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Recap

The ordinal category  has as objects [n], and arrows weakly order-
preserving functions on [n] 

Simplicial objects are contravariant functors  

GAIA: Generative AI Architecture based on simplicial objects  

Geometric Transformer is a GAIA architecture 

Diagrammatic Backpropagation is used to train a GT model

Δ

X[n] : Δ → C



Comparing GT models
In the last lecture, we compared a non-causal GT with a causal Transformer 

We need to separate architecture vs. information regimes 

We introduce several novel variants of GT and baseline Transformers  

Strict causal models: logits at position t depend only on tokens prior to and 
including t 

Augmented context: future-informative side channels are allowed 

Non-causal models:  logits can depend on future tokens



Model zoo

AR-Base = autoregressive transformer, prefix-only 
AR+FutureHint = transformer with explicit non-causal side hint 
GT-CausalGeom = GT-Lite with strict causal geometric mixer 

GT-AugGeom = GT-Lite with augmented (non-causal) geometric mixer 
GT-PredictiveHint = GT-Lite with predicted next-token expectation hint 

GT-CausalSelfHint = GT-Lite causal control with previous-step prediction hint 



New notebook comparing GT Models



Diagrams for GT

Strict Causal  

Admissible Causal  

Future-informative augmented



Cech 
Cohomology

How can we quantify whether 
local computations “glue” 
together coherently?



Dynamic 
Compositionality

Static: forward computation 

Dynamic: commutator energy

f1 f2



Two Moons Dataset



What is commutator energy?
It tracks a key failure mode of deep learning systems: gradient interference between 
interacting modules.  

When the representation space is such that sub-operators induce highly order-
sensitive transformations, optimization signals propagated through different subpaths 
can conflict, producing unstable training and poor generalization.  

Conversely, when sub-operators are more compatible on the data manifold, training 
becomes more stable and the model can support coherent global structure.  

Dynamic compositionality is not about enforcing commutativity, but about controlling 
destructive order-sensitivity in learned module interactions.



Why GT + DB?

TLDR: GT with DB exploits 
structure in novel ways that a 
regular Transformer with 
vanilla backprop does not

A new microscope



Transformers accumulate compositionality errors!

Geometric T

Transformer

Wiki-103 dataset



Sudoku

4x4 randomly generated 
problems 

Mask all but k cells 

Geometric T

Transformer



Image diffusion
DB can learn semigroup 
structure

Transformer

Geometric T



PreLN and PostLN Transformers

The original Transformer (Vasvani et al., 2017) placed the layer normalization 
(LN) module after the self-attention layer 

PreLN Transformer does the opposite! [Xiong et al., ICML 2020] 

Why does this produce better results? 

How do GT models compare with PreLN/PostLN Transformers?



PreLN vs PostLN

The original Transformer is a PostLN 
architecture 

It can be difficult to train 

Placing the Layer Normalization before 
self-attention makes it easier to train

[Xiong et al., ICML 2020]



What is Layer Normalization doing?

[Mahadevan, Categories for AGI, 2026]



Comparing PreLN, PostLN, and GT



Comparing PreLN, PostLN, and GT



Comparing PreLN, PostLN, and GT



Comparing PreLN, PostLN, and GT



Comparing PreLN, PostLN, and GT: 
Wiki-103 dataset

[Mahadevan, Categories for AGI, 2026]
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Mean-Field Theory of GT

[Mahadevan, Categories 

for AGI, 2026]
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Geometric Transport



Mean-Field Limit of GT



Summary

We analyzed the reasons for why Geometric Transformers work well 

They control commutator energy better than PreLN Transformers 

We did a mean-field analysis showing theoretically their strengths 



Further Reading

The textbook Categories for AGI has several chapters devoted to this 
week’s topics  

Chapters 5-10 

It is the longest section in the book!  

We will study these concepts further in the coming weeks 


