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Unpacking the Transformer

https://github.com/nlp-with-transformers/notebooks/blob/main/03_transformer-
anatomy.ipynb



Multi-head Attention

https://github.com/nlp-with-transformers/notebooks/blob/main/03_transformer-
anatomy.ipynb



Contrasting Approaches

Model Attention Weights

Transformer Dot Product Similarity

Geometric Transformer Learned Geometric Convolution Kernel

Kan Extension Transformer Learned Morphism Kernel

TopoCoend Transformer Geometric Neighborhood Kernel



Resolving ambiguity 

https://github.com/nlp-with-transformers/notebooks/blob/main/03_transformer-
anatomy.ipynb



Categorical Attention

Attention

Colimit Coend

Kan 
Extension



A categorical  
attentional 
mechanism
Traditional Transformer: 
weighted sum over tokens 

KET/TopoCoend: colimit or 
coend over allowable 
morphisms

Prefix category:  

Arrow between s, t if 

0 1 2 3 4

s ≤ t

Kan Attention: compute colimit 

over allowable morphisms  

TopoCoend: compute coend



Simplicial Indices Functor
Let the token window be positions t  {0, 1, …, S-1} 

Indexing category I  

Objects are 0-simplices (tokens) and 1-simplices (adjacent tokens) 

Morphisms encode adjacency  

Define a functor F: I -> T  

T is a discrete category of token positions 

∈



Attention is a colimit
Whenever you see an expression like this  

w(c,t) tells us how much token c contributes towards token t 

You should interpret that as a colimit 

But we don’t have to take the colimit in Vect! 

We can compute colimits in any category (e.g., topological spaces!) 

We can design a TopoCoend or a Kan Extension Transformer 

∑
c

w(c, t)F(c)



KET Quad vs. TopoCoend 
KET Quad Transformer aggregates over all simplices with a learned kernel  

 

Global structured attention 

TopoCoend Transformer aggregates over k-nearest neighbors  

mt = ∑
σ

w(t, σ)V(σ)

mt = ∑
s∈Nk(t)

w(t, s)V(s)



Intuition for what a coend is
Given some functor F, where values F(c) are known  

We are given “weights” W(c,t), of how much c contributes to t 

Then, coend(t) ~  

In Transformer models:  

F(c) are feature vectors 

W(c,t) are attention-style compatibility weights 

Coend reduces a pooling type operator 

∑
c

W(c, t)F(c)



Coends

Coends are a generalization of integration using bifunctors like Hom(c,d) 

 denotes a coend of a bi-functor H 

If H: Cop x C -> D, then the coend of H is an object of D 

It is defined based on the concept of dinatural transformations 

∫
c
H(c, c)



Diagonal Naturality 

H(c’,c)

H(c,c)

H(c’,c’)

I(c,c)

I(c’,c’)

I(c,c’)

H, I: Cop x C -> D
f:c -> c’



Coend of a Functor

A coend of a functor H: Cop x C -> D is a pair (d, ) 

d is an object of category D  

 is a dinatural transformation that is universal among all such 
transformations 

ξ

ξ



Topological Coend  
Transformer

Weights depend on geometric 
neighborhood in a learned 
manifold



Extending a Functor 

F

K
?

Finite dataset

Infinite dataset

Unlike extension of functions 

Canonical solutions exist!



Curve Fitting 

Left Kan: most general 

Right Kan: most conservative 



What are Kan Extensions?

Given a functor F, from some domain category C to co-domain E, “extend” 
F to some (usually larger) category D 

Example: C = finite sets, D = all (infinite) sets 

ML application: C = actual dataset, D = entire space  

We will apply this concept to design a new class of Transformers 



Every Concept is a Kan Extension
A unified way to understand all of category theory 



When do Kan Extensions exist?

Given a functor F: C -> E, it can be left-Kan-extended along K: C -> D if 

C is small, D is locally small, and E is co-complete (so colimits exist)  

Similarly, F can be right-Kan-extended along K: C->D if  

C is small, D is locally small, and E is complete (so limits exist) 



Computing Left Kan Extensions

We have a functor F: C -> E 

We know its effect on objects c in C, as well as arrows f: c -> c’ 

We have another functor K: C -> D (possibly larger than C)  

How can we compute the effect of F on this larger category?



Left Kan Extension computation 

Given any object d in D, to compute the left Kan Extension LanK F(d) 

Consider all possible approximations to d “from the left” using the 
category C, that is all arrows  

“Weight” each of these arrows using a “colimit” (gluing the objects)  

So, approximate the objects d in D using the structure of C 

Project back to category C, and then apply the old functor F: C -> E

Kc → d



Comma Categories 
Given a functor K: C -> D, the induced comma category  is defined 
as the category whose objects are morphisms , and whose arrows 
are commuting triangles  

For any morphism f: c -> c’, the induced triangle  , , and 
 must commute for it to be an arrow in the  category 

K ↓ d
Kc → d

Kc → d Kc′￼ → d
Kc → Kc′￼ K ↓ d

Kc Kc’

d



Computing Kan Extensions

Figure source: Riehl, Chapter 6, Category Theory in Context



Enriched Kan Extensions 
We usually want “enriched” categories in AGI 

The hom set C(c,d) is itself an object in some category V 

V is a symmetric monoidal category (e.g., vector spaces)  

Enriched Kan Extension as a coend:   

Here D(Kc, d) acts as a “weight”  

 is a monoidal product like scalar multiplication  

The coend integrates contributions across all objects c

LanKF = ∫
c
D(Kc, d) ⊗ F(c)

⊗



Left Kan as a Coend! 

We can translate the abstract coend in neural networks as:  

D(Kc, d) is a learned attention score  

Monoidal product is scalar multiplication  

Coend is a weighted sum  

Self-attention itself is simply a weighted sum (like a coend) 

LanKF = ∫
c
D(Kc, d) ⊗ F(c)



Kan Extensions for Transformers
View attention and geometric mixing (in GT), both as instances of (enriched) left-Kan 
extensions along a “simplicial incidence” functor  

Attention is a Kan-type of weighted colimit over tokens 

Geometric mixing: extend from simplices (tokens, edges, motifs) back to token 
updates 

Two types of Kan Extension Transformers:  

Quadratic variant performs global pooling over simplices 

Incidence-restricted variant  aggregates only over incident simplices 



Two types of Kan 
Extension 
Transformers
Quadratic  

Incidence-restricted  

[Mahadevan, Categories for AGI]



Information 
Regimes

We need to be careful in 
allowing information access  

Causal vs. non-causal 



Predict and 
Detach

We can try to predict the next 
token, but must guard against 
leakage 

Category Theory in Context

Emily Riehl



Predict and Detach Self-Conditioning

[Figure source: Mahadevan, Categories for AI, 2026]



Predict and Detach Algorithm 



Quadratic KET
Uses two self-attention loops 

Quadratic instead of linear 



Incidence KET

Faster linear time version



Causal 
TopoCoend

TopoCoend replaces the Kan 
simplex-indexed pooling with 
a topological neighborhood 
embedding in a learned 
embedding space



TopoCoend with 
Predict Detach

Noncausal neighbors are now 
allowed in the neighborhood 
structure, but only through 
detached predicted carriers



Penn Tree Bank

Strict causal models cluster at the top 

Noncausal models show perplexity 
collapse at the bottom  

Self-conditioning combine the strengths 
of both and straddle the middle



PTB Perplexity 

Results show stark 
differences between causal 
and non-causal models 



KET vs 
TopoCoend

TopoCoend is competitive in 
the causal regime, but not in 
the predict-detach regime.

Method PTB 
Perplexity

Wiki-2 
Perplexity

Wiki-103 
Perplexity

TopoCoend 131 161 215

Baseline AR 
Transformer 135 164 230

GT-Causal 
Geom 137 156 223

KanQuad-C 139 161 216



Running Times
KET models are slower by a 
factor of 2 

Results on nVidia DGX Spark



Wiki-2 Dataset
Similar behavior to PTB  

Causal methods on top 

Self-conditioning in the middle  

Anti-causal at the bottom 



Wiki-2 Speed 

Larger dataset, models are all 
slower  

KET is still more expensive 



Wikitext-103
Largest dataset: 100 million 
tokens 



Wiki-103 Speed
Largest dataset 

KET is slower by 1.5x



Summary and Further Reading
Chapter 6 on Kan Extensions: Riehl, Category Theory in Context 

Chapter on Kan Extension Transformers: Mahadevan, Categories for AGI 

Suggestions for exploration  

Try sample KET models on GitHub repo 

How to define Kan Extensions in AGI applications, like RL? 

Kan Extensions in Causal Inference (later lecture in course) 


