	
  is	
  the	
  total	
  number	
  of	
  tokens	
  in	
  document	
  di



The	
  collapsed	
  Gibbs	
  sampler

• Sample	
  each	
  zi	
  condi8oned	
  on	
  z-­‐i

• This	
  is	
  nicer	
  than	
  your	
  average	
  Gibbs	
  sampler:
– memory:	
  counts	
  can	
  be	
  cached	
  in	
  two	
  sparse	
  matrices

– op8miza8on:	
  no	
  special	
  func8ons,	
  simple	
  arithme8c

– the	
  distribu8ons	
  on	
  Φ	
  and	
  Θ	
  are	
  analy8c	
  given	
  z	
  and	
  
w,	
  and	
  can	
  later	
  be	
  found	
  for	
  each	
  sample



Gibbs sampling in LDA
iteration
1
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Gibbs sampling in LDA
iteration
1             2                     …                  1000



Latent	
  Dirichlet	
  allocaHon
(Blei,	
  Ng,	
  &	
  Jordan,	
  2001;	
  2003)

Nd D

zi

wi

θ	
  (d)

φ	
  (j)

α

β
θ	
  (d)	
  ∼	
  Dirichlet(α)

zi	
  ∼	
  Discrete(θ	
  
(d)	
  )φ	
  

(j)	
  ∼	
  Dirichlet(β)

wi	
  ∼	
  Discrete(φ	
  
(zi)	
  )

T

distribution over words 
for each topic

distribution over topics
for each documentDirichlet priors

Reasonable	
  value:	
  50/T	
  or	
  0.01

Reasonable	
  value:	
  0.01	
  -­‐	
  1.0



Varying	
  α	
  	
  

decreasing	
  α	
  increases	
  sparsity



Varying	
  β

decreasing	
  β	
  
increases	
  sparsity

?



SelecHng	
  the	
  number	
  of	
  topics

• An	
  example	
  of	
  BN	
  model	
  structure	
  learning

• How	
  to	
  do	
  it?
– Earlier	
  lecture:
data	
  likelihood	
  +	
  prior	
  preferring	
  smaller	
  structure;
then	
  try	
  lots	
  of	
  possible	
  structures

– Today:
define	
  infinite	
  structure	
  with	
  a
prior	
  enforcing	
  that	
  most	
  of	
  it	
  is	
  rarely	
  used

• Non-­‐parametric	
  models
– have	
  parameters
– number	
  of	
  parameters	
  instan8ated	
  grows	
  with	
  data

Bake	
  together	
  pa
rameter	
  esHmaHon	
  

and	
  structure	
  co
nsideraHons



Dirichlet	
  Processes

Can	
  be	
  confusing	
  because
there	
  are	
  different	
  ways	
  to	
  see	
  it.

I’ll	
  describe	
  four.
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Dirichlet	
  Process	
  as	
  Noisy	
  Copier

• Mo8va8on:
– You	
  have	
  a	
  distribu8on.
– You’d	
  like	
  to	
  have	
  a	
  copy	
  
that	
  can	
  be	
  a	
  liole	
  different	
  from	
  the	
  original

• G	
  ~	
  DP(α,	
  H)

33

original	
  distribuHon

copy	
  fidelity	
  parameter	
  (higher	
  =	
  closer)

perturbed	
  copy



Dirichlet	
  Process	
  DefiniHon
• A	
  Dirichlet	
  Process	
  (DP)	
  is	
  a	
  distribution	
  over	
  prob	
  distributions.	
  

(More	
  correctly,	
  instead	
  of	
  “prob	
  distribuHon”	
  we	
  should	
  say	
  “probability	
  measure”	
  which	
  works	
  on	
  conHnuous	
  domains.)

• A	
  DP	
  has	
  two	
  parameters:
– Base	
  distribu8on	
  H	
  	
  (which	
  is	
  the	
  mean	
  of	
  the	
  DP).

– Strength	
  parameter	
  α	
  	
  (which	
  is	
  like	
  an	
  inverse-­‐variance	
  of	
  the	
  DP).

• We	
  write:
	
  	
  	
  G	
  ∼	
  DP(α,H)	
  if	
  for	
  any	
  parHHon	
  (A1,...,An)	
  of	
  X:
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (G(A1),	
  .	
  .	
  .	
  ,	
  G(An))	
  ∼	
  Dirichlet(αH(A1),	
  .	
  .	
  .	
  ,	
  αH(An))

34

Dirichlet Processes
Definition

A Dirichlet Process (DP) is a distribution over probability
measures.
A DP has two parameters:

Base distribution H, which is like the mean of the DP.
Strength parameter α, which is like an inverse-variance of the DP.

We write:
G ∼ DP(α,H)

if for any partition (A1, . . . ,An) of X:
(G(A1), . . . ,G(An)) ∼ Dirichlet(αH(A1), . . . ,αH(An))

6
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A1

A A
A

A

2

3

4

5
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Summary:	
  A	
  DP	
  is	
  a	
  distribuHon	
  over	
  probability	
  measures	
  such	
  that	
  marginals	
  on	
  finite	
  parHHons	
  are	
  Dirichlet	
  distributed.

like	
  a	
  game:	
  opponent	
  gets	
  to	
  pick	
  the	
  parHHoning;	
  DP	
  generates	
  a	
  bunch	
  of	
  Gs.



Dirichlet	
  Process	
  DefiniHon
• Sounds	
  magical!	
  	
  Is	
  this	
  even	
  possible?
Yes.

• Fact:	
  	
  Samples	
  from	
  a	
  DP	
  are	
  always	
  discrete	
  
distribu8ons.

• Intui8on:	
  	
  
–Make	
  an	
  infinite	
  number	
  of	
  samples	
  from	
  original	
  H,	
  
but	
  re-­‐weight	
  them	
  according	
  to	
  draw	
  from	
  Dirichlet	
  
with	
  uniform	
  mean	
  and	
  concentra8on	
  related	
  to	
  α.

–With	
  small	
  α,	
  most	
  mass	
  will	
  be	
  on	
  just	
  a	
  few	
  samples.	
  	
  
(Will	
  probably	
  never	
  even	
  see	
  the	
  other	
  samples.)

35



Blackwell-­‐MacQueen	
  Urn	
  Scheme

• Imagine	
  picking	
  balls	
  of	
  different	
  colors	
  from	
  
an	
  urn.	
  	
  Start	
  with	
  no	
  balls	
  in	
  the	
  urn.

• For	
  the	
  nth	
  draw,	
  1...∞:	
  
– with	
  probability	
  ∝	
  α,	
  draw	
  θn	
  ∼	
  H,	
  
and	
  add	
  a	
  ball	
  of	
  that	
  color	
  into	
  the	
  urn.	
  

–With	
  probability	
  ∝	
  n	
  −	
  1,	
  pick	
  a	
  ball	
  at	
  random	
  from	
  
the	
  urn,	
  record	
  θn	
  to	
  be	
  its	
  color,	
  
return	
  the	
  ball	
  into	
  the	
  urn	
  and	
  
place	
  a	
  second	
  ball	
  of	
  same	
  color	
  into	
  urn.

36

Note:	
  	
  For	
  large	
  α,	
  mostly	
  just	
  draw	
  from	
  H.	
  	
  For	
  small	
  α,	
  ofen	
  copy	
  an	
  old	
  value,	
  perturbing	
  G	
  away	
  from	
  H.

Pòlya’s Urn Scheme

Pòlya’s urn scheme produces a sequence θ1, θ2, . . . with the
following conditionals:

θn|θ1:n−1 ∼
�n−1

i=1 δθi + αH
n − 1+ α

Imagine picking balls of different colors from an urn:
Start with no balls in the urn.
with probability ∝ α, draw θn ∼ H, and add a ball of
that color into the urn.
With probability ∝ n − 1, pick a ball at random from
the urn, record θn to be its color, return the ball into
the urn and place a second ball of same color into
urn.

Yee Whye Teh (Gatsby) DP and HDP Tutorial Mar 1, 2007 / CUED 10 / 53

Construc
Hng	
  a	
  DP

	
  draw

Blackwell-MacQueen urn scheme is like a “representer” for the DP—a finite projection of an infinite object.
NEXT: Weʼd like to know G(x) for each different color x.  Need to gather all balls of same color and count them...



Chinese	
  Restaurant	
  Process

• Genera8ng	
  from	
  the	
  CRP:
– First	
  customer	
  sits	
  at	
  the	
  first	
  table.

– Customer	
  n	
  sits	
  at:
• Table	
  k	
  with	
  probability	
  nk/(α+n-­‐1),	
  nk	
  =	
  #	
  people	
  @	
  table	
  k

• A	
  new	
  table	
  K+1	
  with	
  probability	
  α/(α+n-­‐1)

37

AlternaHve	
  view	
  of	
  th
e	
  same	
  construcHon

Use	
  de	
  Finei’s	
  Theorem	
  about	
  exchangeability	
  
to	
  gather	
  together	
  balls	
  of	
  the	
  same	
  color	
  ...into	
  “restaurant	
  tables”

customer	
  =	
  urn	
  scheme	
  draw
table	
  =	
  ball	
  color	
  =	
  θi

Chinese Restaurant Process

Generating from the CRP:
First customer sits at the first table.
Customer n sits at:

Table k with probability nk
α+n−1 where nk is the number of customers

at table k .
A new table K + 1 with probability α

α+n−1 .
Customers⇔ integers, tables⇔ clusters.

The CRP exhibits the clustering property of the DP.

9
1

2
3

4 5
6 7

8
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#	
  customers	
  at	
  a	
  table	
  =	
  (re)-­‐weighHng	
  of	
  that	
  table’s	
  value.
Most	
  mass	
  focussed	
  on	
  early	
  tables

.	
  .	
  .
∞	
  #	
  tables

NEXT: Weʼd like to know G(x) for each different color x without having to simulate an infinite # customers... 



SHck	
  Breaking	
  ConstrucHon

What	
  do	
  draws	
  G	
  ~	
  DP(a,H)	
  look	
  like?

38

AlternaHve	
  view	
  of	
  th
e	
  same	
  construcHon

Answers:	
  “What	
  are	
  the	
  table-­‐weights	
  when	
  there	
  are	
  an	
  infinite	
  number	
  of	
  customers?”

Stick-breaking Construction

But how do draws G ∼ DP(α,H) look like?
G is discrete with probability one, so:

G =
∞�

k=1
πkδθ∗k

The stick-breaking construction shows that G ∼ DP(α,H) if:

πk = βk

k−1�

l=1
(1− βl)

βk ∼ Beta(1,α)

θ∗k ∼ H

!

(4)!
(5)!

(2)!
(3)!

(6)!

(1)

We write π ∼ GEM(α) if π = (π1,π2, . . .) is distributed as above.
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where

δθk	
  =	
  point	
  mass	
  on	
  θk



What	
  does	
  all	
  this	
  have	
  to	
  do	
  with
non-­‐parametric	
  infinite	
  mixtures?!

39



Finite	
  
Mixture	
  Model

40
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Finite	
  
Mixture	
  Model

41
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DP Mixture Models 
•  Infinite limit of mixture models as the # of mixture components tends to infinity. 
•  Gaussian mixture model example: 
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Gaussian
means

mixture
indicator

DP

|T|



DP	
  (Infinite)	
  
Mixture	
  Model

42
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DP Mixture Models 
•  Infinite limit of mixture models as the # of mixture components tends to infinity. 
•  Gaussian mixture model example: 
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Gaussian
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indicator

DP

α

Alterna*ve	
  Diagram

stick breaking

|∞|
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θi

xi

G

H

α

N

DP	
  (Infinite)	
  
Mixture	
  Model

DP Mixture Models 
•  Infinite limit of mixture models as the # of mixture components tends to infinity. 
•  Gaussian mixture model example: 

DP

• We	
  want	
  to	
  generate	
  a	
  
corpus	
  of	
  documents	
  from	
  a	
  
set	
  of	
  shared	
  “topics”

• The	
  DP	
  Mixture	
  Model	
  does	
  
not	
  explicitly	
  enforce	
  any	
  
sharing.	
  	
  (AlternaHvely:	
  the	
  DP	
  
Mixture	
  confounds	
  the	
  mixture	
  
values	
  and	
  mixture	
  proporHons.)

• We	
  need	
  something	
  more...

Geing	
  back
to	
  LDA...
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DP Mixture Models 
•  Infinite limit of mixture models as the # of mixture components tends to infinity. 
•  Gaussian mixture model example: 

DP

Hierarchical	
  DP
Mixture	
  Model

θi

xi

Gj

H

α
DP

G0γ

J N

Hierarchical Dirichlet Processes 
(HDP) 

•  What happens if we put a prior on a Dirichlet Process? 
–  Why would we want to?  

•  We might have a collection of related documents or images, each of which is a mixture 
of gaussians 

DP Mixture Models 
•  Infinite limit of mixture models as the # of mixture components tends to infinity. 
•  Gaussian mixture model example: 

DP
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Hierarchical Dirichlet Processes 
(HDP) 

•  What happens if we put a prior on a Dirichlet Process? 
–  Why would we want to?  

•  We might have a collection of related documents or images, each of which is a mixture 
of gaussians 

DP Mixture Models 
•  Infinite limit of mixture models as the # of mixture components tends to infinity. 
•  Gaussian mixture model example: 
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Representations of Hierarchical Dirichlet Processes
Hierarchical Pòlya urn scheme

Let G0 ∼ DP(γ,H) and G1,G2|G0 ∼ DP(α,G0).
The hierarchical Pòlya urn scheme to generate draws from G1,G2:

21! ! ! ! !

!"!"!"!"!"!" . . . . .

. . . . .!

11 12 13 14 15 16

11 12 13 14 15 !16 17

!"!"!"!"!"!" . . . . .21 22 23 24 25 26

!"!"!"!"!"!" . . . . .01 02 03 0504 06

! ! ! ! . . . . .! ! !272625242322
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Collapsed	
  Gibbs	
  Recipe	
  for	
  DP	
  Mixture

• For	
  each	
  data	
  point
– pretend	
  it	
  is	
  the	
  last	
  point	
  (by	
  exchangeability)
– the	
  prior	
  is	
  just	
  the	
  Chinese	
  restaurant	
  dynamics

– the	
  likelihood	
  is	
  just	
  the	
  usual	
  mixture	
  likelihood

48

The	
  big	
  picture:



Collapsed	
  Gibbs	
  Recipe	
  for	
  DP	
  Mixture

• For	
  the	
  nth	
  word:	
  
– with	
  probability	
  ∝	
  α,	
  draw	
  zn	
  ∼	
  G0.

• To	
  draw	
  from	
  G0:	
  with	
  probability	
  ∝	
  γ,	
  draw	
  zn	
  ~	
  H,
with	
  prob	
  ∝	
  n-­‐1,	
  draw	
  a	
  topic	
  from	
  those	
  already	
  in	
  G0	
  
propor8onally	
  according	
  to	
  their	
  counts.

–With	
  probability	
  ∝	
  nj	
  −	
  1,	
  draw	
  a	
  topic	
  from	
  those	
  
already	
  in	
  Gj	
  propor8onally	
  according	
  to	
  counts.

49

The	
  slightly	
  more	
  detailed	
  picture,
s8ll	
  skipping	
  the	
  evidence	
  (word)	
  likelihood:



The	
  finite	
  collapsed	
  Gibbs	
  sampler

Sample	
  each	
  zi	
  condi8oned	
  on	
  z-­‐i

For	
  the	
  DP	
  (infinite)	
  case:
– Very	
  similar,	
  but	
  include	
  the	
  possibility	
  of	
  picking	
  a	
  
“new”	
  topic,	
  using	
  Chinese	
  restaurant	
  dynamics.

– When	
  you	
  pick	
  a	
  “new”	
  topic	
  for	
  a	
  document,	
  first	
  go	
  to	
  
G0	
  and	
  consider	
  using	
  a	
  “old	
  new”	
  topic	
  from	
  another	
  
document,	
  otherwise	
  create	
  a	
  “new	
  new”	
  topic.

From	
  previous
ly...
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108 CHAPTER 2. NONPARAMETRIC AND GRAPHICAL MODELS

Given the previous concentration parameter α(t−1), cluster assignments z(t−1), and cached
statistics for the K current clusters, sequentially sample new assignments as follows:

1. Sample a random permutation τ(·) of the integers {1, . . . , N}.
2. Set α = α(t−1) and z = z(t−1). For each i ∈ {τ(1), . . . , τ(N)}, resample zi as follows:

(a) For each of the K existing clusters, determine the predictive likelihood

fk(xi) = p(xi | {xj | zj = k, j "= i} ,λ)

This likelihood can be computed from cached sufficient statistics via Prop. 2.1.4.
Also determine the likelihood fk̄(xi) of a potential new cluster k̄ via eq. (2.189).

(b) Sample a new cluster assignment zi from the following (K + 1)–dim. multinomial:

zi ∼
1

Zi

(
αfk̄(xi)δ(zi, k̄) +

K∑

k=1

N−i
k fk(xi)δ(zi, k)

)
Zi = αfk̄(xi) +

K∑

k=1

N−i
k fk(xi)

N−i
k is the number of other observations currently assigned to cluster k.

(c) Update cached sufficient statistics to reflect the assignment of xi to cluster zi. If
zi = k̄, create a new cluster and increment K.

3. Set z(t) = z. Optionally, mixture parameters for the K currently instantiated clusters
may be sampled as in step 3 of Alg. 2.1.

4. If any current clusters are empty (Nk = 0), remove them and decrement K accordingly.

5. If α ∼ Gamma(a, b), sample α(t) ∼ p(α | K,N, a, b) via auxiliary variable methods [76].

Algorithm 2.3. Rao–Blackwellized Gibbs sampler for an infinite, Dirichlet process mixture model, as
defined in Fig. 2.24. Each iteration sequentially resamples the cluster assignments for all N observa-
tions x = {xi}N

i=1 in a different random order. Mixture parameters are integrated out of the sampling
recursion using cached sufficient statistics. These statistics are stored in a dynamically resized list of
those clusters to which observations are currently assigned.

associated parameters. Dirichlet processes thus effectively allow integrated exploration
of models with different complexity. Predictions based on these samples average over
mixtures of varying size, avoiding the difficulties inherent in selecting a single model.
The computational cost of each sampling update is proportional to the number of cur-
rently instantiated clusters K(t), and thus varies randomly from iteration to iteration.
Asymptotically, K → α log(N) as N → ∞ (see [10, 233]), so each iteration of Alg. 2.3
requires approximately O(αN log(N)) operations to resample all assignments. For prac-
tical datasets, however, the number of instantiated clusters depends substantially on
the structure and alignment of the given observations.

While predictions derived from Dirichlet process mixtures are typically robust to the
concentration parameter α, the number K of clusters with significant posterior proba-
bility shows greater sensitivity [76]. In many applications, it is therefore useful to choose
a weakly informative prior for α, and sample from its posterior while learning cluster
parameters. If α ∼ Gamma(a, b) is assigned a gamma prior [107], its posterior is a sim-
ple function of K, and samples are easily drawn via an auxiliary variable method [76].
Incorporating this technique in our Gibbs sampler (Alg. 2.3, step 5), we empirically

[Sudderth	
  PhD]
[Neal	
  2000,	
  Alg	
  #2]
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Application: Document Topic Modelling

Compared against latent Dirichlet allocation, a parametric version
of the HDP mixture for topic modelling.
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Figure 1: (a) The paths of four tourists through the infinite tree of Chinese restaurants (L =
3). The solid lines connect each restaurant to the restaurants referred to by its tables. The
collected paths of the four tourists describe a particular subtree of the underlying infinite
tree. This illustrates a sample from the state space of the posterior nested CRP of Figure 1b
for four documents. (b) The graphical model representation of hierarchical LDA with a
nested CRP prior. We have separated the nested Chinese restaurant process from the topics.
Each of the infinite β’s corresponds to one of the restaurants.

to one of the L available topics. All other variables in the model—θ and β—are integrated
out. The Gibbs sampler thus assesses the values of zm,n and cm,!.
Conceptually, we divide the Gibbs sampler into two parts. First, given the current state
of the CRP, we sample the zm,n variables of the underlying LDA model following the
algorithm developed in [12], which we do not reproduce here. Second, given the values of
the LDA hidden variables, we sample the cm,! variables which are associated with the CRP
prior. The conditional distribution for cm, the L topics associated with documentm, is:

p(cm |w, c−m, z) ∝ p(wm | c,w−m, z)p(cm | c−m),

where w−m and c−m denote the w and c variables for all documents other than m. This
expression is an instance of Bayes’ rule with p(wm | c,w−m, z) as the likelihood of the data
given a particular choice of cm and p(cm | c−m) as the prior on cm implied by the nested
CRP. The likelihood is obtained by integrating over the parameters β, which gives:

p(wm | c,w−m, z) =
L∏

!=1

(
Γ(n(·)

cm,!,−m + Wη)
∏

w Γ(n(w)
cm,!,−m + η)

∏
w Γ(n(w)

cm,!,−m + n(w)
cm,!,m + η)

Γ(n(·)
cm,!,−m + n(·)

cm,!,m + Wη)

)
,

where n(w)
cm,!,−m is the number of instances of word w that have been assigned to the topic

indexed by cm,!, not including those in the current document, W is the total vocabulary
size, and Γ(·) denotes the standard gamma function. When c contains a previously unvisited
restaurant, n(w)

cm,!,−m is zero.

Note that the cm must be drawn as a block. The set of possible values for cm corresponds
to the union of the set of existing paths through the tree, equal to the number of leaves,
with the set of possible novel paths, equal to the number of internal nodes. This set can be
enumerated and scored using Eq. (1) and the definition of a nested CRP in Section 2.2.

[Blei	
  et	
  al	
  2003]
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Figure 5: A topic hierarchy estimated from 1717 abstracts from NIPS01 through NIPS12.
Each node contains the top eight words from its corresponding topic distribution.
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Infinite Hidden Markov Models

Previous issue is that there is no sharing of possible next states
across different current states.
Implement sharing of next states using a HDP:

(τ1, τ2, . . .) ∼ GEM(γ)

(π1l ,π2l , . . .)|τ ∼ DP(α, τ)
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Figure 1. (a) prefix trie and (b) corresponding prefix tree for the string oacac. Note that (a) and (b) correspond to the
suffix trie and the suffix tree of cacao. (c) Chinese restaurant franchise sampler representation of subtree highlighted in
(b).

of branches descending from each node is given by the
number of elements in Σ.

The hierarchical Pitman-Yor process (HPYP) with
finite depth has been applied to language models
(Teh, 2006), producing state-of-the-art results. It has
also been applied to unsupervised image segmentation
(Sudderth & Jordan, 2009). Defining an HPYP of un-
bounded depth is straightforward given the recursive
nature of the HPYP formulation. One contribution of
this paper to make inference in such a model tractable
and efficient.

A well known special case of the HPYP is the hierar-
chical Dirichlet process (Teh et al., 2006), which arises
from setting dn = 0 for n ≥ 0. Here, we will use a less-
well-known special case where cn = 0 for n ≥ 0. In this
parameter setting the Pitman-Yor process specializes
to a normalized stable process (Perman, 1990). We use
this particular prior because, as we shall see, it makes
it possible to construct representations of the posterior
of this model in time and space linear in the length
of a training observation sequence. The trade-off be-
tween this particular parameterization of the Pitman-
Yor process and one in which non-zero concentrations
are allowed is studied in Section 6 and shown to be in-
consequential in the language modelling domain. This
is largely due to the fact that the discount parameter
and the concentration both add mass to the base distri-
bution in the Pitman-Yor process. This notwithstand-
ing, the potential detriment of using a less expressive
prior is often outweighed when gains in computational
efficiency mean that more data can be modelled albeit
using a slightly less expressive prior.

3. Representing the Infinite Model

Given a sequence of observations x1:T we are interested
in the posterior distribution over {G[s]}s∈Σ∗ , and ulti-

mately in the predictive distribution for a continuation
of the original sequence (or a new sequence of obser-
vations y1:τ ), conditioned on having already observed
x1:T . Inference in the sequence memoizer as described
is computationally intractable because it contains an
infinite number of latent variables {G[s]}s∈Σ∗ . In this
section we describe two steps that can be taken to re-
duce the number of these variables such that inference
becomes feasible (and efficient).

First, consider a single, finite training sequence s con-
sisting of T symbols. The only variables that will
have observations associated with them are the ones
that correspond to contexts that are prefixes of s,
i.e. {G[π]}π∈{s1:i|0≤i<T}. These nodes depend only
on their ancestors in the graphical model, which cor-
respond to the suffixes of the contexts π. Thus, the
only variables that we need perform inference on are
precisely all those corresponding to contexts which are
contiguous subsequences of s, i.e. {G[sj:i]}1≤j≤i<T .

This reduces the effective number of variables to
O(T 2). The structure of the remaining graphical
model for the sequence s = oacac is given in Fig-
ure 1(a). This structure corresponds to what is known
as a prefix trie, which can be constructed from an input
string in O(T 2) time and space (Ukkonen, 1995).

The second marginalization step is more involved and
requires a two step explanation. We start by high-
lighting a marginalization transformation of this prefix
trie graphical model that results in a graphical model
with fewer nodes. In the next section we describe how
such analytic marginalization operations can be done
for the Pitman-Yor parameterization (cn = 0 ∀ n) we
have chosen.

Consider a transformation of the branch of the graph-
ical model trie in Figure 1(a) that starts with a. The
transformation of interest will involve marginalizing

“A	
  StochasHc	
  Memoizer	
  for	
  Sequence	
  Data”
[Wood,	
  Archambeau,	
  Gasthaus,	
  James,	
  Teh,	
  2009]
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• Erik	
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  PhD	
  thesis
hzp://www.cs.brown.edu/~sudderth/papers/sudderthPhD.pdf

• Yee	
  Whye	
  Teh’s	
  Dirichlet	
  Process	
  Tutorial
hzp://www.gatsby.ucl.ac.uk/~ywteh/teaching/npbayes/mlss2007.pdf

• HDP	
  introduc8on,	
  LDA	
  with	
  infinite	
  topics
hzp://www.cse.buffalo.edu/faculty/mbeal/papers/hdp.pdf

• HDP	
  implementa8on	
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hop://www.gatsby.ucl.ac.uk/~ywteh/research/npbayes/npbayes-­‐r21.tgz
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