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Analogies and Adjoint Functors

An atom is like a solar system



The Universe as a Hologram 

https://www.scientificamerican.com/article/is-our-universe-a-hologram-physicists-
debate-famous-idea-on-its-25th-anniversary1/



Adjoint Functors
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Free and Forgetful Functors
A very common style of adjunction is between “free” and “forgetful” functors 

Sets <-> Abelian Groups 

Graphs <-> Categories  

Consider the set ice_cream_flavors = {vanilla, chocolate, strawberry}  

How do we make this set into a vector space? 

We can choose each flavor as a basis vector 

New flavor = 3*vanilla - 1.5*chocolate + 0.2*strawberry 

Conversely, we can take any vector space, and look at the set of possible vectors in it 

That is, we “forget” the fact that it is a vector space, and treat it as if it were a set



Graphs vs Categories
We can define a pair of “free” and “forgetful” functors between the categories of Graphs and Categories  

The category Cat of all categories is one where objects are categories and the arrows are functors  

The category Graph is one where objects are graphs and arrows are edge-preserving homomorphisms  

Left adjoint:  

F: map a graph X into its “free” category F(X) 

Intuition: compute the transitive closure of a graph 

Right adjoint:  

G: map a category C into its “forgetful” graph G(C) 

Forget which arrows are composite and which arrows are primitive



Adjunctions 

Figure Source: Emily Riehl, Category Theory in Context



Adjunctions and Naturality

Figure Source: Emily Riehl, Category Theory in Context



Adjoint Functors 
are everywhere
Graphs <-> Categories 

Causal  <-> Statistical 

Transfer Learning 

Domain adaptation



UMAP

PCA





[McInnes et al., 2020]



[McInnes et al., 2020]



UMAP vs. DB+GT

UMAP is limited to visualizing point cloud datasets 

It only constructs the 1-skeleton (vertices, edges) of the simplicial complex 

Given a relational dataset, UMAP collapses the higher-order structure 

In relational domains, DB+GT work significantly better 

Causal inference, databases, planning and RL



UMAP vs. DB+GT for DBLP dataset

Run the notebook on GitHub repo comparing UMAP with DB+GT



Edge vs. Triangle Embeddings 

Run this notebook demo on the GitHub repository 



Unit and Counit of Adjunctions 

Given a pair of adjoint functors 

D(Fc, d) ~ C(c, Gd) 

Yoneda lemma interpretation  

C(c, G-) ~ D(Fc,-): D -> Set   

This isomorphism is represented by an element of C(c, GFc) 

Unit: natural transformation  

Counit: natural transformation 

η : 1C ⇒ GF

ϵ : FG ⇒ 1D
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Limits and Cones
A cone over diagram F: J->C with 
apex x is  a natural transformation from 
the constant functor at x to F 

The constant functor at x maps every 
object in J to x, and every arrow in J to 
the identity arrow at x C

A B

f g

Δ : C → CJ

x



Limits and Colimits: Representable 
functors using the Yoneda Lemma 

A limit of diagram F is a representation for Cone(-, F) 

C(-, lim F) ~ Cone(-, F) 

A colimit of diagram F is a representation of Cone(F, -) 

C(colim F, -) ~ Cone(F, -) 



Adjunctions, Limits and Colimits 

Theorem: A category C admits all limits of diagrams indexed by a small 
category J if and only if the constant diagram functor admits a right adjoint 

Theorem: A category C admits all colimits of J-indexed diagrams if and only 
if the constant diagram functor admits a left adjoint 

Δ : C → CJC CJ

colim

lim

⊢
⊢



UMAP: 1-truncation of simplicial sets

We can now formally define the UMAP restriction to 1-skeleton using left 
and right adjoints of the inclusion functor 

Left Kan Extension (colimit)

Right Kan Extension (limit)

SetΔop SetΔ1

i1 : Δ1 ↪ Δ

i*1
⊢

⊢



Kan Extensions

Chapter 6 

Riehl’s textbook



Computing Kan Extensions

See new chapter on Kan Extension Transformers in my textbook



Database Schemas and instances

A database schema is a “small” 
category  

A database instance is a functor 

𝒞

F : 𝒞 →  Set

An 
edge

A 
vertex

Has as source

Has as target

Schemas are like graphs with constraints



SQL using lifting 
diagrams
The result of computing an 
answer using SQL can be 
viewed as solving a “lifting 
diagram”

Queries are functors: m : W → R

Database instance: π : I → S

Results are lifts: l : R → I

Figure source: [Spivak,  Database Queries and Constraints via Lifting Problems]



Adjoint Functors in Databases 
Given two database schemas, S and T, we can define a functor F: S -> T 

Database migration functors:  

Pullback:  

It maps an instance  to the instance  

Left adjoint : unions and quotients  

Right adjoint : products and joins 

ΔF : T -Set → S -Set

δ : T → Set δ ∘ F : S → Set

ΣF

ΠF



Adjoints in Causal Discovery 
Causal discovery is finding a directional relationship between variables 

Does “drinking red wine” lower “blood pressure”? 

Does “eating dark chocolate” increase “longevity”? 

Directionality is not intrinsic in statistical data processing  

Correlations and Covariances are symmetric 

Attention is symmetric 



Adjoint Functors

x ⊥ y |z x y

z
Free

Forgetful



DEMOCRITUS: 
Causality from 
Language

[Mahadevan, Large Causal Models from 
Large Language Models, Arxiv 2025]

Category of language <->  Causal Category



LLM summary

DEMOCRITUS





Conditional independence
A fundamental tool in causal discovery is the use of conditional independence 
relationships 

I(X, Z, Y): means that X is conditionally independent of Y given Z 

Axioms of conditional independence:  

Symmetry: I(X, Z, Y) => I(Y, Z, X)  

Decomposition: I(X, Z, Y + W) => I(X, Z, Y) and I(X, Z, W) 

Weak union: I(X, Z, Y + W) => I(X, Z + W, Y) 



Category of CI vs. Causal Models

We can define a category where each object is a set of conditional 
independence properties  

These objects can be abstractly viewed as statistical models  

We can also define a category of causal models, where each object is a 
casual model 

Each object can be a directed acyclic graph (DAG) 



Causality as a 
“free” object

Given a CI object such as 
I(X,Z,Y) 

There can be multiple causal 
objects associated with it

I(X,Z,Y)

Z

X Y

ZX Y

ZY X

Statistical model

“Free” causal models



Does drinking 
red wine make 
you healthier?
Red wine contains reseveratol 

It is an antioxidant 

It has anti-tumor properties 





Summary and Further Reading

Chapter 4: Emily Riehl, Category Theory in Context 

Adjunctions chapter in Categories for AGI  

Suggested exercises 

Construct examples of adjoint functors 


