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Abstract

In this paper, we explore the universal properties underlying causal infer-
ence by formulating it in terms of a topos. More concretely, we introduce
topos causal models (TCMs), a strict generalization of the popular structural
causal models (SCMs). A topos category has several properties that make
it attractive: a general theory for how to combine local functions that
define “independent causal mechanisms" into a consistent global function
building on the theory of sheaves in a topos; a generic way to define causal
interventions using a subobject classifier in a topos category; and finally,
an internal logical language for causal and counterfactual reasoning that
emerges from the topos itself. A striking characteristic of subobject classi-
fiers is that they induce an intuitionistic logic, whose semantics is based
on the partially ordered lattice of subobjects. We show that the underlying
subobject classifier for causal inference is not Boolean in general, but forms
a Heyting algebra. We define the internal Mitchell-Bénabou language, a
typed local set theory, associated with causal models, and its associated
Kripke-Joyal intuitionistic semantics. We prove a universal property of
TCM, namely that any causal functor mapping decomposable structure to
probabilistic semantics factors uniquely through a TCM representation.

1 Introduction

In recent years, there has been significant interest in categorical models of causality, based on
symmetric monoidal categories [Fong), 2012, Fritz and Klingler, 2023} |Cho and Jacobs, 2019,
Jacobs et al.,[2018]], as well as simplicial sets and higher-order categories [Mahadevan)2023].
Markov categories [Fritz, 2020] define a broad unifying framework for probabilistic inference
and statistics using symmetric monoidal categories, where each object is additionally
equipped with a comonoidal “copy-delete" operation. It enables carrying out rigorous
proofs using an elegant string diagrammatic language [Selinger, 2010]. Any causal model
based on graphs [Pearl, 2009, Forré and Mooij, 2017} |Spirtes et al.,2000] or other algebraic
formalisms, such as integer-valued multisets [Studeny) 2010], can be translated into a string
diagram over a symmetric monoidal category, or a simplicial set. Operations on causal
models, such as interventions, can be modeled as functors on the objects of the associated
symmetric monoidal category or simplicial set. Categorical approaches to causality also
extend to the potential outcomes counterfactual framework [Imbens and Rubin| [2015].

Categorical approaches fundamentally differ from past work in causality in their focus on
the elucidation of universal properties. In our previous work [Mahadevan), 2023, 2025], we
introduced the framework of universal causality based on the notion of universal properties
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Figure 1: Topos causal models (TCMs) are defined as a category Cycp whose objects
¢ € Cyem are causal models, and whose arrows Crep(c, ¢’) are commutative diagrams
between models ¢ and ¢’. A specific object ¢ defining a model can be conceptualized as a
DAG (left, where information flows from top to bottom), or a string diagram in a Markov
category (middle, where information flows from bottom to top), or in terms of its induced
unique “blackbox" function mapping exogenous variables to endogenous variables (right).

in category theory [Riehl, 2017]: a causal property is universal if it can be defined in
terms of an initial or final object in a category of causal diagrams, or in terms of a causal
representable functor using the Yoneda Lemma. For example, a structural causal model
(SCM) [Pearl, [2009] is defined as a (deterministic) mapping from a collection of exogenous
variables into a collection of endogenous variables, derived by “collating" local functions
that serve as independent causal mechanisms [Galles and Pearl| [1988| [Parascandolo et al.)
2017]. However, SCMs can be further analyzed in terms of their universal properties, such
as categorical product, coproduct, limits and colimits, equalizers and coequalizers etc. These
latter properties can be shown formally to be initial or final objects in a category of diagrams
[Riehl, 2017], or as representable functors through the Yoneda Lemma [MacLane, [1971].

Our main contribution in this paper is to present a topos-theoretic view of causality, and
in particular, introduce topos causal models (TCMs) that strictly generalize structural
causal models (SCMs) [Pearl| 2009]. A topos is a type of category [MacLane, [1971]], which
is particularly well-suited to modeling operations that are “set-like" [MacLane and leke
Moerdijk| [1994]. It also features an internal logical language [Goldblatt, 2006]]. We claim that
a topos provides three universal properties that make it natural as a category to do causal
inference in: it provides a general theory for how to combine local functions, which can be
viewed as “independent causal mechanisms" [Parascandolo et al.,[2017], into a consistent
global function building on the theory of sheaves in a topos [Mac Lane and Moerdijk} [1992].
It enables a generic way to define causal interventions using a subobject classifier in a topos
category [Johnstone| 2014]. Finally, it gives an internal logical language for causal and
counterfactual reasoning [Belll [1988].

As Figure[T]illustrates, the objects in a TCM category can be conceptualized in multiple ways.
First, each object can be a causal graphical model [Pearl,[1989, [Spirtes et al.|[2000]. Each object
can also be a functor: for example, directed graphs form a topos functor category [Vigna),
2003]]. TCMs can also be defined in terms of string diagrams in a symmetric monoidal Markov
category [Fritz,[2020], where we restrict ourselves to the Markov subcategory defined through
deterministic morphisms. For example, the arrow /1 : Traffic® Agricultural Fires — Pollution
defines a deterministic mapping specifying the two potential causes of Pollution. For
exogenous variables, the arrow 1 : I — Overpopulation defines the marginal distribution on
Overpopulation, where [ is the terminal object in the Markov category. Finally, we can view
a TCM object as a “blackbox" function that maps some collection of exogenous variables
(e.g., “Overpopulation”, or "Farming Practices” into some set of endogenous variables, e.g.,
“Asthma" or “Pollution").



2 Principles of Universal Causality

We give a brief overview of the fundamentals of universal causality (UC) [Mahadevan|
2023} [2025] before delving into the specific details of the TCM framework. As with other
work in categorical causality [Fong| 2012, Jacobs et al., 2018, [Fritz and Klingler, [2023]], UC
uses category theory [MacLane, [1971]] to define causality. A category C is a collection of
abstract objects ¢ € C. Anything technically can count as an object, from a variable in a causal
model to an entire model itself. Each category C is additionally specified by a set of arrows
C(c,d) between each pair of objects ¢ and d. There is an identity arrow 1. € C(c, c). Arrows
compose in the obvious way, inducing a function C(c, d) X C(d,e) — C(c,e). An object c is
isomorphic to another object d, denoted ¢ =~ d, if two arrows f : ¢ = dand g : d — c exist,
such that go f = 1., and f o g = 14. A functor F : C — D between two categories C and D is
specified by an object function mapping each ¢ € C to Fc € D, and an arrows function mapping
each arrow f € C(c,d) to Ff € D(Fc, Fd). Functors come in two varieties — covariant and
contravariant — the latter acts on the domain category by reversing the arrows. Given any
two functors F : C — D and G : C — D between the same pair of categories, we can define a
mapping between F and G that is referred to as a natural transformation. These are defined
through a collection of mappings, one for each object c of C, thereby defining a morphism in
D for each object in C.

Q¢

Fc > Gc
Ef Gf
F¢’ ﬁ G’

21 Yoneda Lemma and the Causal Reproducing Property

UC rests on the Yoneda Lemma — any object in a category can be defined by the interactions
it makes with other objects (upto isomorphism). In the setting of causal inference, it means
that objects in a TCM category can be ascribed “meaning" through studying the arrows of
the category, without having to “look inside" the object. The Yoneda Lemma states that the
set of all morphisms into an object 4 in a category C, sometimes denoted as Hom¢(—, d), or
as C(—, d), denoted as the presheaf, is sufficient to define d up to isomorphism. The category

of all presheaves forms a category of functors, and is denoted C = SetC” . This category forms
a topos, and will be fundamental to the TCM framework.

Lemma 1. [MacLane, 1971} Riehl, 2017] Yoneda lemma: For any functor F : C — Set, whose
domain category C is “locally small” (meaning that the collection of morphisms between each pair of
objects forms a set), and any object ¢ in C, there is a bijection Hom(C(—, c), F) = Fc that associates a
natural transformation « : C(—,c) = F to the element a.(1.) € Fc. This correspondence is natural
in both c and F.

Definition 1. [Riehl, 2017 A universal property of an object ¢ € C in a category C is expressed by
a representable functor F together with a universal element x € Fc that defines a natural isomorphism
C(—,¢) = F. The collection of morphisms C(—, c) into an object c is called the presheaf, and from the
Yoneda Lemma, forms a universal representation of the object.

2.2 Diagrams and Universal Constructions

A key distinguishing feature of category theory is the use of diagrammatic reasoning.
However, diagrams are also viewed more abstractly as functors mapping from some
indexing category to the actual category. Diagrams are useful in understanding universal
constructions, such as limits and colimits. Briefly, a diagram F : J — C is a functor F from
some finite category J into a category of interest, C. For example, J = o — o «— eisan
example of a “pullback" diagram. Here the e refer to abstract objects that are mapped into
concrete objects in C by the functor F. What we want to know whether a particular diagram
F or an entire class of diagrams is “solvable". What this means is whether its limit or colimit
exists, that is, is the category complete or co-complete? For any object ¢ € C and any category
J, the constant functor ¢ : | — C maps every object j of | to ¢ and every morphism f in | to



the identity morphisms 1.. We can define a constant functor embedding as the collection
of constant functors A : C — C/ that send each object ¢ in C to the constant functor at ¢
and each morphism f : ¢ — ¢’ to the constant natural transformation, that is, the natural
transformation whose every component is defined to be the morphism f.

Definition 2. Riehl [2017] A cone over a diagram F : | — C with the summit or apex ¢ € C
is a natural transformation A : ¢ = F whose domain is the constant functor at c. The components
(Aj : ¢ = Fj)jej of the natural transformation can be viewed as its legs. Dually, a cone under F
with nadir c is a natural transformation A : F = c whose legs are the components (A : F; — ¢)jej.

¢ Fj il s Fk
Fj v > Fk c

Cones under a diagram are referred to usually as cocones. Using the concept of cones and
cocones, we can now formally define the concept of limits and colimits more precisely.

Definition 3. |Riehl|[2017] For any diagram F : ] — C, there is a functor Cone(—, F) : C? — Set,
which sends ¢ € C to the set of cones over F with apex c. Using the Yoneda Lemma, a limit of
F is defined as an object lim F € C together with a natural transformation A : im F — F, which
can be called the universal cone defining the natural isomorphism C(—,1imF) =~ Cone(—, F).
Dually, for colimits, we can define a functor Cone(F,—) : C — Set that maps object ¢ € C to
the set of cones under F with nadir c. A colimit of F is a representation for Cone(F,—). Once
again, using the Yoneda Lemma, a colimit is defined by an object ColimF € C together with a
natural transformation A : F — colimF, which defines the colimit cone as the natural isomorphism
C(colimF, —) =~ Cone(F, -).

Limit and colimits of diagrams over arbitrary categories can often be reduced to the case of
their corresponding diagram properties over sets.

2.3 The Universality of Diagrams and the Causal Reproducing Property

We state two key results that underly UC [Mahadevan,[2023]. While both these results follow
directly from basic theorems in category theory, their significance for causal inference is
what makes them particularly noteworthy. The first result pertains to the notion of diagrams
as functors, and shows that for the functor category of presheaves, which is a universal
representation of causal inference, every presheaf object can be represented as a colimit of
representables through the Yoneda Lemma. This result can be seen as a generalization of the
very simple result in set theory that each set is a union of one element sets. The second result
is the causal reproducing property, which shows that the set of all causal effects between
two objects is computable from the presheaf functor objects defined by them. Both these
results are abstract, and apply to any category representation of a causal model.

Theorem 1. [MacLane and leke Moerdijk, {1994} IMahadevan| [2023| Universality of Diagrams in

UC: In the functor category of presheaves Set”", every functor object F is the colimit of a diagram of
representable objects, in a canonical way.

To explain the significance of this result for causal inference, note that UC represents causal
diagrams as functors from an indexing category of diagrams to an actual causal model. The
theorem above tells us that every presheaf object can be represented as a colimit of (simple)
representable objects, namely functor objects of the form Hom¢(—, ¢).

Theorem 2. [[MacLane| 1971 |Mahadevan| 2023] Causal Reproducing Property: All causal
influences between any two objects c and d can be derived from its presheaf functor objects, namely

Homc(c,d) ~ Nat(Hom¢(—, c), Homg(—, d))

Any causal influence of an object c upon any other object 4 can be represented as a natural
transformation (a morphism) between two functor objects in the presheaf category C.



3 Topos Causal Models

A topos [Johnstone, 2014] is a “set-like" category which generalizes all common operations
on sets. Thus, the generalization of subset is a subobject classifier in a topos. To help build
some intuition, consider how to define subsets without “looking inside" a set. Essentially,
a subset S of some larger set T can be viewed as a “monic arrow" (an injective function).
Monic arrows generalize injective functions.

Definition 4. [Goldblatt, 2006] An arrow f : a — b in a category C is called “monic” if given
any parallel arrows g, h : ¢ 3 a, the equality f o ¢ = f o h implies that ¢ = h, namely f is
“left-cancellable”.

Our approach builds on this abstraction to define a category Cscp whose objects are causal
models, such as SCMs or Markov categories, and a submodel M, of an SCM M is simply a
monic arrow fy : My — M.
Definition 5. [MacLane and leke Moerdijk, 1994] A category C with binary products has exponen-
tial objects if for each pair of objects c¢,d in C, there exists an object ¢ that defines the following
bijection:

Clexd,c) =~ Cle,c)
Definition 6. [MacLane and leke Moerdijk,|1994] A category C is Cartesian closed if it has binary
products, a terminal object 1, and exponential objects.
Definition 7. [MacLane and leke Moerdijkl(1994] In a category C with finite limits, a subobject

classifier is a C-object O3, and a C-arrow true : 1 — Q, such that to every monic arrow S — X in
C, there is a unique arrow ¢ that forms the following pullback square:

wn
~

This commutative diagram enforces the constraint that every monic arrow m (i.e., every
1 - 1 function) that maps a subobject S to an object X must be characterizable in terms of
a “pullback’, a particular type of universal property that is a special type of a limit. In the
special case of the category of sets, subobject classifiers are defined through the characteristic
(Boolean-valued) function ¢ that defines subsets. In general, as we show below, the subobject
classifier Q for causal models is not Boolean-valued, and requires using intuitionistic logic
through a Heyting algebra. This definition can be rephrased as saying that the subobject
functor is representable. In other words, a subobject of a causal model X in category Cqcm
is an equivalence class of monic arrows m : S — X.

Definition 8. |MacLane and leke Moerdijk [1994] An elementary topos is a category C that is
Cartesian closed and has a subobject classifier.

For example, the category of sets forms a topos. Limits exist because one can define
Cartesian products of sets, and colimits correspond to forming set unions. Exponential
objects correspond to the set of all functions between two sets. Finally, the subobject classifier
is simply the subset function, which induces a boolean-valued characteristic function. A
few of the many alternative definitions are to combine (i) and (iii) by the condition that C is
Cartesian closed; another reformulation is to replace condition (i) by the condition that C has
a terminal object and pullbacks; and similarly, condition (ii) can be replaced by saying C has
an initial object and coequalizers of all maps between coproducts. These are all different
ways of characterizing a topos in terms of its universal properties.

Definition 9. The category Cycom of topos causal models is defined as a collection of objects
¢ € Cyem, each of which is a triple (U, V,F) where V = {V1,...,V,} is a set of endogenous
variables, U is a set of exogenous variables, and F is a function from U to V. The arrows Cqcm(c, d)
are defined through commutative diagrams as illustrated below, where f and f’ are the global
functions induced by the TCM objects ¢ and d, respectively.
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A submodel ¢ = (U’, V', F’) of c is any subobject of c. The effect of an intervention on c is given
by some submodel ¢’. Finally, let Y be a variable in V, and let X be a subset of V. The potential
outcome in response to an intervention on X modeled by a submodel ¢’ < c is the solution of Y in
the submodel c’.

A commutative diagram, as the term suggests, is a structure showing the equivalence of
two paths. Here, the diagram asserts that go f = f” o h. In the context of our category Csc,
the arrow f : U — V is simply an SCM M, and f is its induced mapping from exogenous
to endogenous variables. Similarly, f” is also the induced function mapping exogenous to
endogenous variables for another SCM M’. The morphisms h and g are functions on SCMs,
which transform one causal model into another. In the specific case we are interested in,
these functions define causal interventions, but in general, they may be arbitrary functions.

For completeness, we define a category Cscpy whose objects are indeed SCMs.

Definition 10. The category Cscum of structural causal models is defined as a collection of objects,
each of which is a triple (U, V, F) where V = {V1,...,V,} is a set of endogenous variables, U is a
set of exogenous variables, F is a set {fi, ..., fu} of “local functions” f; : UU (V \ V;) = V; whose
composition induces a unique function F from U to V. Let X be a subset of variables in V, and x be a
particular realization of X. A submodel M, = (U, V, Fy) of M is the causal model My, = (U, V,F,),
where Fy = {fi : Vi & X} U {X = x}. The effect of an action do(X = x) on M is given by the submodel
M,. Finally, let Y be a variable in V, and let X be a subset of V. The potential outcome of Y in
response to an action do(X = x), denoted Y. (u), is the solution of Y for the set of equations F,.

The set of arrows or morphisms between two objects ¢ and d in the category Cscy, denoted
Cscm(c, d), represent ways of transitioning from SCM object ¢ to d. For example, if d is a
submodel of ¢, then the arrow defines a do calculus causal intervention.

4 Causal Inference in a Topos Category

We show in this section that a TCM category whose objects are defined as SCMs, and whose
arrows correspond to commutative diagrams defining operations on causal models does
define a topos. In the next section, we generalize from SCMs to consider more complex
causal models over functor categories. Now, we can state the first key result of this paper.

Theorem 3. The category Cscm forms a topos.

Proof: Since we have previously defined the objects and arrows of the Cscpq category,
to show it forms a topos, we need to construct its subobject classifier. First, we need to
define what a “subobject" is in the category Cscpm. Since SCMs can abstractly be defined
as functions, let us assume that the SCM c that defines f is a submodel of the SCM ¢’ that
induces g. We can denote that by defining a commutative diagram as shown below. Let
us stress the difference between the commutative diagram shown below Definition [] for
arbitrary functions g and & vs. the one below, where i and j are monic arrows.

An element x € U’, which is a particular realization of the exogenous variables in U’, can be
classified in three ways by defining a characteristic function i:



U—>U

%

(O) {0,172, 1)
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Figure 2: Left: diagram showing that Csca has pullbacks. Right: The subobject classifier Q
for the topos category Cscp is displayed on the bottom face of this cube.

1. x € U - here we set i(x) =
2. x ¢ Ubut g(x) € V—here we set (x) = 3
3. x ¢ Uand g(x) ¢ V —we denote this by y(x) =

The subobject classifier is illustrated as the bottom face of the cube shown on the right in
Figure 2}

. true(O) =r@0)=1
t:{0,1,1} > {0,1}, where t(0) = 0,t(1) = t(}) = 1.

4 2 7
e xv is the characteristic function of the exogenous variable set V.

e The base of the cube in Figure 2| displays the subobject classifier T : 1 — Q, where
T = (t/, true) that maps 1 = idjp) to Q =t : {0, ;, 1} - {0,1}.

This proves that the subobject classifier for the category Csca does not have Boolean
semantics, but intuitionistic semantics as its subobject classifier Q has multiple degrees of
“truth", corresponding to the three types of classifications of monic arrows (in regular set
theory, there are only two classifications). Moving on to show the other properties of a topos
are satisfied, note that the terminal object is simply the identity function id, : {0} — {0}.
Now, it remains to show that Cscaq has pullbacks and exponential objects.

Pullbacks in Cscpq: Consider the cube shown on the left in Figure[2| Here, f, g, and h can
be interpreted as three SCMs, each mapping some exogenous variables to some endogenous
variables. The arrows i, j ensure that the bottom face of the cube is a commutative diagram,
and the arrows p, g ensures the right face of the cube is a commutative diagram. The arrow
from P to Q exists because looking at the front face of the cube, Q is the pullback of i
and g, which must exist because we are in the category of Sets, which has all pullbacks.
Similarly, the back face of the cube is a pullback of j and p, which is again a pullback in Sets.
Summarizing, (u,v) and (m, n) are the pullbacks of (i, j) and (p, 9).

Exponential objects in Cscp: Now it only remains to check that the category has exponential
objects. Let f : U — V and g : U’ — V’ be two functions induced by SCM models M
and N. Then, we need to define the meaning of ¢/ in Cscp, which we can define as
¢/ : X > Y, where Y = V'Y, which must exist since Sets is a Cartesian closed category that
has exponential objects (i.e., Y is simply the set of all functions from V to V’). Also, X is the
set of all arrows in Cscp from SCM M to SCM N, which is the pair of functions (%, k) in the
commutative diagram shown below. This finally proves that Cscay is a topos. m]

5 Causal Models Over a Topos of Sheaves

We now describe a more general categorical framework for defining causal models as a
topos by using the property that Yoneda embeddings of presheaves forms a topos [MacLane



and leke Moerdijk} [1994]. To ensure consistent extension into a unique global function,
we build on the theory of sheaves [Mac Lane and Moerdijk} 1992], which ensures local
functions can be “collated" together to yield a unique global function. In our setting, we
will construct sheaves from categories over causal models through the Yoneda embedding

£ (x) : C — Sets”” and impose a Grothendieck topology.

5.1 Grothendieck Topology on Sites

Definition 11. A sieve for any object x in any (small) category C is a subobject of its Yoneda
embedding X (x) = C(—,x). If Sis a sieve on x, and h : D — x is any arrow in category C, then

() = g | cod(g) = D, hg € S

Definition 12. [Mac Lane and Moerdijk,[1992] A Grothendieck topology on a category C is a
function | which assigns to each object x of C a collection J(x) of sieves on x such that

1. the maximum sieve t, = {f|cod(f) = x} is in [(x).
2. If S € J(x) then h*(S) € J(D) for any arrow h : D — x.
3. If S € J(x) and R is any sieve on x, such that h*(R) € J(D) for all h : D — x, then R € J(C).

We can now define categories with a given Grothendieck topology as sites.

Definition 13. A site is defined as a pair (C, ]) consisting of a small category C and a Grothendieck
topology | on C.

Definition 14. The subobject classifier Q is defined on any topos Sets“" as subobjects of the
representable functors:
O(X) = {SIS is a subobject of C(—,X)}

and the morphism true : 1 — Q) is true(X) = X for any representable X.

5.2 Universal Property of TCM over Functor Categories

Causal models, like SCMs, must represent both decomposable structure and (probabilistic)
semantics. To capture this richer structure, we define TCM over functor categories, where
every object is a functor that maps structure to semantics. For example, the category of
Bayesian networks can be modeled as a functor category [Jacobs et al.| 2018 [Fritz and
Klingler| 2023] from a Markov category to the category FinStoch of finite stochastic processes.

Theorem 4. Given a causal functor A : C — &, such as the Bayesian network functor Fcpy, from a
small category C (e.g., a symmetric monoidal category such as a Markov category) to a cocomplete
category & (e.g., the category Prob of probability spaces (see Theorem [6), the functor R from & to
presheaves, given by (where c € C and E € E)

R(E) : c = Homg(A(c), E)
has a left adjoint L : Sets®” — & defined for each presheaf P in C as the colimit

L(P):Colim(fpicﬁa)
C

where fc P is the category of elements, whose objects are pairs (c, p), where c is an object of C and p is

an element of P(C) (recall P is a presheaf, i.e., a set-valued functor that maps each element c into a
set), and its arrows are (¢’,p’) — (c, p) for any morphism f : ¢’ — c such that pc = p’.

Proof: Essentially, Theorem [4]is stating that there is a pair of adjoint functors L + R, defined
as:

L:Sets” 2 &:R
As defined earlier, a natural transformation between two functors 7 : P — R(E) is a family
{t.} of maps indexed by the objects ¢ € C, where each map 7. is defined as the mapping:

7. : P(C) = Homg(A(C),E)



which is natural in c. T can also be defined as a set of arrows of & as {1.(p) : A(c) — E}()
that is indexed by the objects (c, p) of the category fc P of elements of P. This fact implies
that there is a bijection

Nat(P,R(E)) ~ Homg(LP, E)

This bijection being natural in P and in E proves that L is a left adjoint functor to R. O

Now, let us define a general causal functor as mapping from a decomposable symmetric
monoidal category (e.g., a Markov category) to the symmetric monoidal category of
probability spaces.

Definition 15. A causal functor F : C — Prob maps from a general symmetric monoidal category
C with a comonoidal “copy-delete” structure (e.g., a CDU category [[Jacobs et al.}2018|] or a Markov
category [Fritz, [2020]) to the category of probability spaces Prob, where each object (3, F,P)
is a probability space, and the arrows are measure-preserving maps, namely Prob(c,d), where
¢ =(Q, Fe, P.) and d = (Q4, F4,Py), where f € Prob(c, d) is such that P.(f1(A)) = P4(A) for all
A€ Fy

Theorem 5. For each causal functor A : C — & from a small category C defining the structure of a
causal model to a cocomplete category & defining its (probabilistic) semantics, there exists a colimit

preserving functor L : Sets®” — & such that A = L o %, where X is the Yoneda embedding.

Proof: The proof is just a special case of Corollary 4 on page 43 in [MacLane and leke
Moerdijk} 1994]. To emphasize the importance of the co-completeness condition on &, we
use the following result from [van Belle, 2024] that the category of probability spaces is
co-complete. O

Theorem 6. [van Belle| 2024 The symmetric monoidal category Prob has all colimits of non-empty
diagrams.

Proof: The proof, given in [van Belle,[2024]], shows that Prob has coproducts and coequalizers.
Thus, we can choose Prob as our cocomplete category & in Theorem[d] O

We can finally state the two central results of our paper, the first (Theorem [/) establishes
the universal property underlying TCMs, and the second (Theorem 8) shows that causal
interventions define a Heyting algebra whose logic is intuitionistic.

Theorem 7. Any causal functor F : C — & from a structural causal category C (such as a Markov
category) to a semantic cocomplete category & (such as Prob) factors uniquely through a TCM
structure defined by the Yoneda embedding, as given in Theorem

Proof: The proof follows directly from Theorem Theorem Theorem@ and Definition
O

Definition 16. A Heyting algebra is a poset with all finite products and coproducts, which is
Cartesian closed. That is, a Heyting algebra is a lattice, including bottom and top elements, denoted
by 0 and 1, respectively, which associates to each pair of elements x and y an exponential y*. The
exponential is written x = vy, and defined as an adjoint functor:

z<(x=y) ifandonlyif zAx <y

In other words, x = v is a least upper bound for all those elements z withzAx < y. Asa
concrete example, for a topological space X the set of open sets O(X) is a Heyting algebra.
The “law of the excluded middle", meaning —x V x = true, does not always hold in a Heyting
algebra.

Theorem 8. For any TCM category defined as C = Sets®" by the Yoneda embedding X (c) of a small
causal category C, the partially ordered set Suby(P) of subobjects generated by causal interventions
on any causal functor defined by the presheaf P is a Heyting algebra.

Proof: This result follows directly from the corresponding result for any category of
presheaves (see [MacLane and leke Moerdijk) (1994])), and is based on constructing the
complete lattice Sub(P) of all subfunctions of P using a pointwise operation for each object
¢ € C, which can be shown to satisfy an infinite distributive law. O



6 Causal Mitchell-Bénabou Language and its Kripke-Joyal Semantics

The Causal Mitchell-Bénabou language (CMBL) is a typed local set theory [Bell, [1988] whose
syntax and semantics is defined using the arrows of the Cy¢ topos. The types of CMBL as
causal model objects M of Cycpm. For each type M, we assume the existence of variables
XM, YM, - - ., where each such variable has as its interpretation the identity arrow 1: M — M.
We can construct product objects, such as A X B x C, where terms like ¢ that define arrows
are given the interpretation o0 : AX Bx C — D.

e Each variable xy; of type M is a term of type M, and its interpretation is the identity
xm =1: M — M, Here, M may represent an entire SCM, an individual variable
such as Overpopulation in Figure[T} or a causal functor mapping a Markov category
to the cocomplete Prob category.

e Terms o and 7 of types C and D that are interpreted aso0 : A > Cand 7: B —» D
can be combined to yield a term (o, 7) of type C x D, whose joint interpretation is
given as {op, 7q) : X — C X D, where X has the required projections p : X — A and
g : X = B. A causal intervention modeled as an arrow f : X — Y in Crcy can be

composed with a term ¢ : U — X to yield a term of type Y as fo o : U-> X Ly.

e Terms of type Q are defined as formulae of CMBL and can be combined with the
usual logical connectives A, V, =, - and quantifiers V, 3 to obtain further terms
again of type ). An expression such as Yx i(x, y) is interpreted by an arrow Y — Q
(since x is not a free variable). A formula ¢(x, y) in the topos Crcm is defined to be
universally valid in the topos if the corresponding arrow (x,y) : X X Y — Q factors
through true : 1 — Q. A formula ¢ without free variables is interpreted as an arrow
Y : 1 — Qand is valid if it coincides with the arrow true : 1 — Q.

e Indirect proofs (i.e., reductio ad absurdum) cannot be used in CMBL because the rule
of the excluded middle ¢ V = is not in general valid, nor is the axiom of choice
generally true. Instead, the rules of intuitionistic predicate calculus need to be used,
as illustrated by |de Araujo Fernandes and Haeusler| [2009].

e The Kripke-Joyal semantics for CMBL is specified using generalized elements. We
define an element of a causal model by the morphism x : 1 — M. Thus, a generalized
element a : N — M represents the “stage of definition" of M by N. We specify the
semantics of how an TCM model N supports any formula ¢(«), denoted by N I~ ¢p(ct)
by N ¢(a) ifand only if Im a < {x|¢(x)}. Stated in the form of a commutative
diagram, this “forcing" relationship holds if and only if & factors through {x|¢(x)}.
See [MacLane and leke Moerdijk, 1994, Bell| |1988] for additional details.

o)} ———— 1

1
7
7
7 true
7
7
7
7

In this paper, we investigated universal causal inference in a topos category, and proposed
topos causal models (TCMs), a novel framework that exploits the key properties of a topos
category. Subobject classifiers allow a categorical formulation of causal intervention, which
creates sub-models. TCMs objects are defined by a collection of “sheaves", each defining a
“local autonomous" causal mechanism that assemble to induce a unique global function from
exogenous to endogenous variables. We showed that every causal functor from a structural
category to a cocomplete semantic category must factor through a TCM representation.
Additionally, the space of all causal interventions of a TCM object induces a lattice of
subobjects that defines a Heyting algebra. A significant limitation of our paper is that it
is limited to a theoretical study of TCM, and its practical application to causal discovery
[Zanga and Stella, 2023] is an important problem for future research.

7 Summary
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the contributions made in the paper and important assumptions and limitations.
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e The answer NA means that the abstract and introduction do not include the
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e The abstract and/or introduction should clearly state the claims made, including
the contributions made in the paper and important assumptions and limitations.
A No or NA answer to this question will not be perceived well by the reviewers.
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authors?

Answer: [Yes]
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results are to violations of these assumptions (e.g., independence assumptions,
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Question: For each theoretical result, does the paper provide the full set of assump-
tions and a complete (and correct) proof?

Answer: [Yes]

Justification: We give the assumptions and complete proofs in the main body of the
paper.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce
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claims and/or conclusions of the paper (regardless of whether the code and data are
provided or not)?

Answer: [NA]
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the results.
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Question: Does the paper provide open access to the data and code, with sufficient
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e The answer NA means that paper does not include experiments requiring code.

e Please see the NeurIPS code and data submission guidelines (https://nips.
cc/public/guides/CodeSubmissionPolicy) for more details.

e While we encourage the release of code and data, we understand that this might
not be possible, so “No” is an acceptable answer. Papers cannot be rejected
simply for not including code, unless this is central to the contribution (e.g., for
a new open-source benchmark).

e The instructions should contain the exact command and environment needed
to run to reproduce the results. See the NeurIPS code and data submis-
sion guidelines (https://nips.cc/public/guides/CodeSubmissionPolicy)
for more details.

e The authors should provide instructions on data access and preparation,
including how to access the raw data, preprocessed data, intermediate data,
and generated data, etc.

e The authors should provide scripts to reproduce all experimental results for
the new proposed method and baselines. If only a subset of experiments are
reproducible, they should state which ones are omitted from the script and
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e At submission time, to preserve anonymity, the authors should release
anonymized versions (if applicable).

e Providing as much information as possible in supplemental material (appended
to the paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits,
hyperparameters, how they were chosen, type of optimizer, etc.) necessary to
understand the results?

Answer: [NA]
Justification: The paper does not include experiments.
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e The answer NA means that the paper does not include experiments.

o The experimental setting should be presented in the core of the paper to a level
of detail that is necessary to appreciate the results and make sense of them.
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Question: Does the paper report error bars suitably and correctly defined or other
appropriate information about the statistical significance of the experiments?

Answer: [NA]
Justification: The paper does not include experiments.
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e The answer NA means that the paper does not include experiments.

e The authors should answer "Yes" if the results are accompanied by error bars,
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e The factors of variability that the error bars are capturing should be clearly
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e Itis OK to report 1-sigma error bars, but one should state it. The authors should
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hypothesis of Normality of errors is not verified.

e For asymmetric distributions, the authors should be careful not to show in
tables or figures symmetric error bars that would yield results that are out of
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e If error bars are reported in tables or plots, The authors should explain in the
text how they were calculated and reference the corresponding figures or tables
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Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the
computer resources (type of compute workers, memory, time of execution) needed
to reproduce the experiments?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

e The answer NA means that the paper does not include experiments.

e The paper should indicate the type of compute workers CPU or GPU, internal
cluster, or cloud provider, including relevant memory and storage.

e The paper should provide the amount of compute required for each of the
individual experimental runs as well as estimate the total compute.

e The paper should disclose whether the full research project required more
compute than the experiments reported in the paper (e.g., preliminary or failed
experiments that didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with
the NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelinesp?

Answer: [Yes]

Justification: All authors have reviewed and confirmed that the research conducted
in the paper conforms, in every respect, with the NeurIPS Code of Ethics.
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e The answer NA means that the authors have not reviewed the NeurIPS Code
of Ethics.

e If the authors answer No, they should explain the special circumstances that
require a deviation from the Code of Ethics.

e The authors should make sure to preserve anonymity (e.g., if there is a special
consideration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and
negative societal impacts of the work performed?

Answer: [Yes]
Justification: We include the broader impacts discussion in the paper in Section|G]
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e The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no
societal impact or why the paper does not address societal impact.

e Examples of negative societal impacts include potential malicious or unintended
uses (e.g., disinformation, generating fake profiles, surveillance), fairness
considerations (e.g., deployment of technologies that could make decisions
that unfairly impact specific groups), privacy considerations, and security
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e The conference expects that many papers will be foundational research and
not tied to particular applications, let alone deployments. However, if there
is a direct path to any negative applications, the authors should point it out.
For example, it is legitimate to point out that an improvement in the quality
of generative models could be used to generate deepfakes for disinformation.
On the other hand, it is not needed to point out that a generic algorithm for
optimizing neural networks could enable people to train models that generate
Deepfakes faster.

e The authors should consider possible harms that could arise when the technol-
ogy is being used as intended and functioning correctly, harms that could arise
when the technology is being used as intended but gives incorrect results, and
harms following from (intentional or unintentional) misuse of the technology.

o If there are negative societal impacts, the authors could also discuss possible
mitigation strategies (e.g., gated release of models, providing defenses in
addition to attacks, mechanisms for monitoring misuse, mechanisms to monitor
how a system learns from feedback over time, improving the efficiency and
accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for
responsible release of data or models that have a high risk for misuse (e.g., pretrained
language models, image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper does not include experiments and poses no such risks.
Guidelines:

e The answer NA means that the paper poses no such risks.

e Released models that have a high risk for misuse or dual-use should be released
with necessary safeguards to allow for controlled use of the model, for example
by requiring that users adhere to usage guidelines or restrictions to access the
model or implementing safety filters.

e Datasets that have been scraped from the Internet could pose safety risks. The
authors should describe how they avoided releasing unsafe images.

e We recognize that providing effective safeguards is challenging, and many
papers do not require this, but we encourage authors to take this into account
and make a best faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models),
used in the paper, properly credited and are the license and terms of use explicitly
mentioned and properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

e The answer NA means that the paper does not use existing assets.

e The authors should cite the original paper that produced the code package or
dataset.

e The authors should state which version of the asset is used and, if possible,
include a URL.

e The name of the license (e.g., CC-BY 4.0) should be included for each asset.

e For scraped data from a particular source (e.g., website), the copyright and
terms of service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in
the package should be provided. For popular datasets, paperswithcode.com/
datasets has curated licenses for some datasets. Their licensing guide can
help determine the license of a dataset.
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e For existing datasets that are re-packaged, both the original license and the
license of the derived asset (if it has changed) should be provided.

e If this information is not available online, the authors are encouraged to reach
out to the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the
documentation provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

e The answer NA means that the paper does not release new assets.

e Researchers should communicate the details of the dataset/code/model as part
of their submissions via structured templates. This includes details about
training, license, limitations, etc.

e The paper should discuss whether and how consent was obtained from people
whose asset is used.

e At submission time, remember to anonymize your assets (if applicable). You
can either create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does
the paper include the full text of instructions given to participants and screenshots,
if applicable, as well as details about compensation (if any)?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human
subjects.

Guidelines:

e The answer NA means that the paper does not involve crowdsourcing nor
research with human subjects.

¢ Including this information in the supplemental material is fine, but if the main
contribution of the paper involves human subjects, then as much detail as
possible should be included in the main paper.

e According to the NeurIPS Code of Ethics, workers involved in data collection,
curation, or other labor should be paid at least the minimum wage in the
country of the data collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants,
whether such risks were disclosed to the subjects, and whether Institutional Review
Board (IRB) approvals (or an equivalent approval/review based on the requirements
of your country or institution) were obtained?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human
subjects.

Guidelines:
e The answer NA means that the paper does not involve crowdsourcing nor
research with human subjects.

e Depending on the country in which research is conducted, IRB approval (or
equivalent) may be required for any human subjects research. If you obtained
IRB approval, you should clearly state this in the paper.

e We recognize that the procedures for this may vary significantly between
institutions and locations, and we expect authors to adhere to the NeurIPS
Code of Ethics and the guidelines for their institution.
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e For initial submissions, do not include any information that would break
anonymity (if applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original,
or non-standard component of the core methods in this research? Note that if
the LLM is used only for writing, editing, or formatting purposes and does not
impact the core methodology, scientific rigorousness, or originality of the research,
declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs
as any important, original, or non-standard components.

Guidelines:

e The answer NA means that the core method development in this research does
not involve LLMs as any important, original, or non-standard components.

e Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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Appendix

We begin in Section@ with a brief summary of Pearl’s structural causal models (SCMs),
which induces a topos as shown in the main paper. We give an introduction to categories and
functors in Section [B] Section|[D|gives a brief overview of the theory of sheaves over toposes.
Section [E|defines local set theories, another way to characterize the internal language of a
topos. ection contains an overview of affine CDU and Markov categories, which have
been previously studied as categorical models of causality and probability [Jacobs et al.,
2018, |[Fritz and Klingler} [2023].

A Do-Calculus

We review the notion of a structural causal model (SCM) [Pearl, 2009]]. Succinctly, any
SCM M defines a unique function from exogenous variables to endogenous variables, and
do-calculus models interventions as “sub-functions":

Definition 17. [Pearl,2009] A structural causal model (SCM) is defined as the triple (U, V, F)
where V = {Vy,...,V,} is a set of endogenous variables, U is a set of exogenous variables, F is
aset {fi,..., fu} of “local functions” f; : UU (V \ V;) = V; whose composition induces a unique
function F from U to V.

Definition 18. [Pearl,2009] Let M = (U, V, F) be a causal model defined as an SCM, and X be a
subset of variables in 'V, and x be a particular realization of X. A submodel M, = (U, V,Fy) of M is
the causal model M, = (U, V, F), where F, = {f; : Vi ¢ X} U {X = x}.

Definition 19. Pearl [2009] Let M be an SCM, X be a set of variables in V, and x be a particular
realization of X. The effect of an action do(X = x) on M is given by the submodel M.

Definition 20. [Pearl,[2009] Let Y be a variable in V, and let X be a subset of V. The potential
outcome of Y in response to an action do(X = x), denoted Y. (u), is the solution of Y for the set of
equations Fy.

Galles and Pearl|[1988] propose an axiomatic theory of counterfactuals based on the above
definitions, where the key definition of a counterfactual is given as:

Definition 21. Let Y be a variable in V and let X be a subset of V. The counterfactual sentence
“The value that Y would have obtained had X been set to x” is defined as the potential outcome Y (u).

B Category Theory Background

Figure 3: Categories are collections of objects, with a collection of arrows defined between
each pair. A functor must map both objects and arrows from a domain category into a
co-domain category.

Category theory is perhaps the most transformative rethinking of mathematics since antiquity.
Rather than focus on the internals of an object, like the elements of a set, it focuses on the
arrows or morphisms that define the interactions between objects. Applied to causal models,
it suggests that we can construct languages where individual causal models can be defined
as variables in a logical language with intuitionistic semantics. The Yoneda Lemma, one
of the most celebrated results in pure mathematics of the 20th century, states that objects
are completely defined up to isomorphism purely in terms of their interactions. Applied
to SCMs, its implications are nonetheless startling. SCMs in effect can be defined not just
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Set theory Topos theory
set object
subset subobject
truth values {0, 1} subobject classifier Q
power set P(A) = 24 power object P(A) = Q4
bijection isomorphims
injection monic arrow
surjection epic arrow
singleton set {*} terminal object 1
empty set 0 initial object 0
elements of a set X morphism f:1— X
- functors, natural transformations
- limits, colimits, adjunctions

Figure 4: A topos is a category that generalizes set theory: subsets become subobjects and
the characteristic function for a subset, which is Boolean, turns into a subobject classifier
that may have multiple “degrees of truth".

in terms of their internal structure, but in terms of how they interact with other SCMs in
a category of such objects. Being conditioned to think in terms of internal structure, this
statement may seem counterintuitive. But, as category theory has shown in numerous
cases, such as in algebraic topology May| [1992], we can often understand deep properties of
complex objects such as topological spaces by modeling them as combinatorial objects and
analyzing their interactions.

Our framework builds on the theory of categories, functors, and natural transformations
[MacLane} 1971} Riehl, 2017] (see Figure 3] and Figure ). Many common mathematical
structures — groups, rings, modules, measurable spaces, topological spaces etc. — form
categories. More interesting categories for Al are those associated with compositional
machine learning models, such as deep learning [Fong et al., 2019], where a symmetric
monoidal category Learn is defined that combines an Implement routine that maps an input
A into some output B parameterized by some parameter P, and an Update routine that
given an input-output pair A, B and a parameter P, returns a new parameter P. Causal
models, such as DAGs, structural equation models etc. can be straightforwardly mapped
into categories. We will not define the semantics of categories formally, except to say that
each object x in a category C has an associated identity arrow 1, that maps from x to x, and
that arrows compose, so thatif f:x > yand g: y = z, thengo f: x = z.

The celebrated Yoneda Lemma [MacLane) [1971] states that any set-valued functor F :
C — Sets can be modeled in terms of natural transformations between F and the Yoneda
embedding C(x, —) (or C(—, x)) of a representable functor. In essence the action of a set valued
functor F on an object x is completely determined by its natural transformations with C(—, x).
What are natural transformations? These specify how functors interact, much like how
objects interact through arrows. A remarkable property of category theory is that the set of
all sets is not a set, but the category of all categories is indeed a category, where the arrows
are functors, and the objects are categories.

Definition 22. Given categories C and D, and functors F,G : C — D, a natural transformation
a : F = G is defined by the following data:

o an arrow a. : Fc — Gc in D for each object c € C, which together define the components of
the natural transformation.

e For each morphism f : ¢ — c’, the following commutative diagram holds true:
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ac

Fc > Gc

Ff cf
F¢ ———— Gc'

A natural isomorphism is a natural transformation o : F = G in which every component o is an
isomorphism.

B.1 Yoneda Lemma

The Yoneda Lemma states that the set of all morphisms into an object 4 in a category C,
denoted as Hom¢(—, d) and called the contravariant functor (or presheaf), is sufficient to
define d up to isomorphism. The category of all presheaves forms a category of functors, and
is denoted C = Set®”. The Yoneda lemma plays a crucial role in this paper because it defines
the concept of a universal representation in category theory. We first show that associated
with universal arrows is the corresponding induced isomorphisms between Hom sets of
morphisms in categories. This universal property then leads to the Yoneda lemma.

D(r,r) —3 (e, 5)

\LD(r,f’) \LC(C,Sf/)

D(r,d) —25 C(c, 5d)

As the two paths shown here must be equal in a commutative diagram, we get the property
that a bijection between the Hom sets holds precisely when (r, u : ¢ — Sr) is a universal arrow
from c to S. Note that for the case when the categories C and D are small, meaning their
Hom collection of arrows forms a set, the induced functor Homc(c, S—) to Set is isomorphic
to the functor Homp(r, —). This type of isomorphism defines a universal representation, and
is at the heart of the causal reproducing property (CRP) defined below.

Lemma 2. Yoneda lemma: For any functor F : C — Set, whose domain category C is “locally
small” (meaning that the collection of morphisms between each pair of objects forms a set), any object
cin C, there is a bijection

Hom(C(c,-),F) = Fc

that defines a natural transformation « : C(c, —) = F to the element a.(1.) € Fc. This correspondence
is natural in both c and F.

There is of course a dual form of the Yoneda Lemma in terms of the contravariant functor
C(-, c) as well using the natural transformation C(—,c) = F. A very useful way to interpret
the Yoneda Lemma is through the notion of universal representability through a covariant
or contravariant functor.

Definition 23. A universal representation of an object c € C in a category C is defined as a
contravariant functor F together with a functorial representation C(—,c) = F or by a covariant
functor F together with a representation C(c,—) = F. The collection of morphisms C(—,c) into an
object c is called the presheaf, and from the Yoneda Lemma, forms a universal representation of the
object.

B.2 Universal Properties in Categories

A fundamental principle of category theory is to characterize objects by universal properties.
Take the Cartesian product of two sets. The conventional way to define this product of two
sets is as the set of ordered pairs, one drawn from each set. But this definition does not
specify its universal property. We explain how to define universal properties below, which
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will be essential to understanding a topos. A key distinguishing feature of category theory
is the use of diagrammatic reasoning. However, diagrams are also viewed more abstractly
as functors mapping from some indexing category to the actual category. Diagrams are
useful in understanding universal constructions, such as limits and colimits of diagrams. To
make this somewhat abstract definition concrete, let us look at some simpler examples of
universal properties, including co-products and quotients (which in set theory correspond
to disjoint unions). Coproducts refer to the universal property of abstracting a group of
elements into a larger one.

Before we formally the concept of limit and colimits, we consider some examples. These
notions generalize the more familiar notions of Cartesian products and disjoint unions in the
category of Sets, the notion of meets and joins in the category Preord of preorders, as well
as the least upper bounds and greatest lower bounds in lattices, and many other concrete
examples from mathematics.

Example 1. If we consider a small “discrete” category O whose only morphisms are identity arrows,
then the colimit of a functor ¥ : D — C is the categorical coproduct of ¥ (D) for D, an object of
category D, is denoted as

ColimitpF =| | F(D)
D

In the special case when the category C is the category Sets, then the colimit of this functor is simply
the disjoint union of all the sets F(D) that are mapped from objects D € D.

Example 2. Dual to the notion of colimit of a functor is the notion of limit. Once again, if we
consider a small “discrete” category D whose only morphisms are identity arrows, then the limit of a
functor F : D — C is the categorical product of 7 (D) for D, an object of category D, is denoted as

limitpF = H 7 (D)
D

In the special case when the category C is the category Sets, then the limit of this functor is simply
the Cartesian product of all the sets F(D) that are mapped from objects D € D.

Category theory relies extensively on universal constructions, which satisfy a universal
property. One of the central building blocks is the identification of universal properties
through formal diagrams. Before introducing these definitions in their most abstract form,
it greatly helps to see some simple examples. We can illustrate the limits and colimits in
diagrams using pullback and pushforward mappings.

7z " v x

N

y S5 xuy

An example of a universal construction is given by the above commutative diagram, where
the coproduct object X LI Y uniquely factorizes any two mappingsh: X — Randi:Y — R,
such that any mapping i : Y — R, so that i = r o f, and furthermore i = r o g. Co-products
are themselves special cases of the more general notion of co-limits. Figure [5illustrates
the fundamental property of a pullback, which along with pushforward, is one of the core
ideas in category theory. The pullback square with the objects U, X, Y and Z implies that
the composite mappings g o f” must equal g’ o f. In this example, the morphisms f and g
represent a pullback pair, as they share a common co-domain Z. The pair of morphisms f*, g’
emanating from U define a cone, because the pullback square “commutes” appropriately.
Thus, the pullback of the pair of morphisms f, g with the common co-domain Z is the
pair of morphisms f’, ¢’ with common domain U. Furthermore, to satisfy the universal
property, given another pair of morphisms x, y with common domain T, there must exist
another morphism k : T — U that “factorizes” x, y appropriately, so that the composite

R
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morphisms f’ k = y and ¢’ k = x. Here, T and U are referred to as cones, where U is the limit
of the set of all cones “above” Z. If we reverse arrow directions appropriately, we get the
corresponding notion of pushforward. So, in this example, the pair of morphisms f’, g’
that share a common domain represent a pushforward pair. For any set-valued functor

0 : S — Sets, the Grothendieck category of elements f 6 can be shown to be a pullback in

the diagram of categories. Here, Set, is the category of pointed sets, and 7 is a projection
that sends a pointed set (X, x € X) to its underlying set X.

= ]
f(S L) Set,

bl
S — Set

Figure 5: (Left) Universal Property of pullback mappings. (Right) The Grothendieck
category of elements f 0 of any set-valued functor 6 : S — Set can be described as a pullback

in the diagram of categories. Here, Set. is the category of pointed sets (X, x € X), and 7 is
the “forgetful"” functor that sends a pointed set (X, x € X) into the underlying set X.

We can now proceed to define limits and colimits more generally. We define a diagram F of
shape | in a category C formally as a functor F : ] — C. We want to define the somewhat
abstract concepts of limits and colimits, which will play a central role in this paper in defining
a topos. A convenient way to introduce these concepts is through the use of universal cones
that are over and under a diagram.

For any object ¢ € C and any category J, the constant functor ¢ : | — C maps every object j of
J to c and every morphism f in | to the identity morphisms 1.. We can define a constant
functor embedding as the collection of constant functors A : C — C/ that send each object
c in C to the constant functor at ¢ and each morphism f : ¢ — ¢’ to the constant natural
transformation, that is, the natural transformation whose every component is defined to be
the morphism f.

Definition 24. A cone over a diagram F : | — C with the summit or apex ¢ € C is a natural
transformation A : ¢ = F whose domain is the constant functor at c. The components (A : ¢ — FJ)je;
of the natural transformation can be viewed as its legs. Dually, a cone under F with nadir c is a
natural transformation A : F = ¢ whose legs are the components (A : Fj — ¢)jej.

¢ Fj i s Fk
Fj i s Fk ¢

Cones under a diagram are referred to usually as cocones. Using the concept of cones and
cocones, we can now formally define the concept of limits and colimits more precisely.

Definition 25. For any diagram F : | — C, there is a functor

Cone(—,F) : C? — Set

which sends c € C to the set of cones over F with apex c. Using the Yoneda Lemma, a limit of F is
defined as an object im F € C together with a natural transformation A : im F — F, which can be
called the universal cone defining the natural isomorphism

C(—,lim F) =~ Cone(—, F)
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Dually, for colimits, we can define a functor

Cone(F,—) : C — Set

that maps object ¢ € C to the set of cones under F with nadir c. A colimit of F is a representation
for Cone(F, —). Once again, using the Yoneda Lemma, a colimit is defined by an object ColimF € C
together with a natural transformation A : F — colimF, which defines the colimit cone as the
natural isomorphism

C(colimF, —) =~ Cone(F, —)

Limit and colimits of diagrams over arbitrary categories can often be reduced to the case
of their corresponding diagram properties over sets. One important stepping stone is to
understand how functors interact with limits and colimits.

Definition 26. For any class of diagrams K : ] — C, a functor F : C — D

o preserves limits if for any diagram K : ] — C and limit cone over K, the image of the cone
defines a limit cone over the composite diagram FK : | — D.

o reflects limits if for any cone over a diagram K : ] — C whose image upon applying F is a
limit cone for the diagram FK : | — D is a limit cone over K

e creates limits if whenever FK : | — D has a limit in D, there is some limit cone over FK
that can be lifted to a limit cone over K and moreoever F reflects the limits in the class of
diagrams.

To interpret these abstract definitions, it helps to concretize them in terms of a specific
universal construction, like the pullback defined above ¢” — ¢ « ¢” in C. Specifically, for
pullbacks:

¢ A functor F preserves pullbacks if whenever p is the pullback of ¢’ — ¢ < ¢” inC,
it follows that Fp is the pullback of F¢" — Fc « Fc” in D.

e A functor F reflects pullbacks if p is the pullback of ¢’ — ¢ « ¢” in C whenever Fp
is the pullback of F¢" — Fc « Fc¢” in D.

o A functor F creates pullbacks if there exists some p that is the pullback of ¢ — ¢ « ¢”
in C whenever there exists a d such that d is the pullback of F¢’ — Fc « Fc” in F.

B.3 Symmetric Monoidal Categories

Categorical models of causality [Fong| 2012} Fritz and Klingler| 2023, [Jacobs et al., 2018,
Mahadevan), 2023]] are usually defined over symmetric monoidal categories, which we
briefly review now [MacLane) (1971} Richter, 2020].

Definition 27. A monoidal category is a category C together with a functor ® : C X C — C, an
identity object e of C and natural isomorphisms a, A, p defined as:

ac,,6,,0 1 C1®(C2®Cs) (C1®C) 0y,
Ac:e®C C,
p:C®e = (,

IR

IR

1

The natural isomorphisms must satisfy coherence conditions called the “pentagon" and
“triangle" diagrams [MacLane} [1971]. An important result shown in [MacLane}|1971] is that
these coherence conditions guarantee that all well-formed diagrams must commute. There
are many natural examples of monoidal categories, the simplest one being the category of
finite sets, termed FinSet in [Fritz| [2020], where each object C is a set, and the tensor product
® is the Cartesian product of sets, with functions acting as arrows. Deterministic causal
models can be formulated in the category FinSet. Other examples include the category of
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sets with relations as morphisms, and the category of Hilbert spaces [Heunen and Vicary,
2019]. Markov categories [Fritz and Klingler, |2023]] are monoidal categories, where the
identity element e is also a terminal object, meaning there is a unique “delete" morphism
d. : X — eassociated with each object X. [Fritz,|2020] shows they form a unifying foundation
for probabilistic and statistical reasoning.

Definition 28. A symmetric monoidal category is a monoidal category (C,®, ¢, a, A, p) together
with a natural isomorphism

TC,Cy - Ci1®C, =Gy, fOT all objects C1,GC

where 7T satisfies the additional conditions: for all objects C1, Ca Tc,c, © Tc,c, = 1eysc,, and for all
objects C, pc = Acotce: C®e =C.

An additional hexagon axiom is required to ensure that the 7 natural isomorphism is
compatible with a. The 7 operator is called a “swap" in Markov categories [Fritz, 2020].
In most cases of interest in Al, the symmetric monoidal categories are enriched over some
convenient base category V, including vector spaces, or preorders such as the unit interval
[0, 1], where the unique morphism from a — b exists if and only ifa < b. 5

Definition 29. A V-enriched category consists of a regular category C, such that for each pair of
objects x and y in C, the morphisms C(x, y) € V, often referred to as a V-hom object. For the case
when (calV, <, ®,1) is a commutative monoidal preorder, we have the following conditions

o 1 <C(x,x)

e C(y,2)®C(x,y) < C(x,2)

B.4 Topos Category

To help build intuition for a topos, let’s understand why sets are special as a category. They
have all limits and colimits, meaning that one can always construct the categorical product
of two sets as the Cartesian product, and the disjoint union as the coproduct. They have all
pullbacks, which are commutative diagrams that define in essence a categorical definition of
products and coproducts. In terms of the Yoneda Lemma, a universal property is either an
initial or final property in a category of diagrams (functors). The product is the final object
in a category of diagrams, and the coproduct is the initial object. Every concept in category
theory essentially reduces down to these simple notions. Sets also have exponential objects:
the set of all functions between two sets is once again a set! They also have a subobject
classifier: each set has subsets, defining its parts, which correspond to a characteristic
function that evaluates to true for elements in the subset. Topos theory generalizes all these
properties to categories. It is important to causal inference because a causal intervention
defines a subobject of an arbitrary object. A causal intervention on an SCM produces a
subobject of that SCM object.

To define a topos, we need to go through a few more definitions.

Definition 30. An object x in a category C is called initial if there is a unique morphism f : x — y
to every other object y in the category. Dually, an object is called final if there is a unique morphism
f:y— xintox.

In the category Sets, the null or empty set 0 is the initial and the single element set {+} is the
final object. From an empty set, there is only one function possible to any other set, namely
the empty function. From any set there is exactly one function into the single element set.
A topos generalizes the property of subobject classifiers in Sets. Given any subset S C X,
we can define S as the monic arrow S — X defined by the inclusion of S in X, or as the
characteristic function ¢g that is equal to 1 for all elements x € X that belong to S, and takes
the value 0 otherwise. We can define the set 2 = {0, 1} and treat true as the inclusion {1} in 2.
The characteristic function ¢s can then be defined as the pullback of true along ¢s.
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We can now define subobject classifiers in a category C as follows.

Definition 31. In a category C with finite limits, a subobject classifier is @ monic arrow
true : 1 — Q, such that to every other monic arrow S — X in C, there is a unique arrow ¢ that
forms the following pullback square:

wn
~
uy

This definition can be rephrased as saying that the subobject functor is representable. In

other words, a subobject of an object x in a category C is an equivalence class of monic
arrows m: S < x.

Definition 32. A topos is a category & with

1. A pullback for every diagram X — B « Y.
2. A terminal object 1.

3. An object Q and a monic arrow true : 1 — Q such that any monic m : S — B, there is a
unique arrow ¢ : B — Q in & for which the following square is a pullback:

n
~-

4. To each object x an object Px and an arrow €y : x X Px — Q) such that for every arrow

fixxy — Q, there is a unique arrow g : y — Px for which the following diagrams
commute:

y XXy ! > Q
l l

18 Ixg

1 1 )

Px xXPx —————3% 0O

Let us understand these definitions in the category of Sets. Clearly, the single point set {e}
is a terminal object for Sets, because there is a unique function from any set S to a single
element set o, and the categorical product of two sets A X B is just the Cartesian product.
Furthermore, given two sets A and B, we can define B” as the exponential object representing

the set of all functions f : A — B. We can define exponential objects in any category more
generally as follows.

Definition 33. Given any category C with products, for a fixed object x in C, we can define the
functor
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Figure 6: Causal models over arbitrary directed graphs define a topos. The subobject
classifier is illustrated on the right.

xX—:—>C

If this functor has a right adjoint, which can be denoted as

=)y:c—>C

then we say x is an exponentiable object of C.

Definition 34. A category C is Cartesian closed if it has finite products (which is equivalent to
saying it has a terminal object and binary products) and if all objects in C are exponentiable.

B.5 The Topos of Causal Graphs

To begin with a relatively elementary construction involving sheaves, Figure|[f|illustrates
how directed graphs, widely used in causal modeling, can be modeled as a topos that only
has two objects: a generic “vertex" object V, representing an abstract causal variable, and a
generic “edge" object E, denoting an abstract causal path. Any actual graph, such as the two
shown in the figure, are covariant functors from Cr, the graph topos, to the actual graphs
(we can treat graphs equivalently as contravariant functors by reversing the edges from V
to E). Sample object mappings of V for the two graphs are shown. For the topos category
Cr, the “representable functor” is defined as the presheaf Cr(—, c) for each object ¢ in the
category I', which means the set of all morphisms going info object c. Let us calculate the
representable functors for the topos of graphs Cr. Since Cr has only two objects, V and E,
the representable functors are given as the sets:

CF(_I V)/ Cr(_, E)

Since Cr has no arrows from object E to object V, we can easily check that the representable
functor Cr(—, V) is given as:

Cr(V,V)={lv}, Cr(E,V)=0

where 1y is the self-loop arrow that maps object V to itself. On the other hand, the
representable functor Cr(—, E) is defined as:

Cr(V,E) ={s,t}, Cr(E E) = {1g}

Additional details, like constructing exponential objects H® for the Cr category, are given
in [[Vigna| 2003]]. For the subobject classifier, the idea is as follows. For any causal model
N represented as a submodel of a more complex causal model M, defined by a monic
arrow m : N < M, the generalization of the usual set-theoretic characteristic function is the
classifying map x, : N — Q. As in Theorem 3] Q) is not Boolean, but has multiple “degrees
of truth” (see Figure|6):

1. Causal variables not in N are mapped to Oy.
2. Causal variables in N are mapped to V.
3. If an edge is not in N, four cases emerge:
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(@) An arc whose source and target are not in N is mapped to Og.
(b) An arc whose source is in N, but target is not, is mapped to an edge s.
(c) An arc whose target is in N, but source is not, is mapped to an edge ¢.

(d) An arc having both source and target in N is mapped to (i)ﬂ

C Simplicial Sets: Higher-Order Categories

Simplicial sets are higher-dimensional generalizations of directed graphs, partially ordered
sets, as well as regular categories themselves. Importantly, simplicial sets and simplicial
objects form a foundation for higher-order category theory. Simplicial objects have long
been a foundation for algebraic topology, and more recently in higher-order category theory.
The category A has non-empty ordinals [n] = {0, 1, ..., n] as objects, and order-preserving
maps [m] — [n] as arrows. An important property in A is that any many-to-many mapping
is decomposable as a composition of an injective and a surjective mapping, each of which
is decomposable into a sequence of elementary injections 6; : [n] — [n + 1], called coface
mappings, which omits i € [n], and a sequence of elementary surjections g; : [n] — [n —1],
called co-degeneracy mappings, which repeats i € [n]. The fundamental simplex A([#]) is
the presheaf of all morphisms into [n], that is, the representable functor A(—,[n]). The
Yoneda Lemma assures us that an n-simplex x € X, can be identified with the corresponding
map A[n] — X. Every morphism f : [n] — [m] in A is functorially mapped to the map
A[m] - A[n]in S.

Any morphism in the category A can be defined as a sequence of co-degeneracy and co-face
operators, where the co-face operator 6; : [n — 1] — [n],0 < i < n is defined as:

P for 0<j<i-1
51(])—{ j+1 fori<j<n-1

Analogously, the co-degeneracy operator o; : [ + 1] — [n] is defined as
T for 0<k<j
Of(k)_{k—l for j<k<n+1

Note that under the contravariant mappings, co-face mappings turn into face mappings,
and co-degeneracy mappings turn into degeneracy mappings. That is, for any simplicial
object (or set) X, we have X(6;) := d; : X;; = X,-1, and likewise, X(0;) = s; : X;-1 — X,

The compositions of these arrows define certain well-known properties May|[1992], [Richter
[2020]:

6j0(5,‘ = (3[0(3]‘_1, l<]
0jo0; = 0;00j41, I<]
0;©0j+1, for i<j
gj00i(j) = { 11 for i=j,j+1
oirpoojfori>j+1

Example 3. The “vertices” of a simplicial object C,, are the objects in C, and the “edges” of C are its
arrows f : X — Y, where X and Y are objects in C. Given any such arrow, the degeneracy operators
dof = Yanddif = X recover the source and target of each arrow. Also, given an object X of category
C, we can regard the face operator soX as its identity morphism 1x : X — X.

Example 4. Given a category C, we can identify an n-simplex o of a simplicial set C, with
the sequence:
o=CLabd. L,

the face operator dy applied to o yields the sequence

dQG:C1£>C2£>...i>Cn
where the object Cy is “deleted” along with the morphism fy leaving it.

2(5): V+V — Eis a map defined by the universal property of coproducts.
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Example 5. Given a category C, and an n-simplex o of the simplicial set C,,, the face operator d,,
applied to o yields the sequence

dnG:CO £>C1 2) E) Cn—l
where the object C, is “deleted” along with the morphism f, entering it. Note this face operator can
be viewed as analogous to interventions on leaf nodes in a causal DAG model.

Example 6. Given a category C, and an n-simplex o of the simplicial set C, the face operator
d;, 0 < i < n applied to ¢ yields the sequence

diCT = CO i) C1 E> ---Ci—l
where the object C; is “deleted” and the morphisms f; is composed with morphism fi1. Note that this
process can be abstractly viewed as intervening on object C; by choosing a specific value for it (which
essentially “freezes” the morphism f; entering object C; to a constant value).

Tk e e,

Example 7. Given a category C, and an n-simplex o of the simplicial set C,, the degeneracy operator
s;,0 < i < napplied to o yields the sequence

f

f 2 1 fir1 fu
SiG=C0—>C1—>...Ci i .

_1>C _)C1'+1...—>Cn

where the object C; is “repeated” by inserting its identity morphism 1c,.

Definition 35. Given a category C, and an n-simplex ¢ of the simplicial set C,, 0 is a degenerate
simplex if some f; in o is an identity morphism, in which case C; and C;,q are equal.

Simplicial Subsets and Horns

We now describe more complex ways of extracting parts of categorical structures using
simplicial subsets and horns. These structures will play a key role in defining suitable lifting
problems.

Definition 36. The standard simplex A" is the simplicial set defined by the construction
(Im] € A) = Homy([m], [1])

By convention, A := (. The standard 0-simplex A° maps each [n] € A to the single element set
{e}.

Definition 37. Let S, denote a simplicial set. If for every integer n > 0, we are given a subset
T, € Sy, such that the face and degeneracy maps

di Sy = Sp-1 8i 1Sy — Sun

applied to T, result in
di:Ty = Th1 5i:Th = Tun
then the collection {T,},»0 defines a simplicial subset T, C S,
Definition 38. The boundary is a simplicial set (JA") : A% — Set defined as

(@A")([m]) = {a € Homu([m], [1]) : « is not surjective}

Note that the boundary JA" is a simplicial subset of the standard n-simplex A”.
Definition 39. The Horn A" : A% — Set is defined as

(AD([m]) = {a € Homy([m], [n]) : [n] £ a([m]) U {i}}

Intuitively, the Horn A can be viewed as the simplicial subset that results from removing
the interior of the n-simplex A" together with the face opposite its ith vertex.

Consider the problem of composing 1-dimensional simplices to form a 2-dimensional
simplicial object. Each simplicial subset of an n-simplex induces a a horn A, where 0 < k < n.
Intuitively, a horn is a subset of a simplicial object that results from removing the interior of
the n-simplex and the face opposite the ith vertex. Consider the three horns defined below.

The dashed arrow --> indicates edges of the 2-simplex A? not contained in the horns.
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The inner horn A is the middle diagram above, and admits an easy solution to the “horn
filling” problem of composing the simplicial subsets. The two outer horns on either end
pose a more difficult challenge. For example, filling the outer horn AZ when the morphism
between {0} and {1} is f and that between {0} and {2} is the identity 1 is tantamount to
finding the left inverse of f up to homotopy. Dually, in this case, filling the outer horn A% is
tantamount to finding the right inverse of f up to homotopy. A considerable elaboration of
the theoretical machinery in category theory is required to describe the various solutions
proposed, which led to different ways of defining higher-order category theory Boardman
and Vogt|[[1973]], Joyal [2002], [Lurie| [2009].

Higher-Order Categories

We now formally introduce higher-order categories, building on the framework proposed
in a number of formalisms. We briefly summarize various approaches to the horn filling
problem in higher-order category theory.

Definition 40. Let f : X — S be a morphism of simplicial sets. We say f is a Kan fibration if, for
eachn > 0, and each 0 < i < n, every lifting problem.

Al s X

L7

J A

admits a solution. More precisely, for every map of simplicial sets oo : A! — X and every n-simplex
G : A" — Sextending f o oo, we can extend oy to an n-simplex o : A" — X satisfying f o0 = 6.

Example 8. Given a simplicial set X, then a projection map X — A° that is a Kan fibration is called
a Kan complex.

Example 9. Any isomorphism between simplicial sets is a Kan fibration.
Example 10. The collection of Kan fibrations is closed under retracts.

Definition 41. |[Lurie|[2009] An co-category is a simplicial object So which satisfies the following
condition:

e For 0 < i < n, every map of simplicial sets oo : A' > S. can be extended to a map
o:A"— S,

This definition emerges out of a common generalization of two other conditions on a
simplicial set S;:

1. Property K: For n > 0 and 0 < i < n, every map of simplicial sets oo : A} — S, can
be extended toamap 0 : A" — S;.

2. Property C: for 0 < 1 < n, every map of simplicial sets g : A! — S; can be extended
uniquely toamap o : A" — S;.

Simplicial objects that satisfy property K were defined above to be Kan complexes. Simplicial
objects that satisfy property C above can be identified with the nerve of a category, which
yields a full and faithful embedding of a category in the category of sets. definition [4__;]
generalizes both of these definitions, and was called a quasicategory in|Joyal|[2002] and wea
Kan complexes in[Boardman and Vogt|[1973] when C is a category. We will use the nerve of a
category below in defining homotopy colimits as a way of characterizing a causal model.
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Example: Simplicial Objects over Causal String Diagrams

We now illustrate the above formalism of simplicial objects by illustrating how it applies to
the special case where causal models are defined over symmetric monoidal categories Fong
[2012], [Jacobs et al|[2018]], Fritz and Klingler|[2023]. For a detailed overview of symmetric
monoidal categories, we recommend the book-length treatment by |Fong and Spivak|[2018].
Symmetric monoidal categories (SMCs) are useful in modeling processes where objects can
be combined together to give rise to new objects, or where objects disappear. For example,
Coecke et al.|[2016] propose a mathematical framework for resources based on SMCs. We
focus on the work of Jacobs et al.|[2018]. It is important to point out that monoidal categories
can be defined as a special type of Grothendieck fibration Richter| [2020]. We discuss one
specific case of the general Grothendieck construction in the next section construction, and
refer the reader to|Richter| [2020] for how the structure of monoidal categories itself emerges
from this construction.

Our goal in this section is to illustrate how we can define simplicial objects over the SMC
category CDU category Syn¢ constructed by Jacobs et al.| [2018] to mimic the process of
working with an actual Bayesian network DAG G For the purposes of our illustration, it
is not important to discuss the intricacies involved in this model, for which we refer the
reader to the original paper. In particular, we can solve an associated lifting problem that
is defined by the functor mapping the simplicial category A to their SMC category. They
use the category of stochastic matrices to capture the process of working with the joint
distribution as shown in the figure. Instead, one can use some other category, such as the
category of Sets, or Top (the category of topological spaces), or indeed, the category Meas
of measurable spaces.

Recall that Bayesian networks |Pearl| [2009] define a joint probability distribution
P(Xi, ..., Xy) = [ [ POXilPa(x)],
i=1

where Pa(X;) C {Xj,..., X,} \ X; represents a subset of variables (not including the variable
itself). |Jacobs et al|[2018] show Bayesian network models can be constructed using
symmetric monoidal categories, where the tensor product operation is used to combine
multiple variables into a “tensored” variable that then probabilistically maps into an output
variable. In particular, the monoidal category Stoch has as objects finite sets, and morphisms
f A — B are |B| X |A| dimensional stochastic matrices. Composition of stochastic matrices
corresponds to matrix multiplication. The monoidal product ® in Stoch is the cartesian
product of objects, and the Kronecker product of matrices f ® g. [Jacobs et al.[[2018] define
three additional operations, the copy map, the discarding map, and the uniform state.

Definition 42. A CDU category (for copy, discard, and uniform) is a SMC category (C, ®, I), where
each object A has a copy map Ca : A = A® A, and discarding map Dy : A — I, and a uniform
state map U, : I — A, satisfying a set of equations detailed in|[acobs et al.|[2018|l. CDU functors are
symmetric monoidal functors between CDU categories, preserving the CDU maps.

The key theorem we are interested in is the following from the original paper |Jacobs et al.
[2018]:

Theorem 9. There is an isomorphism (1-1 correspondence) between Bayesian networks based on a
DAG G and CDU functors F : Syng — Stoch.

Nerve of a Category

The nerve of a category C enables embedding C into the category of simplicial objects, which
is a fully faithful embedding |[Lurie| [2009], Richter|[2020].

Definition 43. Let ¥ : C — D be a functor from category C to category D. If for all arrows f the
mapping f — Ff

e injective, then the functor F is defined to be faithful.
e surjective, then the functor ¥ is defined to be full.
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e Dbijective, then the functor F is defined to be fully faithful.
Definition 44. The nerve of a category C is the set of composable morphisms of length n, for n > 1.
Let N,,(C) denote the set of sequences of composable morphisms of length n.

{C, £> C & i> Cy | C; is an object in C, f; is a morphism in C}

The set of n-tuples of composable arrows in C, denoted by N, (C), can be viewed as a
functor from the simplicial object [11] to C. Note that any nondecreasing map « : [m] — [n]
determines a map of sets N,,(C) — N,,(C). The nerve of a category C is the simplicial set
N. : A = N,,(C), which maps the ordinal number object [1] to the set N,(C).

The importance of the nerve of a category comes from a key resultRichter| [2020], showing it
defines a full and faithful embedding of a category:

Theorem 10. The nerve functor N, : Cat — Set is fully faithful. More specifically, there is a
bijection O defined as:
0 : Cat(C,C’) — Seta(N.(C),N.(C’)

Using this concept of a nerve of a category, we can now state a theorem that shows it
is possible to easily embed the CDU symmetric monoidal category defined above that
represents Bayesian Networks and their associated “string diagram surgery” operations for
causal inference as a simplicial set.

Theorem 11. Define the nerve of the CDU symmetric monoidal category (C, ®, I), where each
object A has a copy map Cp : A — A® A, and discarding map D, : A — 1, and a uniform state
map Ua : 1 — A as the set of composable morphisms of length n, for n > 1. Let N,(C) denote the set
of sequences of composable morphisms of length n.

{C, i) C £> £> Cn | C; is an object in C, f; is a morphism in C}

The associated nerve functor N, : Cat — Set from the CDU category is fully faithful. More
specifically, there is a bijection O defined as:

0 : Cat(C,C’) — Seta(N.(C),N.(C")

This theorem is just a special case of the above theorem attesting to the full and faithful
embedding of any category using its nerve, which then makes it a simplicial set. We can
then use the theoretical machinery at the top layer of the UCLA architecture to manipulate
causal interventions in this category using face and degeneracy operators as defined above.

Note that the functor G from a simplicial object X to a category C can be lossy. For example,
we can define the objects of C to be the elements of X, and the morphisms of C as the
elements f € X;, where f :a = b, and dof = a, and d1f = b, and spa,a € X as defining the
identity morphisms 1,. Composition in this case can be defined as the free algebra defined
over elements of X, subject to the constraints given by elements of X,. For example, if
x € Xp, we can impose the requirement that dix = dox o dox. Such a definition of the left
adjoint would be quite lossy because it only preserves the structure of the simplicial object
X up to the 2-simplices. The right adjoint from a category to its associated simplicial object,
in contrast, constructs a full and faithful embedding of a category into a simplicial set. In
particular, the nerve of a category is such a right adjoint.

Topological Embedding of Simplicial Sets

Simplicial sets can be embedded in a topological space using coends|MacLane|[1971], which
is the basis for a popular machine learning method for reducing the dimensionality of data
called UMAP (Uniform Manifold Approximation and Projection) Mclnnes et al. [2018].

Definition 45. The geometric realization |X| of a simplicial set X is defined as the topological
space

IX| = I_IanA”/ ~

n>0
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where the n-simplex X,, is assumed to have a discrete topology (i.e., all subsets of X,, are open sets),
and A" denotes the topological n-simplex

A= {(po,.,pw) ER™0<pi<1, ) pi=1
i

The spaces A", n > 0 can be viewed as cosimplicial topological spaces with the following degeneracy
and face maps:

Oi(to, ..., ty) = (to,...,i’,'_l,O,ti,...,i’n)fOVO <i<n

O'j(t(),...,tn) = (to,...,t]'+tj+1,...,tn)f07’()$i§1’l
Note that §; : R" — R"*!, whereas o; : R" — R"™.

The equivalence relation ~ above that defines the quotient space is given as:
(di(x), (to, . . ., tn)) ~ (x,6i(to, . . ., tn))
(sj(x), (to, - - - , tn)) ~ (x,0(to, - - ., tn))

D Sheaves and Toposes: Categories of Functors

A general way to construct a topos category is through covariant Yoneda embeddings

X:C—- SetC, or contravariant Yoneda embeddings & : C — Set®”. In simpler terms,
each object x in the category C is either mapped to the functor C(x,—) : C — Sets or
C(—,x) : C? — Sets. These structures are called presheaves or copresheaves. To construct
a proper sheaf, we need to include an additional condition that is illustrated in Figure [/}
The sheaf condition plays an important role in many applications of machine learning,
from dimensionality reduction [McInnes et al.|,[2018] to causal inference [Mahadevan), 2023].
Mac Lane and Moerdijk|[1992] provides an excellent overview of sheaves and topoi, and
how remarkably they unify much of mathematics, from geometry to logic and topology. For
causal inference, the structure of causality shapes the arrows in a causal model, such as a
Markov category, and that imposes a Grothendieck topology with an associated internal
logic. Logic and causality are interwoven in ths sense.

Figure[7|gives two concrete examples of sheaves (in both cases, these are enriched sheaves).
In a minimum cost transportation problem, say reinforcement learning [Bertsekas}2019], any
optimal solution has the property that any restriction of the solution must also be optimal.
In RL, this sheaf principle is codified by the Bellman equation, and leads to the fundamental
principle of dynamic programming [Bertsekas| [2019]. Consider routing candy bars from
San Francisco to New York city. If the cheapest way to route candy bars is through Chicago,
then the restriction of the overall route to the (sub) route from Chicago to New York City
must also be optimal, otherwise it is possible to find a shortest overall route by switching
to a lower cost route. Similarly, in function approximation with real-valued functions
F:C — R, where C is the category of topological spaces, the (sub)functions F(A), F(B) and
F(C) restricted to the open sets A, B and C must agree on the values they map the elements
in the intersections AN B, ANC, AN BN C and so on.

Sheaves can be defined over arbitrary categories, and we introduce the main idea by focusing
on the category of sheaves over Sets.

Definition 46. [Mac Lane and Moerdijk, 1992] A sheaf of sets F on a topological space X is a
functor F : O% — Sets such that each open covering U = | J; U;, i € I of an open set O of X yields
an equalizer diagram

FUS Hpui f; HF(U,- nuj)
i 1T 7
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Figure 7: Two applications of sheaf theory in Al (top) minimizing travel costs in weighted
graphs satisfies the sheaf principle, one example of which is the Bellman optimality principle
in reinforcement learning [Bertsekas, 2019] (bottom): Approximating a function over a
topological space must satisty the sheaf condition.
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The above definition succinctly generalizes the idea in SCMs of combining local functions to
get a unique global function.

Definition 47. The category Sh(X) of sheaves over a space X is a full subcategory of the functor
category Sets?X)”,

D.1 Grothendieck Topologies

We can generalize the notion of sheaves to arbitrary categories using the Yoneda embedding
& (x) = C(—, x). We explain this generalization in the context of a more abstract topology
on categories called the Grothendieck topology defined by sieves. A sieve can be viewed as a

subobject S C % (x) in the presheaf Sets””, but we can define it more elegantly as a family of
morphisms in C, all with codomain x such that
feS= foges

Figureillustrates the idea of sieves. A simple way to think of a sieve is as a right ideal. We
can define that more formally as follows:

Definition 48. If S is a sieve on x, and h : D — x is any arrow in category C, then

() = g | cod(g) = D, hg € S

Definition 49. [Mac Lane and Moerdijk,[1992] A Grothendieck topology on a category C is a
function | which assigns to each object x of C a collection J(x) of sieves on x such that

1. the maximum sieve ty = {f|cod(f) = x} is in [(x).
2. If S € J(x) then h*(S) € J(D) for any arrow h : D — x.
3. If S € J(x) and R is any sieve on x, such that h*(R) € (D) for all h : D — x, then R € J(C).

36



Figure 8: Sieves are subobjects of of X(x) Yoneda embeddings of a category C, which
generalizes the concept of sheaves over sets in Figure

Sieves are subobjects of

————— -»C)\ Yoneda embeddings

We can now define categories with a given Grothendieck topology as sites.

Definition 50. A site is defined as a pair (C, ]) consisting of a small category C and a Grothendieck
topology J on C.

An intuitive way to interpret a site is as a generalization of the notion of a topology on a
space X, which is defined as a set X together with a collection of open sets O(X). The sieves
on a category play the role of “open sets".

D.2 Mitchell-Bénabou Language

We define the Mitchell-Bénabou language (MBL), a typed local set theory (see Section
associated with a causal topos. Given the topos category Cq, we define the types of MBL as
causal model objects M of Cq. For each type M (e.g., an SCM), we assume the existence of
variables xy, Y, . .., where each such variable has as its interpretation the identity arrow
1: M — M. We can construct product objects, such as A X B x C, where terms like ¢ that
define arrows are given the interpretation 0 : A X B X C — D. We can inductively define the
terms and their interpretations in a topos category as follows (see [Mac Lane and Moerdijk,
1992] for additional details):

e Each variable xy; of type M is a term of type M, and its interpretation is the identity
xm=1: M — M (e.g., M may be an SCM or a causal model on a Markov category).

e Terms o and 7 of types C and D that are interpreted aso : A = Cand 7 : B — D can
be combined to yield a term (o, 7) of type C x D, whose joint interpretation is given
as

(op,1q): X - CxD

where X has the required projectionsp: X - Aandg: X — B.

e Terms o : A — Band 7 : C — B of the same type B yield a term ¢ = 7 of type Q,
interpreted as

{op,q)

G=1:WL%BxB%Q

where 6p is the characteristic map of the diagonal functor AB — B x B. These
diagonal maps correspond to the “copy" procedure in Markov categories [Fritz,
2020].

e Arrows f: A — Band aterm o : C — A of type A can be combined to yield a term
f o o of type B, whose interpretation is naturally a composite arrow:

foo:CiALB
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e For exponential objects, terms 0 : A — B¢ and ¢ : D — C of types B and C,
respectively, combine to give an “evaluation” map of type B, defined as

0(c): W— B xC> B

where e is the evaluation map, and W defines a map (6p, 0g), where once again
p: W — Aandg: W — D are projection maps.

e Terms 0 : A — Band 7: D — QF combine to yield a term o € 7 of type Q, with the
following interpretation:

cet: W By B S 0

¢ Finally, we can define local functions as A objects, such as

Axco: A — B

where x¢ is a variable of type Cand o0 : CX A — B.

We combine terms «, 8 etc. of type Q using logical connectives A,V,=, -, as well as
quantifiers, to get composite terms, where each of the logical connectives is now defined
over the subobject classifier Q.

o A:Qx Q) — Qisinterpreted as the meet operation in the partially ordered set of
subobjects (given by the Heyting algebra).

e V:QxQ — Qisinterpreted as the join operation in the partially ordered set of
subobjects (given by the Heyting algebra). This operation gives the definition of a
disjunction of two properties.

e =: O x QO — Qis interpreted as an adjoint functor, as defined previously for a
Heyting algebra. Thus, the property of implication over SCMs is modeled as an
adjoint functor.

We can combine these logical connectives with the term interpretation as arrows, relegating
some details to [Mac Lane and Moerdijk} [1992]. We now turn to the Kripke-Joyal semantics
of this language.

D.3 Kripke-Joyal Semantics for a Causal Topos

We now define the Kripke-Joyal semantics for the Mitchell-Bénabou language of a causal
topos. Any free variable x must have some causal model X of Cq, as its type. For any causal
model M in Cq, define a generalized element as a morphism a : N — M. To understand this
definition, note that we can define an element of a causal model by the morphism x : 1 — M.
Thus, a generalized element @ : N — M represents the “stage of definition" of M by N. We
specify the semantics of how an SCM N supports any formula ¢(a), denoted by N I ¢(a),
as follows:
N ¢(a) ifand only if Im a < {x|p(x)}

Stated in the form of a commutative diagram, this “forcing" relationship holds if and only if
a factors through {x|¢(x)}, where x is a variable of type M (recall that objects M of a topos
form its types), as shown in the following commutative diagram.

()} ———— 1
21

- True

N/ s M o) . Q

The concept of “forcing" is generalized from set theory [Mac Lane and Moerdijk}1992].
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This diagram provides an interesting way to define causal interventions in a causal topos,
because it defines submodels of M. Building on this definition, if a, § : N — M are parallel
arrows, we can give semantics to the formula a = § by the following statement:

N v m & 0

following the definitions in the previous section for the composite (o, f) and 6x in the
Mitchell-Bénabou language. We can extend the previous commutative diagram to show
that U  a =  holds if and only if («, f) factors through the diagonal map A:

M———-1

P
e
7
7 A True
7
7
7
7

N/m—ﬁ))MXML)Q

e Monotonicity: If U I ¢(x), then we can pullback the interpretation
through any arrow f : U’ — U in a topos C to obtain U’ I ¢(a o f).

o)} ———— 1

-7
_--1x
P //
-
_-" il True
- 7
- s
- 7
- 7
¢

e Local character: Analogously, if f : U’ — U is an epic arrow, then from U’ I+ ¢p(aro f),
we can conclude U I ¢(x).

Theorem 12. If o : N — M is a generalized element of causal model M, and ¢(x) and (x) are
formulas with a free variable x of type M, we can conclude that

1. N - ¢p(a) A P(a) holds if N + p(ar) and N - P(a).

2. N Ir ¢(x) V Y(x) holds if there are morphisms p : O — N and q : P — N such that
p+q:N+ O — Misan epic arrow, and N I+ ¢(ap) and O I p(ag).

3. N I+ ¢(a) = Y(a) if it holds that for any morphism p : N — M, where N I+ p(ap), the
assertion N I ¢(ap) also holds.

4. N I+ =¢(a) holds if whenever the morphism p : M — N satisfies the property N I+ ¢(ap),
then N = 0.

5. M v d¢(x, y) holds if there exists an epic arrow p : N — M and generalized elements
B :V — Y such that M + ¢(ap, B).

6. M+ Yyo(x, y) holds if for every structural causal model N, and every arrowp : N — M,
and every generalized element f : N — O, it holds that V + ¢(ap, B).

Proof: The proof follows readily from the general result on Kripke-Joyal semantics for the
Mitchell-Bénabou languages of any topos [Mac Lane and Moerdijk, [1992] The Kripke-Joyal
semantics takes on a simpler form when using a Grothendieck topology on a topos, and we
postpone the details to the Supplementary Materials. m]

D.4 Kripke-Joyal Semantics for Sheaves

In the main paper, we introduced Kripke-Joyal semantics for any topos. These semantics
can be specialized to a topos equipped with a Grothendieck topology, that is a site. This
specialized structure captures how causal inference is woven in the fabric of the internal
logic of a causal topos. Define Sh(C, J) be a topos of sheaves with a specified Grothendieck
topology , defined by the following diagram:

CSPC)S shC, ) =C
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where we know that the Yoneda embedding J creates a full and faithful copy of the
original category C. Let us define the semantics for a sheaf element a € X(C), where
X(C) = sh(C, J)(C(—, C), X)). Since we know that {x|¢(x)} is a subsheaf, and given an arrow

:D — Cof C, and a € X(C), then if a is one of the elements that satisfies the property
that {x|¢p(x)}, the monotonicity property stated above implies that a o f € {x|¢p(x)}(D) € X(D).
Also, the local character condition stated above implies that if {f; : C; — C} is a cover in the
Grothendieck topology J such that Cj| I ¢(a o f;) for all 7, then C I ¢(a).

With these assumptions, we can restate the Kripke-Joyal semantics for the topos category of
sheaves as follows:

1. C i ¢(a) A () if it holds that C I ¢(a) and C I y(a).

2. C I ¢(a)V (a)if there is a covering {f; : C; — C} such that for each i, either C; I p(a)
or C; IF P(a).

3. Cir¢p(a) = Y(a)ifforall f: D — C,and D I ¢(a o f), it holds that D - P(a o f).

4. C I+ =¢(a) holds if for all arrows f : D — Cin C, if D I+ ¢(a o f) holds, then the
empty family is a cover of D.

5. C I+ dy ¢(x, y) holds if there is a covering {f; : C; — C} and elements f; € Y(C;) such
that C; - ¢(a o f;, i) holds for each i.

6. Finally, for universal quantification, C I+ Yy ¢(x, y) holds if for all arrows f : D — C
in the category C, and all § € Y(D), it holds that D I ¢(a o f, ).

Summarizing this somewhat long introduction to category theory, we defined the basic
notion of a category and functor, introduced natural transformations and the Yoneda Lemma,
and then defined a topos. We then showed that we can define a topology on the presheafs
constructed through Yoneda emebddings to give us a topos equipped with a topology. This
structure gives us a general way to define causal inference over topos categories, as we can
now define subobjects over the Grothendieck sieves. Finally, we specified the Kripke-Joyal
semantics for the Mitchell-Bénabou internal language of a topos, and we also showed that for
the specific case of sheaves constructed with the & Yoneda embedding, what the resulting
semantics looked like.

E Local Set Theory

The Mitchell-Bénabou language is an example of a “local set theory" Belll [1988]. Formally,
the Mitchell-Bénabou language for the Generalized Do-Calculus is a local set theory, defined
by a set of types that correspond to each structural causal model M object in Cq. A local set
theory [Bell, 1988] is defined as a language L specified by the following classes of symbols:

1. Symbols 1 and Q representing the unity type and truth-value type symbols.
2. A collection of symbols A, B, C, ... called ground type symbols.
3. A collection of symbols £, g, h, ... called function symbols.

To instantiate this definition for our paper, the ground types will be SCMs, each of which
will be interpreted as a primitive type in Section We will use the topos-theoretical
constructions to construct composite types. We can use an inductive procedure to recursively
construct type symbols of L as follows:

1. Symbols 1 and Q) are type symbols (the terminal object and the subobject classifier
in a causal topos).

2. Any ground type symbol is a type symbol. For a causal topos, each SCM is a ground
type symbol.

3. If Ay,..., A, are type symbols, so is their product A; X ... A,, where for n = 0, the
type of 1., A; is 1. The product A; X ... A, has the product type symbol. These
constructs allow defining an algebra of causal models.
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4. If A is a type symbol, so is PA. The type PA is called the power type. EI We thus can
give meaning to concept of a “powerset" of a causal model, where we interpret the
subobject classifier as defining the abstract semantics of a powerset for each SCM.

Thus, a product of SCMs will define product types. Given an SCM M, we can define its
power type as well, which is an abstract notion of the “power set" of a causal model (if you
interpret this in the context of subobject classifiers, it means that we are defining a family of
submodels). For each type symbol A, the language £ contains a set of variables xa, ya,za, - - ..
In addition, £ contains the distinguished * symbol. Each function symbol in £ is assigned a

signature of the form A — B. E] We can define the terms of the local set theory language £
recursively as follows:

e xisa term of type 1.
e for each type symbol A, variables x4, Y4, ... are terms of type A.

e if fis a function symbol with signature A — B, and 7 is a term of type A, then () is
a term of type B.

o If7q,...,7, are terms of types Ay, ..., A,, then (ty,...7,) is a term of type A; X... A,
where if n = 0, then {74, ... 7,) is of type *.

o If 7is a term of type A; X A, then for 1 <i < n, (7); is a term of type A;.

e if ais a term of type , and x4 is a variable of type A, then {xa : a} is a term of type
PA.

e if g, T are terms of the same type, 0 = 7 is a term of type Q.
e if g, 7 are terms of the types A, PA, respectively, then o € 7 is a term of type Q.

A term of type Q is called a formula. The language £ does not yet have defined any logical
operations, because in a typed language, logical operations can be defined in terms of the
types, as illustrated below.

e o © Bisinterpreted as a = f.
e trueis interpreted as * = *.

a A B is interpreted as («, ) = (true, false).
e a = fisinterpreted as (@ A ) © «a
e VYx ais interpreted as {x : a} = {x : true}

false is interpreted as Yo w.

—a is interpreted as a = false.
e aV Bisinterpreted as Vo [(a = w A f = w) = ]
e dx ais interpreted as Yw[Vx(a = w) = o]

Finally, we have to specify the inference rules, which are given in the form of sequents. We
will just sketch out a few, and the rest can be seen in [Bell, 1988]. A sequent is a formula
I' : a where a is a formula, and I is a possibly empty finite set of formulae. The basic axioms
include a : a (tautology), : x; = * (unity), a rule for forming projections of products, a rule for
equality, and another for comprehension. Finally, the inference rules are given in the form:

o Thinning:
I'a
BTI:a
o Cut:
I'ia, a,T:p
r:p

*Note that in a topos, these will be interpreted as power objects, generalizing the concept of power
sets.
SIna topos, these will correspond to arrows of the category.
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e Equivalence:

al:pBTI:a
I''aep

A full list of inference rules with examples of proofs is given in [Bell, 1988]. Now that we
have the elements of a local set theory defined as shown above, we need to connect its
definitions with a causal topos. That is the topic of the next section.

E.1 Counterfactuals using Topos Categories

Finally, let us briefly indicate how to construct counterfactuals in a topos category defined
over causal models, which generalizes the notion of potential outcome in Deﬁnition[m de
Araujo Fernandes and Haeusler|[2009] describe an intuitionistic logic for Lewis’ [Lewis|[1973]
theory of counterfactuals, where the neighborhood system of possible worlds is governed
by the graph topos Cr illustrated in Figure[6] However, as|Galles and Pearl| [1988] argued,
many counterfactuals have causal meaning. For example, the well-known counterfactual
“If Kangaroos had no tails, they would fall over" attains causal meaning as the logic of
counterfactuals proposed by Lewis evaluates its truth in the nearest possible worlds, where
the laws of physics are the same as our world, except for a “kangaroo surgery". Lewis
introduces two counterfactual connectives, and we illustrate how to model one of them in
our framework:

e o O fis true in a world u according to a neighborhood system Cq, if either for no
world w in Cq(u), Ey a, or there is some neighborhood N in Cq(u) that has a world
w such that |z, @ and =, @ =  in every world v of N.

Crucially, unlike the case for|de Araujo Fernandes and Haeusler|[2009], our TCM framework
imposes a causal structure on the neighborhood system.

F Affine CDU and Markov Categories

In this section, we review previous work on affine CDU (“copy-delete-uniform") categories
[Cho and Jacobs| [2019] and Markov categories [Fritz, 2020], which have been proposed
as a unifying categorical model for causal inference, probability and statistics. They are
symmetric monoidal categories, which we reviewed above, combined with a comonoidal
structure on each object. Importantly, Markov categories are semi-Cartesian because they
do not use uniform copying, but contain a Cartesian subcategory defined by deterministic
morphisms (see below). We give a brief review of Markov categories, and significant
additional details that are omitted can be found in [Cho and Jacobs, [2019|, [Fritz), 2020} [Fritz
and Klingler} [2023]. The equations are written in the diagrammatic language of string
diagrams, which can be shown to represent a formal language that is equivalent to writing
down algebraic equations [Selinger, [2010].

Definition 51. A Markov category C [Fritz,[2020]] is a symmetric monoidal category in which
every object X € C is equipped with a commutative comonoid structure given by a comultiplication
copyy : X — X ® X and a counit delx : X — I, depicted in string diagrams as

copys= e/ dely= T (1)

and satisfying the commutative comonoid equations,

-
Welsly o 9L ®
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as well as compatibility with the monoidal structure,

XY X®Y X X
1 LA
X®Y Y XY v
and naturality of del, which means that
il

Let us briefly explain these definitions. The delx : X — I is essentially like integrating over a
probability distribution, which always yields 1. Hence, I, the unit of the tensor product, is the
terminal object in affine CDU and Markov categories. Bayes rule turns into a disintegration
rule [Cho and Jacobs), 2019], which is only available in Markov categories with conditionals
(i.e., where one can categorically refine P(y|x) conditional distributions). Note that in the
continuous case of random variables defined as measurable functions on real numbers, one
has to take considerable care in defining conditioning [Halmos, 1974]]. The copy procedure
is uniform, and deterministic, meaning if you take the tensor product of two variables X ® Y
and then copy the resulting object, that’s exactly the same as first copying X into X ® X
and Y into Y ® Y, and then taking the tensor product, along with a swap operation (see
Equation[d). Only delx acts “uniformly", meaning that if you process a variable X using
some function f and then delete f(X) (meaning marginalize it), that’s equivalent to simply
deleting X. However, copyy is not defined this way, and we discuss that subtlety below, as it
will be important in understanding why Markov categories are semi-Cartesian. To convert
them into a topos, we need the result to be Cartesian closed, which is why we need to use
the Yoneda Lemma to construct the category of presheaves to guarantee obtaining a topos.

for every morphism f.

F1 Cartesian Structure in Markov Categories

We now discuss a subcategory of Cartesian categories within Markov that involves uniform
copyy and delx morphisms. One fundamental property of Markov categories is that they
are semi-Cartesian, as the unit object is also a terminal object. But, a subtlety arises in how
these copy and delete operators are modeled, as we discuss below.

Definition 52. A symmetric monoidal category C is Cartesian if the tensor product ® is the
categorical product.

If C and D are symmetric monoidal categories, then a functor F : C — D is monoidal if the
tensor product is preserved up to coherent natural isomorphisms. F is strictly monoidal
if all the monoidal structures are preserved exactly, including ®, unit object I, symmetry,
associative and unit natural isomorphisms. Denote the category of symmetric monoidal
categories with strict functors as arrows as MON. Let us review the basic definitions given
by|Heunen and Vicary|[2019], which will give some further clarity on the Cartesian structure
in affine CDU and Markov categories.

Definition 53. The subcategory of comonoids coMON in the ambient category MON of all
symmetric monoidal categories is defined for any specific category C as a collection of “coalgebraic”
objects (X, copyy, delx), where X is in C, and arrows defined as comonoid homomorphisms from
(X, copyy, delx) to (Y, copy,, dely) that act uniformly, in the sense that if f : X — Y is any morphism
in C, then:

(f ® f) o copyx = copyy o f
dely o f = delx
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Heunen and Vicary| [2019] define the process of “uniform copying and deleting" in the
category coMON, which we now relate to Markov categories. A subtle difference worth
emphasizing with Definition 51]is that in Markov categories, only del is “uniform”, but not
copyy in the sense defined by [Heunen and Vicary|[2019]]. This distinction can be modeled in
a cPROP category that is semi-Cartesian like Markov categories by suitably modifying the
definition of the associated PROP map for copying.

Definition 54. [Heunen and Vicary,2019] A symmetric monoidal category C admits uniform

deleting if there is a natural transformation ex : X = I for all objects in the subcategory Ceomon Of
comonoidal objects, where e; = id;, as shown in Equation @

This condition was referred to by|Cho and Jacobs|[2019] as a causality condition on the arrow
ex. Essentially, it states that if you process some object and then discard it, it’s equivalent to
discarding it without processing.

Theorem 13. [Heunen and Vicary,[2019] A symmetric monoidal category C has uniform deleting if
and only if I is terminal.

This property holds for Markov categories, as noted in [Fritz,|2020], and a simple diagram
chasing proof is given in [Heunen and Vicary, 2019].

Definition 55. [Heunen and Vicary, 2019 A symmetric monoidal category C has uniform copying

if there is a natural transformation copyy : X — X ® X such that del; = p;* satisfying Equation
and Equation

We can now state an important result proved in [Heunen and Vicary} [2019] (Theorem 4.28),
which relates to the more general results shown earlier by |Fox|[1976].

Theorem 14. [Fox}[1976| [ Heunen and Vicary, 2019|] The following conditions are equivalent for a
symmetric monoidal category C.

o The category C is Cartesian with tensor products ® given by the categorical product and
the tensor unit is given by the terminal object.

o The symmetric monoidal category C has uniform copying and deleting, and Equation
holds.

As noted by [Fritz| [2020], not all Markov categories are Cartesian, because their copyy
is not uniform, but only delx is. For example, consider the category FinStoch, where a
joint distribution is specified by the morphism ¢ : I - X ® Y. In this case, the marginal
distributions can be formed as the composite morphisms

14 xeydeh, x

14 xey el

But to require that in this case ® is the categorical product implies that the marginal
distributions defined as the above composites must be in bijection with the joint distribution.

G Social Impact

Causal inference addresses real-world problems with significant social impact, including
healthcare, education, climate change, and economics. Discovering causal models has
enormous potential for improving human lives in all these areas. However, our paper is
largely a theoretical study of the universal properties that underlie causality. It does not
address concrete algorithmic questions, and is complementary to the empirical literature in
the field.
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