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Overview:

Theory of Missing Unsupervised Classification with
Data Learning - MAR Complete Data

N Ny 7

Unsupervised
Learning - NMAR

g

Collaborative
Prediction

Classification with
Missing Features
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Basic Notation

Number of data cases.

Number of data dimensions.

Number of classes.

Number of multinomial values.

Number of clusters or hidden units.
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Basic Notation for Missing Data

|o.1 \0.9 \ 0.2 \ 0.7 \ o.3| Data Vector

[1]o]o]1]1] Response Vector
Observed

Dimensions
Missing

Dimensions

0.2 Missing Data
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Theory of Missing Data: Overview

Background on the Theory of Missing Data (Little/Rubin):

* Factorizations of the generative process

* Three classes of missing data
= Missing Completely at Random (MCAR)
= Missing at Random (MAR)
= Not Missing at Random (NMAR)
* The effect of each class of missing data on inference

Extensions and Elaborations:

* MAR assumption, multivariate data, and symmetry
* MAR assumption and model misspecification
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o
Theory of Missing Data: Factorizations
Data/Selection Model Factorization:
P(X,R,Z|0,n) = P(R|X,Z,u)P(X,Z|6)

* The probability of selection depends on the true values
of the data variables and latent variables.

Pattern Mixture Model Factorization:
\P(X, R, Z|19, 1/) = P(X, Z|R, 19)P(R|I/)

+» Each response vector defines a different pattern, and
each pattern has a different distribution over the data.
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Theory of Missing Data: Classification

Glo

MCAR: P(R|X,Z, ;) = P(R|u)
MAR: P(R|X,Z, u) = P(R|X°* u)

NMAR: No simplification in general.

MAR NMAR

Department of Computer Science, Univi 8

Missing Data Probl i
o
Theory of Missing Data: Classification

What Does it mean to be Missing at Random?

* MAR is not a statement of independence between
random variables. MAR requires that particular
symmetries hold so that P(R=r|X=x) can be determined
from observed data only.

X\Roofo1]J10] 11 |
00 « 6] vy | l—a—pF—v
01 ! ) vy | 1l—a—0—7
IR0 « ) A l—a—-—0-—2AX
I H o ) AN]1—a—-0-2A
:
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Theory of Missing Data: Inference
MCAR/MAR Posterior:

P(f|x°,r) ///P(X, Z|0)P(R|X, p)P(0|w)P(p|n)dpdZdx™
 P(X° = x°|) P(6|w)
NMAR Posterior:
P [ [ [ POC2ZI0) PORIX, 2 PU6L) Pl iz i
* When data is NMAR, the selection model can not be

ignored. Doing so will “bias” inference, learning, and
prediction.
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Theory of Missing Data: Misspecification

Misspecified Missing Data Model, NMAR Missing Data:

« If missing data is NMAR, it is not sufficient to use any
missing data model. Inference is still biased if the wrong
missing data model is used.

Misspecified Data Model, MAR Missing Data:

+ Even if missing data is MAR with respect to the
underlying generative process, inference for the
parameters of a simpler data model can still be biased.
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Theory of Missing Data: Misspecification

Misspecified Data Model, MAR Missing Data:

« Consider a 2D binary example where the true data
model is the full four element CPT, and we approximate it
using a product of the two marginal distributions.

» Suppose the missing data model is MAR, and our goal
is to estimate the marginal P(X1=1).

[« [ Pl) [ P(R=10,0]lz) [ P(R=[0.1][x) [ P(R=T[1.0]]x) [ P(R=[1.1][x)
00 a o B ¥ l—a—03—7
01 b « ) ¥ l—a—0—v
10 ¢ « B A l—a—-8-—X
11 d o 0 A l—a—0-—AX
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Theory of Missing Data: Misspecification
Misspecified Data Model, MAR Missing Data:
» Suppose we estimate P(X1=1) under the marginal

model, and under the true model.

» We can show that Computing P(X1=1) under the
marginal model is equal to computing P(X1=1| R1=1).

» We can further prove that P(X1=1) is only equal to

P(X1=1| R1=1) if B = 3. This corresponds to the MCAR
condition.

Department of Computer Science, Unive 13
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Theory of Missing Data: Misspecification
Misspecified Data Model, MAR Missing Data:

£

a =01 |c =07 a =01 6 = 01
b = 01 d = 01 B = 0141005 ~ = 0.2
3—6 || True P(X; =1) | Est. P(X; =1) | True P(X; =1]R, = 1) | Est. PY(X; =1)
0.05 0.8000 0.7999 £ 0.0007 0.7961 0.7961 & 0.0007
0.10 0.8000 0.8004 £ 0.0006 0.7917 0.7923 £ 0.0006
0.15 0.8000 0.7996 + 0.0006 0.7860 =+ 0.0007
0.20 0.8000 0.8011 + 0.0007 0.7826 £ 0.0008
0.25 0.8000 0.7990 + 0.0007 0.7737 £ 0.0008
0.30 0.8000 0.8000 £ 0.0007 0.7679 4 0.0007
0.35 0.8000 0.7994 + 0.0008 0.7582 =+ 0.0009
0.40 0.8000 0.7999 + 0.0009 0.7501 £ 0.0010
0.45 0.8000 0.7992 + 0.0010 0.7379 £ 0.0010
0.50 0.8000 0.7986 £ 0.0010 0.7241 £ 0.0010
14
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Unsupervised Learning - MAR: Overview

Background on Unsupervised Learning With Random
Missing Data:

« Finite Bayesian Multinomial Mixture (MAP EM)

* Dirichlet Process Multinomial Mixture (Gibbs)

« Finite Factor Analysis/PPCA Mixture (ML EM)

* Restricted Boltzmann Machines (Contrastive Divergence)

Extensions and Elaborations:

* Collapsed Gibbs sampler for DPMM with missing data
* Derivation of factor analysis mixture with missing data
» New view of RBM models for missing data

Department of Computer Science, Unive 15

Finite Bayesian Mixture: Model
Probability Model:
P(Z, = k|0) = 0,
P(X, = xulZ0 = k. 5) = Plxalt) ()
P(9,Bla, ¢) = P(8la) || P(Bkl¢) @

k

Properties: K
« Allows for a fixed, finite number of clusters.

* In the multinomial mixture, P(xn|Bk) is a
product of discrete distributions. The prior on 8
and 8 is Dirichlet.

Department of Computer Science, Unive
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Finite Bayesian Mixture: Model

Dirichlet Distribution:

Bayesian mixture modeling becomes much easier when conjugate priors
are used for the model parameters. The conjugate prior for the mixture
proportions 6 is the Dirichlet distribution.

(Zkak‘) op—1 [
P60\ k [\ |
1) =17, (e 11% | \ o
_ Xk \ /
Efila] = — 2k ‘
Zszlak
0oy T T 111 LN

HkF(Ck—&-ak) i ko
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Finite Bayesian Mixture: Learning

MAP EM Algorithm:

T gn="0]

[ran=1][

ak Hd lnv lﬁvrdlk
an=1][Tan=
Zk’ 10’»’ Hd IHv 1ﬁ1[)Tdik' Jeran=1]

E-Step: g, (k) <

o — 1+ Zi:lzl (In(k)

M-Step: 6 +
N—-K + Z,If:l Qg

¢vdk -1+ 22;1 QH(k)[Tdn = 1][77dn = U]
25:1 q7b(k)[7'(l7b = 1] -V+ Zl‘z/:l ¢vdk
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Finite Bayesian Mixture: Prediction
Predictive Distribution:

P(Idn = U|xn:rnw/j7 0)
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Dirichlet Process Mixture: Model

Probability Model:

P(¢|¢0,O{) = DP(O{,()ZS())
= P(Bnl|¢) = ¢(Bn)
n - n
= ZP(xdn = U|Zn = k;/B)P(zn = k|xnyrn /89)
k=1 P(X, = xn|0) = P(Xn|fn)
K an=1][Zdn= .
=S B —k [12, Ty, Al == Properties:
— vdk ) —
=1 Zklzl O Hd:l Hv:l ,61[)2'1,:, Jfzan=] « Since ¢ is discrete, the DPM can be viewed as a
countably infinite mixture model.
» Another way to arrive at a DPM is to consider the limit
of a Bayesian mixture model with symmetric Dirichlet ~
prior as the number for components K goes to infinity
19 20
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Dirichlet Process Mixture: DP

The Dirichlet Process:

Let a be a scalar and ¢, be a distribution on a random variable B. A
random distribution ¢ is a draw from DP(a,¢o) if and only if for any K and

any K-partition A,...,A of the space of B, the distribution over elements of
the partition induced by ¢ is given by the Dirichlet distribution

+ Drawing samples B, from the DP is | ’,x’" ' X\\
easy if ¢o can be sampled easily / \\
_ (Blackwell/McQueen). / 0B
(¢(B € A1), ..., 0(B € Ax)) = Dir(ado(4r), ..., a¢o(Ax)) _ o | | g
* The “stick breaking” view of the DP - 8 B
prior lets us incrementally construct a sB. Bs B B
do(B) draw ¢ from DP(ct,d,) -
: ' of S i g
o(B) P(Bnla, ¢0,B1; - BN-1) 6, 0, 0, 0,0,
bé _ ao(BN) " Y1 85,(8N)
A, A, As B N-14a«a N-14a«
21 22
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Dirichlet Process Mixture: DP
Understanding ¢:

* The only ¢ that satisfy the definition of

0B /
the DP are discrete with probability 1.
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Dirichlet Process Mixture: Inference

Collapsed Gibbs Sampler With Missing Data

) [ran=1][zan="]

Pz, =k, F #n 2z = k|z—n, X, a, ¢o)

e I

d=1v=1

vdk + (/)’Ud()

e
v 1 Codk + ¢)1)d0
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Dirichlet Process Mixture: Prediction
Predictive Distribution (Training Cases):
s o ¢'v0 + Cydk
vdk —
Z:,/zl b0 + Codk

S K*

Z Z = k|Byak
s=1k=1

P(Jf'dn = “|{xn7rn}n=1:N7¢0a

Department of Computer Science, Univel
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Dirichlet Process Mixture: Prediction

Predictive Distribution (Test Cases):

N Zi\f: [zn=K] s
f; = { =N o ksK
. Ck=K*+1
o [ B k<K
vdk — __Pvdo — s
ST L k=K"+1

P(z4s = v|Xu4, Ty, 3,6)

£
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S K°+1 Tax=1][zgs=v

_ l Z Bsdk gk Hd 1 Hv 1 ﬂz[)ddk Jfea ]
- v Tax=1][xagx=v
o s=1 k=1 Zk’:l ek’ Hd:l Hu:l 51[1(11« I :
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FA/PPCA Mixtures: Model

Probability Model:
P(Zn = k) = Hk
1 1.
P(t,) = W exp(—itntn) @
K

p(Xn|Z" = k: t"rn A: \117 ﬂ)
= N(pr + Aptrn, Up)

Properties:

Ty is alength Q real-valued vector ~ N(O,).

* Factor loading matrix A is DxQ.

+ Covariance matrix ¥ is DxD diagonal.

OO

ORO)

Department of Computer Science, Univers
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FA/PPCA Mixtures: Model

Joint Distribution of X and T given Z:

&)

T
P ([Xn-,tn]T‘zn = k7 /I'7A7 \I!k') = N ( |:Nk:| ) |:\Ilk —';XI’I}kAk AIk:|>
k

0
Marginal Distribution of X given Z:

P(xn|zn =k,A, o, M) :N(Xn;ltm Wy, +AkA£)

Department of Computer Science, Univers
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FA/PPCA Mixtures: Learning

M-Step Inference with Missing Data:

x;!ln’ Zn) = P(tn,x:ﬂz",
= dnz, (tn-,X;n)Qn(Zn)

dn (tn7

(k) o< 0N (g, W7 + AZART)

Pt o k i |zok
el (L‘wmik] ’ {ET i

tnxi|zok

Department of Computer Science, Univers

X,

xXp, i, A, )Pz x5, 1, A, 0, 6)

Etnz;"\z;’lk
|z
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FA/PPCA Mixtures: Learning

E-Step Updates with Missing Data:

o Ty an(k)
k N

z%

By [xn] = Ak By, [tn])

N —1
>) <2qn<k>Ew.[tnt£])

n=1

e =

Zn 1 an(k
N
A = (Z (k) (Bq [Xnty] = o1 Eq,, [ta]”

n=1
an
Zn 1(171(’9) n=1

~20a1 By, [Xnla — 20a Eq, [Xnt D)% + 200 Nk By, [tn])

Department of Computer Science, Univers

Vaq = By, xnxn]dd + .“'d!. + Ak Eq,,, [t"t ]Ad ik
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FA/PPCA Mixtures: Prediction

Predictive Distribution:

K
= Z qn(k)N(/‘u:;I"\:ﬁ‘,’Lkv Z.’l:;{"\:x;',jk)

P(x)x0, A, p, )
k=1
an (k) o O oo exp(—1 (x5, — 1)
" [2mX0, | 2 T
Hamlask = M + Sk (Zo0r) 7 (xp — pf)
Em;ﬂz;;k - E.I"lk‘ E:n’ok (E‘;zk) 12?%

Department of Computer Science, Univers
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Conditional RBM’s: Model

Data Case N

Data Case 1

Missing

Department of Computer Science, Univer: 31

Missing Data Problems in M @
Benjamin Marlin

Conditional RBM’s: Model

J;k(z,\,) g

Ly N
K

D

.gd(A;; Tg)

Department of Computer Science, Univel 32

Missing Data Probl in M
o
Conditional RBM’s: Energy Function

Probability Model:
exp(—E(x2,2zn,ry))

T e, exp(—E(x°,z,1,))

D V K

E(x27zn7rn) - - Z ZZ Wvdk[zdn - U][an - 1][Tdn - 1]

d=1v=1k=1

D VvV
- Z Z bvd[xdn - U} [”’dn - 1]
d=1v=1
K
— Cp [an = 1]
k=1

Department of Computer Science, Univer: 33
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Conditional RBM’s: Inference
Gibbs Sampler:
P(zd = U‘Zn., Vva)

_ GXP(Zszl Wodk[2kn = 1] + bya)
ZL/=1 exp(Z,{le Weak[zk = 1] + bya)

Pz, = 1x5, vy, W,c)

n?

1
Lt exp(— (X0 Y Woaklzan = vlran = 1] + ci,)
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Conditional RBM’s: Learning

Contrastive Divergence Gradients:

ac
Wk

N
~ Z[mdn =v][ran = 1]P (2 = 1|xp)

n=1

= lwdn = vllran = 1P (2 = 1]x7)

n=1
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Unsupervised Learning - NMAR:
Overview

Data Sets and Experimental Protocols:

» Conducted first ever survey of user rating behavior in a
recommender system.

« Collected first collaborative filtering data set that includes
both ratings for user-selected items and ratings for
randomly selected items.

+ Designed new experimental protocols for collaborative
prediction to test methods that assume MAR vs methods
that model NMAR effects.

Department of Computer Science, Univer: 36
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Unsupervised Learning - NMAR:
Collaborative Prediction Problem

e MEE AR

Yot P D Yooy | e

P oo KAk D

D@ e
Sedese | Fedede| D

e A ¢

o
Unsupervised Learning - NMAR:
Data Sets: Yahoo!

Data was collected through an online survey of Yahoo!
Music LaunchCast radio users.

+ 1000 songs selected at random.  Epw ,

Yahoo! Study

Yahoo! Aske: What do you rate? on Music Rating

« Users rate 10 songs selected at
random from 1000 songs.

» Answer 16 questions.

 Collected data from 35,000+

- users. o
Image copyright Yahoo! Inc. 2006. Used with permission.
57 3
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Unsupervised Learning - NMAR: Unsupervised Learning - NMAR:
Data Sets: Yahoo! Data Sets: Jester
User Selected Randomly Selected Jester gauge set of 10 jokes used as complete
data. Synthetic missing data was added.
% 0.5
Zos Zos » 15,000 users randomly selected
s S « Missing data model: p(s) = s(v-3)+0.5
o2 €02 $=0.000 $=0.062 $=0.125 $=0.188 $=0.250
1 1 1 1
0.1 0.1
T2 3 4 5 T e T s =05 =05 =05 =05 =05
Rating Value Rating Value L L L L L
o o ['% o o
‘Pg(x:vh':l) Pg(as:v) 0 2345 02345 0 2345 0 2345 02345
Rating Value Rating Value Rating Value Rating Value Rating Value
3 40
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Unsupervised Learning - NMAR: Unsupervised Learning - NMAR:
Data Sets: User Splits Data Sets: Rating Splits
User Selected Ratings
1 = Test Users Test Ratings
g2
s 3 Train Users
< 4

5 2
5 ‘:> [ 1 ]3] 5] Holdout Users

Randomly Selected

Ratings > Test Users
]

::> Traln Users

Department of Computer Science, Uni 41

All Users
aswn =

N

Observed Ratings

Randomly Selected

User Selected Ratings
for User
5 Selected ltems
EE |

El

Ej &
2
EpmER
8B

Ratings
[1] ' Bl Test Ratings
E— [ 4] for Randomly
T Selected items
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Unsupervised Learning - NMAR:
Data Sets: Connection to Notation

User Selected Ratings Observed Ratings

14 ]3] e
5]
. AN
[2 ]3]
.

o
Unsupervised Learning - NMAR:
Experimental Protocols

Weak Generalization:
+ Learn on training user observed ratings.

« Evaluate on training user test ratings for user selected
items, and training user test ratings for randomly selected
items.

Strong Generalization:
+ Learn on training user observed ratings.

« Evaluate on test user test ratings for user selected items,
and test user test ratings for randomly selected items.

Department of Computer Science, Uni 44
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Unsupervised Learning - NMAR: Models
* Follow a modeling strategy based on combining probabilistic

models for complete data with simple models of the missing
data process.

« Consider complete data models including finite Bayesian
mixtures, Dirichlet Process mixtures, and RBM’s.

 Consider two basic missing data models: CPT-v and
LOGIT-vd.

Department of Computer Science, Univi 45
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Finite Mixture/CPT-v: Model

Probability Model: @
P(8]a) = D(6a)

P(Bl¢) = H HD(BdkM)dk) @ a

o=1d=1 i
[an=] £ Y

P(X =x,|Z, =k,8) = [] ][ Bz .

d=1v=1

>

P(ul¢) = ]| Blualén)

D VvV

PR =r,|X =xp,p) = H H plran=tlzan=vl(y _ ), lran=0llzim=1]
d=1v=1
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Finite Mixture/CPT-v: |dentifiability

Identifiability:
) xan rgn =1
YT 2 e =0
K D v [wa#2] v [wi=2]
dw=> 0[] <H(/tq;&;d/«)["“’:“’]) <Z(1 - u,,)ﬁmk,)
k=1  d=1 \v=1 v=1

2D Binary Example:

K K
b1 = Zek/"lﬂllkﬂlngk 21 = Zek/‘2ﬁ2lk,“‘]ﬂl2k
k=1 k=1
K \4 K \4
d1o =Y Ok Bruk(D_(1— po)Busk)  b2o = D Orpiofore(D_ (1 — o) Boar)
k=1 v=1 k=1 v=1
47
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Finite Mixture/CPT-v: Identifiability
2D Binary Example:

[(¢11 + d12 + h1o)

(P11 + P21 + do1)

(P21 + P22 + ¢2z)] [u%] _ [1}
(P12 + P22 + Pa2) 1

1
K2
* This system will have a unique solution for py and p2 if both

are greater than 0, and the matrix ® of sums of ¢w
coefficients is non-singular.

* This result is easily extended to the general case of D
dimensions and V multinomial values.

Department of Computer Science, Uni 48
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Finite Mixture/CPT-v: Learning
MAP EM Algorithm (E-Step):

0 T15 ., vakn
(k) = Pz = kxS 1. 80,0, 1) = — 2 LLazt ot

K D
Dk O Ty varn

ey, d) = Plon = K Gan = 01X Tnran, 0, B, 1)

[ran=1][aan=0] [ran=0][aan=0]
= (k) ( HoBudk ) ’ ( (1 = o) Budr ) ‘ '
21‘)/':1 o Burdie Z,‘,/r:l(l = o) Buorar

v Fan=llan=1] , 1 [Fan=0faan=1]
Ydkn = (H(ﬁvdkuv)[“":u]) (H(ﬁudh(l - Mv))[z:v]>
v=1

v=1

v (ran=1aan=0] , [ran=0][aun=0]
: (Z ﬁudk#u) (Zﬂudk(l - /tv))
v=1

v=1
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Finite Mixture/CPT-v: Learning
MAP EM Algorithm (M-Step):

=1+ Y0 gu(k)

O =
N-K+Yr a
i = boar — 1+ 3N gu(k)agn = U[zan = 0] + gu(k, v,d)[ag, = 0]
Y1 tn(k) =V + 0 buan
= G0 1S B [ran = Ulaan = o] + u(0: Dlran = Ylaan =0)

Ero+ v — 2+ 2N 0 Iran = an = ] + 4a(v, d)[aan = 0]

Department of Computer Science, Universi 50
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Finite Mixture/CPT-v: Prediction

Predictive Distribution

(Xdn = v[%Xn, tnsan, 0,5, 1)
K

[ran=1] [ran=0]
-~ Oy Hle Ydkn 1o Budk (1 — o) Budr
- Z K g D v v 3
o1 et Ok Tla—y varn \ 2op—y torBuorar D oprm1 (L= o) Burdk
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Finite Mixture/CPT-v: Resulis

Yahoo! Weak Generalization Results: MM vs MM/CPT-v

4 Weak Rand MAE vs Model Complexity

1. :
:8: EM MM
{1 EEERRER R EM MM/CPT-v) 1

0.9 - nrrie et 0.9

Weak User MAE vs Model Complexity

w
S
0.7 Sereees
0.6 S
05} oo
04 i 04 i
0 5 10 15 20 0 5 10 15 20

Model Complexity Model Complexity
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Finite Mixture/CPT-v: Results
Yahoo! Weak Generalization Results: MM vs MM/CPT-v+

Weak Rand MAE vs Model Complexity

1.1 11
: :SZEMMM :
] EM MM/CPT-v+| ! 1

0.9¢--

08l oy : @‘

Weak User MAE vs Model Complexity

w
]
07}
06}
(X R R RN
04 04
0 5 10 15 20 0 5 10 15 20

Model Complexity Model Complexity
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Finite Mixture/CPT-v: Results
Jester Results: MM vs MM/CPT-v

Weak MAE vs Effect Strength Strong MAE vs Effect Strength

075 08
—EO— User EM MM == User EM MM
—B— user EM MM/CPT-v 0.75}| == User EM MM/CPT-v
07| —@— Rand EM MM —@— Rand EM MM
—l— Rand EM MM/CPT-v 7 o.7|. T Rand EM MM/CPT-v |,

0.65
w o w
< .
< g0
055
0.55
05 05
045 045
04 - 04
0 005 0.1 015 02 025 0 005 0.1 015 02 025
NMAR Effect Strength NMAR Effect Strength
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DP Mixture/CPT-v: Model
Probability Model:

P(¢lo, @)

D
P(Blbo) = H D(Buldao)

D Vv

px = xls = 1 [T~

P(ul¢) = HB folo)

= DP(ago)

\%4

D
H H plran=1lzan

d=1v=1

PR=r,|X=x,,p) = UL — gy ) [ran=Olzan=v]

Department of Computer Science, Univer:
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DP Mixture/CPT-v: Inference

Auxiliary Variable Gibbs: Mixture Indicator Update
P(zn =k, 3j #n 2zj = k|z_n. X}, 0, a0, B, a, 1)
ZN [ = [ran=1][aan=1] , y, [ran=1][aan=0]
x 1\1;&171_'_0 H (H Boar"= ]> (;iwﬁm;:)

d=1 \v=1

v (ran=0)faun=0]
: (Z(l - ﬂw)/i:dk)

v=1

P(Vj#n zn # 2]z-n, X7, T, an, @, f1, $o)

_\ [ran=1][aan=1] [ran=1][aan=0]
N « ﬁ lv—[ Y M i: u Pudo
N-l+a > Dudo b U3, Budo

v=1

[ran=0)[ain=0]
1- Budo
(Z( E o 10)
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DP Mixture/CPT-v: Inference
Auxiliary Variable Gibbs: Auxiliary Count Update

!
Cdk00*
P(Caroo = caroolz,x°,r,a,B,p1) = ————— P(Id =|ra = 0,00 = 0,2, = k)
v=1 Cvdk00! 51

" Codron
Cdkoo! H (1 = po) Bomi:
T Coaront o5 \ Suy (1 = 110)Bomis

v
c ! X
P(Carro = carolz, X7, 1,2, 8, 1) = — P [ Plaa = v|ra = 1,00 = 0, 2, = k)10
Hu:1 Codk10! =1

v ) Coakio
_ Caro! H HoBomi:
[V v p

Tlo=1 cvarror ;=3 \ D p—y HoBomk
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DP Mixture/CPT-v: Inference

Auxiliary Variable Gibbs: Parameter Updates

N
P(Byak|z,x°,x™, 1, ¢pg) x H P(24n|Bak) P (Bar|bdo)

n=1

= D(Cudk11 + Codk10 + Codkoo + Pudo)

N D
P(,u,,\x"‘x'”?r,ﬁ) o H H [m =1][zan="] 1 _ #]) [ran=0][zan="] ,#2“—1(1 _ uw)mw*l
n=1d=1

K D
= B(mo + Z chdku + Codk10,Mow + D D Codkoo)

k=1d=1 k=1d=1
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DP Mixture/CPT-v: Prediction

Predictive Distribution

S
P(@an = 0l{%n: T 80 fmtons 0, d0,m) & Z (@an = Vlran, 75, 8% 1°)

[ 70] [ran=0]
i & 22 = ]  MoBedk - (1 = p10) Boar [
=1 k1 SV Bk SV (1= 1) Boar

1
s
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DP Mixture/CPT-v: Results

Yahoo! Results: DP vs DP/CPT-v and DP/CPT-v+

MCMC DP
MCMC DP/CPT-v
MCMC DP/CPT-v+

Weak Rand |
0.7658 £ 0.0031
0.5548 + 0.0037
0.4421 + 0.0008

Weak User |
0.5735 £ 0.0004
0.6798 £ 0.0049
0.7814 £ 0.0082

Strong Rand | Strong User |

MCMC DP 0.7624 £ 0.0063 | 0.5767 £ 0.0077
MCMC DP/CPT-v 0.5549 = 0.0026 | 0.6670 £ 0.0071
MCMC DP/CPT-v+ |[ 0.4428 +0.0027 | 0.7537 = 0.0026
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DP Mixture/CPT-v: Results
Jester Results: DP vs DP/CPT-v

Weak MAE vs Effect Strength

Strong MAE vs Effect Strength

Benjamin Marlin
DP Mixture/CPT-v: MCMC Diagnostics

Example Parameter Traces on Jester

T 1

Mumber of Clusters vs Samples Hu vs Samples
—E&— User MCMC DPM —&— User MCMC DPM EY
0.75| —B— User MCMC DPM/CPT-« 0.75}{ —B— User MCMC DPM/CPT~
—@— Rand MCMC DPM —@— Rand MCMC DPM
07 —ll— Rand MCMC DPM/CPT: 07 —l— Rand MCMC DPM/CPT:
0.65 065 R
¢ g
= = =)
055 055 .
05 05 2
0.45 045
04 04
0.05 0.1 0.15 02 0.25 0.05 0.1 0.15 02 0.25 H H
NMAR Effect Strength NMAR Effect Strength 00 10 20 0 40 50 [ 70 a0 0 100 g 10 20 20 40 50 B0 70 80 30 100
Samples Sanples
o 2
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Finite Mixture/LOGIT-vd: Model Finite Mixture/LOGIT-vd: Learning
Probability Model: i MAP GEM Algorithm (E-Step):
\ o
D
IP(6]a) = D(6 ~7 O [Ta—y Yarn
(6l) = D(la) ! o 4 (k) = Pla = K|xC e, 0,8, p1) = — e Lamsvaen
K D <~ <N <N Z’“:] Ox Hd:] Yakn
Pe19) = T] T2l S0 @ R
k=1d=
te S SO n(k,v,d) = P(zn = k. @an = VX3, T, an, 6, B, 1)
.

\P(Xa = xgn|Zn = k. B) =

5™

v=

©.

D
I N (@alva. )

d=1

1
g = ——————
v exp(—(oy +wq))

v
= HN(avlfu,r)

r
|
|
|
|
|
|

~1
|
|
|
|
|

P(o,wl&, v, p)

D Vv
IP(R = 1,[X = xp, ) = H H |r.,"71][zd"71] (1 = fryq)lren=0llan=v]
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HodBodk

[ran=1][aan=0] [ran=0][aan=0]
= au(k) ' ' (1 — pva) Budk ' '
=qn e e
Syt aBorar S (1= ttora)Burar

e (i1

v=

—

v=1

v [ran=1]laan=0] , y, [ran=0][aun=0]
Z Jé mﬂc,uud> (Z Boar(l — #nd))
=1

v=1
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[ran=1][aan=1] , |, [ran=0][adn=1]
Buartroa) [m"":v]> (H (Boar (1 = pva)) [Z:v]>
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Finite Mixture/LOGIT-vd: Learning
MAP GEM Algorithm (M-Step):

g k= L0 an(h)
N-K+Yr o

5 Gvak — 1+ Zﬁ:l @n(B)[adn = 1[xan = v] + gn(k, v, d)[an = 0]
vk =
Sy an(k) =V + 0, buar
- 8E [log P]
v do,
oF
oy = g — AM
Owq
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Finite Mixture/LOGIT-vd: Prediction
Predictive Distribution

P(Xdgn = v[%Xn,Tn, 80,0, 5, 1)

D
O 1T 4—1 Yarn HodBudks

K D
= 2okt O Il vdkn

— vd)Budk
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Finite Mixture/LOGIT-vd: Results
Yahoo! Weak Generalization Results: MM vs MM/LOGIT-vd

Weak Rand MAE vs Model Complexity Weak User MAE vs Model Complexity

1.1 1.1
:8: EM MM
LI SRR EM MM/Logit | : 1
0.9
0.8 e 5 = . 1)
w w
S . S
0.7 :
0.6
oslEF—F——5 £
0.4 J 04
5 10 15 20 0 5 10 15 20

Model Complexity
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Finite Mixture/LOGIT-vd: Results
Jester Results: MM vs MM/LOGIT-vd

Weak MAE vs Effect Strength s Strong MAE vs Effect Strength
075
—5— User EMMM —O&— User EMMM
o.71| B User EM MM/Logi 0.75}| =B User EM MM/Logi
/|| —@— Rand EM MM : g —@— Rand EM MM
—ill— Rand EM MM/Loglt 07| = Rand EM MM/Log]t :
0.65|
o0
=
0.55|
05
0.45|
04
0.05 0.1 0.15 02 0.25 0 0.05 0.1 0.15 02 025

NMAR Effect Strength NMAR Effect Strength
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Conditional RBM: Model

feu(z1) = exp(exzr = 1])
\4
T an, 0, 20) = XD Waeloan = olfaan = 1ok = 1)

v=1

L

\4
Soa@ansTans @an) = exp(Y_ bhalzan = v][ran = 1laan = 1])

v=1

/%(x,, G %)

\4
exp(3 Blean = vllran = Olfaun = 1)

v=1
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Conditional RBM: Model

Probability Model:

exp(—FE(X2,2n,Tpn,ay))

oo 2o exp(—E(x°,2,1,),a,)

P(x7, 2|0, a,) =

D V K
E(X0, 2, Ty, a,) = —ZZZ Woak[ra = v][zi, = 1][agn = 1]
d=1v=1k=1
7ZZb za = vl[ran = 1][agn = 1]
dDIUVI
=33 blwa = v][ran = 0)[au = 1]
d=1v=1

K
- Z Ck [Z}C = 1]
k=1
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Conditional RBM: Inference
Gibbs Sampler:

P(:L'dn - U""dn» Adn, 2, I/Vv b)
exp(Y 4y Woak[zk = 1] + bhglran = 1] + b)[ran = 0])
Yooy exp(Xhey Woar[2k = 1] + bly[ran = 1] + b3[ran = 0])

P(zk = 1|X;,I‘",an,VV,C)
1

T +exp(—(X01 Souy Woak[zan = v][agn = 1] + cr))
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Conditional RBM: Learning

Contrastive Divergence Gradients:

9C(x|r,a, W, b, c) i

W ~ ) [Tin = vl[agn = 1]P(zkn = 1%n)

I

[ T4y, = V)[adn = 1| P(2kn = 1"(;1:)

Mz

3
Il

AC(x|r,a, W, b, c)
dey

2
M=

(P(z;m =1|x,) — P(2zpn = l\xf))

3
Il

BCCele, 8 W010) o S 1y = 1faan = 1] ([7an = 1] — Play = v)

2
Mz

b, o
N D
C(x|r,a, W, b,c)
(x| 340 ~ Z Z Tan = Ol[adgn = 1] ([t4n = v] — P(z], = v))
v =141
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Conditional RBM: Results

Yahoo! Weak Generalization Results: cRBM vs cRBM-v

Weak Rand MAE vs Model Complexity

11 1.1
:8: CD cRBM
1 e CD cRBM-v 1

Weak User MAE vs Model Complexity

09 - - E : - 09
0.8
w
< S
=07
06 - - -
o B8 H
04 0.4
0 5 10 15 20 0 5 10 15 20
Model Complexity Model Complexity
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Conditional RBM: Results

Jester Results: cRBM vs cRBM-v

Weak MAE vs Effect Strength

—O— User CD cRBM

0.75}] —B— User CD cRBM-
—@— Rand CD cRBM
—l— Rand CD cRBM-v.

Strong MAE vs Effec( S(reng(h

—e— User CD cRBM

0.75}{ —B— User CD cRBM-
—@— Rand CD cRBM
—Hl— Rand CD cRBM-v.

07 07
056! 06
< os < 06
£ X
055 055
05 05
045 045
04 04
005 01 015 02 025 o oo 02 02

0.1 0.15
NMAR Effect Strength
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O
Unsupervised Learning - NMAR: Results
» Methods that model NMAR effects perform significantly

better than methods that don’t on synthetic and real data.

« Differences between methods that model NMAR effects are
small by comparison, but still significant.

* Results show a big win for rating prediction when a small
number of ratings for randomly selected items is available at
training time.
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Unsupervised Learning - NMAR:
Comparison of Results on Yahoo! Data

Complexity | Rand MAE Complexity | User MAE
ENM MM 1 0.7725 = 0.0024 || 5 0.5779 = 0.0066
EM MM/CPT-v 20 0.5431 £ 0.0012 || 10 0.6661 = 0.0025
EM MM /Logit 5 0.5038 = 0.0030 || 5 0.7029 = 0.0186
EM MM/CPT-v+ 5 0.4456 = 0.0033 [[ 20 0.7088 £+ 0.0087
MCMC DP N/A 0.7624 = 0.0063 || N/A 0.5767 = 0.0077
MCMC DP/CPT-v N/A 0.5549 + 0.0026 || N/A 0.6670 = 0.0071
MCMC DP/CPT-v+ || N/A 0.4428 £ 0.0027 || N/A 0.7537 = 0.0026
CD RBM 20 0.7179 = 0.0025 || 10 0.5513 = 0.0077
CD ¢cRBM/E-v 1 0.4553 = 0.0031 || 20 0.5506 £ 0.0085
76

Q
Unsupervised Learning - NMAR:
NEW: Ranking Results

—1 :
NDCG(n) = 1 09(2;_ ﬂ(;’n))
2

log(1 4 7 (i,n))

. itm : mean of posterior predictive distribution for test item i.
« 7(2,n) : rank of test item i according to L’ifn .
- m(4,m) : rank of test item i according to eru .
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Unsupervised Learning - NMAR:
NEW: Comparison of Yahoo! Ranking Results

Weak Generalization:

K=1 K=5 K=10 K=20
EM MM 0.8153 % 0.0007 | 0.8135 % 0.0006 | 0.8106 & 0.0005 | 0.8073 £ 0.0006
EM MM/CPT-v 0.8257 = 0.0006 [ 0.8325 £ 0.0006 | 0.8353 = 0.0006 | 0.8356 = 0.0008
EM MM /Logit 0.8251 = 0.0005 | 0.8 =+ 0.0003 | 0.8384 £ 0.0005 [ 0.8381 £ 0.0010
EM MM/CPT-v+ 0.8052 = 0.0003 il )7 ] 0.8355 =+ 0.0008 | 0.8367 & 0.0007
MCMC DP 0.8167 = 0.0007 | 0.8167 & 0.0007 | 0.8167 & 0.0007 | 0.8167 & 0.0007

MCMC DP/CPT-v 0.8259 &+ 0.0010 [ 0.8259 £ 0.0010 [ 0.8259 = 0.0010 [ 0.8259 & 0.0010
MCMC DP/CPT-v+ [ 0.8320 £ 0.0011 | 0.8320 = 0.0011 0 £ 0.0011 | 0.8320 £ 0.0011
CD cRBM 0.8104 = 0.0007 | 0.8154 = 0.0012 | 0.8174 = 0.0010 | 0.8183 & 0.0011
CD cRBM/E-v 0.8211 = 0.0007 [ 0.8185 £ 0.0010 [ 0.8220 = 0.0011 | 0.8210 = 0.0009
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Unsupervised Learning - NMAR:
NEW: Comparison of Yahoo! Ranking Results

Strong Generalization:
Complexity | Rand NDCG |

EM MM 1 0.8162 £ 0.0022
EM MM /CPT-v 20 0.8352 £ 0.0023
EM MM /Logit 5 0.8398 £ 0.0012
EM MM /CPT-v+ 20 0.8377 £ 0.0012
MCMC DP N/A 0.8167 £ 0.0025

MCMC DP/CPT-v N/A
MCMC DP/CPT-v+ || N/A

0.8248 £ 0.0020
0.8319 £ 0.0011

CD ¢cRBM 20 0.8207 = 0.0011
CD CRBM/E—V 10 0.8244 £+ 0.0017
79
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Classification with Missing Data:
Background on Classification with Complete Data:

* Linear/Regularized Discriminant Analysis

+ Logistic Regression

+ Perceptrons and SVMs

» Kernel Methods and Kernel Logistic Regression
» Multi-Layer Neural Networks

Frameworks for Classification with Missing Features:

 Generative Classifiers

« Single and Multiple Imputation

» Reduced Models/Classification in Subspaces
* Response Indicator Augmentation
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Generative Framework
Linear Discriminant Analysis

P(XS = x|V, =)

n

= N3z, )

P(Y = c[X7 =x7)
_ HCN(XZ“"?: x°9)
Y 0N (x5 g, B00)

Factor Analysis Covariance
Model: , — AAT +
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Generative Framework
Linear Discriminant Analysis

Generative Training:

« Estimate class means from incomplete data
* Run EM for Factor analysis with missing data to estimate
pooled covariance parameters

Discriminative Training:

* Directly maximize the conditional likelihood of the labels
given incomplete features.

» Non-linear gradient descent in the negative log
conditional likelihood.
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Generative Framework
Linear Discriminant Analysis

Discriminative
Learning

Generative
Learning
o

Training Data
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Imputation Framework

Zero Imputation: Replace missing feature values with zeros.

i " boed
. .
: :
15 975°% 1.5 g ¢ %
112 2 1 s >
0.5 0.5
0 0 EHEEOE0-
. -
0,5 0.5
R > . dd
o LB 00
1.5 Y ® : ! LB TR s x
2 X -2 o

25151 2.5
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Imputation Framework

Mean Imputation: Replace missing feature values with mean
of observed values for each feature.

25
L8
0.5

05 1 oo amiooo

i N Y

2.5
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Imputation Framework

Multiple Imputation: Replace missing feature values with
samples of xm given xo drawn from several imputation models.

Mixture of Factor Analyzers
K=1, Q=1
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Imputation Framework

Multiple Imputation: Replace missing feature values with
samples of xm given xo drawn from several imputation models.

2sfd

2

1.5 g

1l

0.5

o

o

f()j g Og}oooo

1.5 ;f}&(’o x

5 X
2slg]

)
2 1 2 1 0 1 2 - B
Mixture of Factor Analyzers
K=3, Q=1
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Reduced Models Framework

Reduced Models: Each observed data subspace defined by a
pattern of missing data gives a separate classification problem.

5
2.5 E ° E
: " e
B, 3
1.5 980 Y
1 ° >
0.5
< o >
0.5 Boad 8oa0
715 i B ! B
D0 D o0
i R R S BT NI
5 B o
2.5
o R s
2 1 s 1 2
R=[1,1]

R=[1,0]
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Response Augmentation Framework

Response Augmentation: Set missing features to zero and
augment feature representation with response indicators.

~ i '% sg o
%=[0.0,1.1,0, 1] <—I) Or=) %20, 1.1, 1,1]
o o
L5 Xﬁf;&fc S
X=[-2.8,0, 1, 0]
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Logistic Regression: Model
Linear logistic regression optimizes the conditional likelihood of
the class labels given the features using gradient methods.
» Can exactly represent the class posterior of exponential

family class conditional models with shared dispersion.

1 -
14 exp(—(wTx + b))

P(Y =1X =x) =

T
xp(W, X + b
Pl f %) chp( X -)
> o1 exp(WEx + ber)
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Logistic Regression: Synthetic Data

Department of Computer Science, University

&)

Training Data Zero Imputation Mean Imputation
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Logistic Regression: Synthetic Data

Mix FA Imputation Mix FA Imputation ~ Mix FA Imputation
Q=1,K=1 Q=1,K=2 Q=1,K=3

3 3
2 2
1 1
0 0
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Logistic Regression: Synthetic Data

Response
R
educed Augmented
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Kernel Logistic Regression: Model

Kernel logistic regression optimizes the conditional likelihood
of the class labels given training data and a kernel function.

cxp(zzzl K (X, X) + be)
exp(Xgr—y L OrerK (X, %) + ber)

PY =cX=x)=

N C N
= 1"}C n'y Xn b
F(a)=min} > ~[yn = c|log ( Cxpc(zn S o ) + ) )
n=1c=1 exp(Porg Doy e K(Xnr, Xn) + ber)

C
+ Z acTKac

e=1
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Kernel Logistic Regression:
Basic Kernels for Missing Data

Linear: K7 (x4, %5, 1) = ZTddejwdiwdj
d

5
Polynomial:  Kj(xi,ri,x;j,r;) = (K + Zrdﬂdjwdﬂd]‘>
P

, T
Gaussian:  Kj(xiri,x;,x5) = exp(— 3 D?(xi, ri, X, 15)°) ><
1
D(x4, 1y, %j,15) = (Z rairaj(Tai — l'd])2>

d
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Kernel Logistic Regression:
Response Augmented Kernels for Missing Data

Linear: KPP (Xiomi X5, 15) = O raitaiTaitas + Vrairey
]

)
Polynomial: K2+ (xi,xi,x;.1;) = (n + Y rairavaita + w,vm,)
d

1
Gaussian: Ky (xirixj, 1) = exp(— 5 D (i, i, X, 15)°)

.

2

Do (xi, x4, %, 1) = (Z rairaj(ai — va4j)* +(rai — mj)2>
d
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Polynomial Kernel Logistic Regression
Training Data Zero Imputation ~ Mean Imputation

oo, (

Lo
T

3
2
1
ol
1
2
3

T e R 500 e
= 0 -]

Reduced

Mix FA Imputation

3
2
1
ol
1
2
3
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Gaussian Kernel Logistic Regression

Trai

ning Data
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Zero Imputation

Mean Imputation

£
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Neural Networks: Model

Multi-Layer Sigmoid neural network with cross entropy loss
optimizes the conditional likelihood of the class labels given
the features using backpropagation.

1

= — -
EIT exp(—(wix +b}))

2 2

“h + b7
PY =¢X=x)= —CCXP(W“ +0)
Yoy exp(wZh + b2)

o
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Neural Networks:

v
i

3
2
p
0
1
2
-3

Mix FA Imputat

ﬁ
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Classification with Missing Data:
UCI Hepatitis

Hepatitis
Loss | Err(%)
LR Zero 0.4012 +0.0439 | 20.67 £ 2.71
LR Mean 0.4064 £+ 0.0576 | 18.00 £ 2.82
LR MixFA 0.3517 &= 0.0506 | 13.33 £ 3.44
LR Reduced 0.4443 +0.0720 | 19.33 £ 3.78
LR Augmented || 0.5812+ 0.1258 | 19.33 +4.27
LDA-FA Dis 0.4312 4+ 0.0720 | 20.00 £ 3.98
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Classification with Missing Data:
UCI Thyroid-AllHypo

Thyroid: AllHypo

Loss Err(%)
LR Zero 0.1284 + 0.0002 | 3.62 + 0.02
LR Mean 0.1274 £ 0.0001 | 3.43 £ 0.00
LR MixFA 0.1273 + 0.0020 | 3.88 +0.15
LR Reduced 0.1281 £ 0.0008 | 3.53 £ 0.06
LR Augmented || 0.1246 4+ 0.0003 | 3.49 + 0.03
NN Mean 0.0630 £ 0.0007 | 2.51 +0.08
NN MixFA e e
NN Reduced 0.0650 £ 0.0004 | 2.55 £ 0.07
NN Augmented || 0.0612 4 0.0003 | 2.57 + 0.10
LDA-FA Dis 0.1246 + 0.0003 | 3.55 + 0.02

Department of Computer Science, University
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Classification with Missing Data:

UCI Thyroid-Sick

Thyroid: Sick
Loss | Err(%)
LR Zero 0.2123 £ 0.0005 | 6.75 £ 0.00
LR Mean 0.1112 4 0.0000 | 5.25 £ 0.00
LR MixFA 0.1270 £ 0.0009 | 6.21 £ 0.11
LR Reduced 0.1263 £ 0.0000 | 5.35 £ 0.00
LR Augmented || 0.1166 £ 0.0024 | 5.35 £ 0.06
NN Mean 0.1892 £ 0.0036 | 6.42 & 0.00
NN MixFA 0.1118 +0.0012 | 5.03 £ 0.15

NN Reduced

0.1069 £ 0.0022

3.81 £ 0.09

NN Augmented

0.1065 £ 0.0025

4.95 £+ 0.19

LDA-FA Dis

0.1092 £ 0.0011

5.16 £ 0.02
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Classification with Missing Data:
MNIST Digit Classification with Missing Data
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Classification:
MNIST Digit Classification with Missing Data
MNIST Digits
Loss Err(%)
LR Zero 0.6350 & 0.0110 | 19.75 &= 0.41
LR Mean 0.6150 = 0.0112 | 19.15 £ 0.34

LR Reduced

0.7182 £ 0.0135

i I

LR Augmented

0.6160 £+ 0.0112

19.35 + 0.36

LDA-FA Dis

0.6355 & 0.0051

19.95 £ 0.25

NN Mean

0.6235 & 0.0541

18.34 4+ 0.42

NN Reduced

0.6944 £ 0.0088

Jsl iy

NN Augmented

0.5925 £+ 0.0161

1770 == 0,18

gKLR Mean

0.4147 &£ 0.0075

13.02 £0.24

¢KLR Reduced

0.5694 £ 0.0079

15832 (4

gKLR Augmented

0.3896 £ 0.0101

12.34 + 0.46
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Classification:
gKLR Augmented Kernel Details

Eigenvalue Spectrun
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Classification:

gKLR Augmented Kernel Details

Raw Kernel Matrix
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Adjusted Kernel Matrix

1.2
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The End

Department of Computer Science, Uni

108




