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Goals and Outline of Tutorial
• To teach you abstraction and compositional thinking: 


• How to “think with categories and functors”


• How to analyze A(G)I systems using functors


• To cover theory and practice


• Illustrate applications of categories and functors to A(G)I


• Introduce new directions for A(G)I research





Introduction to Category Theory 

Abstraction and Compositionality



The Building Blocks
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Functor G

Nat. Trans.

Objects: Causal models or Transformer models


Arrows:  Causal interventions or compositions of Transformer blocks



A Compositional Theory of AGI
Internal languages

Integrated theory of mind



AdvancedBasic



What is Category Theory?

• It is the most transformative unification in mathematics since set theory


• It merges many different subfields of mathematics


• Geometry to Logic: theory of sheaves on a topos


• Algebra to Probability: monads


• Induction vs. coinduction: universal coalgebras as dynamical systems



What are Categories?
• A category C is defined by


• A collection of objects (x, y, z, …) 


• A collection of arrows C(x,y) 


• Compositionality: x —> y —> z compose in general


• Remarkable property: The category Cat of all categories is a category!


• What are the objects of Cat?


• What are the arrows of Cat?



Monoidal 
Categories

Functor 
Categories

Model 
Categories

Cartesian 
Categories

Infinity 
Categories

Slice 
Categories

There are a myriad ways to construct categories!



Monoidal Categories

• Equipped with a tensor product:


• 


• Identity element 1: 


•  Unit interval [0,1]: closed symmetric monoidal preorder 


• enriched monoidal category: 

⊗ : C × C → C

1 ⊗ c ≃ c ≃ c ⊗ 1

𝒱− a, b ∈ C ⇒ C(a, b) ∈ 𝒱

Braided
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Closed

MonoidalCategories

Closed
Monoidal

Closed
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Compact
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Compact 
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Monoidal



Simplicial Objects
Combinatorial model of spaces



Main Concepts of Category Theory

Functors Yoneda 
Lemma

Limits 
Colimits

Adjoint 
Functors

Monads Kan  
Extensions



Natural Transformations between Functors

C D

F

G

Fc

Gc

Fc’

Gc’

μc μc′ 

Ff

Gf

For every object of C


An arrow Fc —> Gc in D



Adjoint Functors

c d

e

Fc Fd

Fe

Functor F

Category C Category D

f Ff
g

h FgFh

Functor G

C(c,Gd) ~ D(Fc, d)

“Free” and “Forgetful” functors:


Sets —> Abelian Groups


Categories —> Graphs



Adjoint Functors

x ⊥ y |z x y

z
Free

Forgetful



Universal Property: Limits/Colimits

• The Cartesian product of two sets is a set


• Can we define it without looking ``inside” a set?


• Find its universal property


• Limits: Equalizer, meet, supremum, …


• Colimits: Coequalizer, join, infimum, …
If X, Y, Z are sets, U = {x | fx = gx}


If g is monic, then pullback is f-1(Z) 



“Categories”

“metric spaces,


vector spaces,…”

<latexit sha1_base64="PDP5apborX3P9GCpReLUTMEze5Y="></latexit>

x →↑ C(x,↓) : C ↑ SetsC

Yoneda Embedding



Categorical Generative Models 



Generative models as 

Universal coalgebras

Transformer



Coalgebras 
generate 

Search Spaces 
  

Coalgebra: X —> T(X) Algebra: T(X) —> X

coinduction induction

Final coalgebra Initial Algebra



The PowerSet Functor
• Consider the coalgebra: X —> PowerSet(X) 


• Example: X = {0,1}, PowerSet = {{}, {0}, {1}, {0,1}}


• Why is PowerSet a functor?


• Objects: Sets, like X


• Arrows: functions on sets f:X —> Y


• How does PowerSet act on the arrows? 


• On arrows: Powerset(f): PowerSet(X) —> PowerSet(Y)



Labeled Transition Systems as Coalgebras

• Any automata (deterministic or stochastic) is a coalgebra 

• Set of states S 

• Transition relation  

• Here,  is the same as  

• Coalgebra of LTS defined by powerset functor L 

•

→S ⊆ S × A × S

s →a t (s, a, t) ∈ →S

αS : S → L(S), s ↦ {(a, s′ ) |s →a s′ }



Category theory gives us a new way to define states!


(X, X —> T(X)): Coalgebra

Even Odd0
1

1
0

<latexit sha1_base64="DioaoV0C/wfgDbwJF8WixLLMqJM=">AAACLHicbVBNS0JBFJ3Xd/ZltWwzJIGByHsRFq3MNi0V8gN8IvPGqw7O+2DmvkLEH9SmvxJEiyLa9jsa9S1MOzBwOOdc5t7jRVJotO1Pa2V1bX1jc2s7tbO7t3+QPjyq6TBWHKo8lKFqeEyDFAFUUaCERqSA+Z6Euje4m/j1R1BahMEDDiNo+awXiK7gDI3UTt9lKzl6m6OlHHU7IJHd0Ap1Ufig6S11lej1kSkVPlGTcz1IAnN66bydzth5ewq6TJyEZEiCcjv95nZCHvsQIJdM66ZjR9gaMYWCSxin3FhDxPiA9aBpaMDMNq3R9NgxPTNKh3ZDZV6AdKrOT4yYr/XQ90zSZ9jXi95E/M9rxti9bo1EEMUIAZ991I0lxZBOmqMdoYCjHBrCuBJmV8r7TDGOpt+UKcFZPHmZ1C7yTiFfqFxmiqWkji1yQk5JljjkihTJPSmTKuHkmbySD/JpvVjv1pf1PYuuWMnMMfkD6+cXTlSkuQ==</latexit>

(Q,A,B, ω : Q→A ↑ Q,ε : Q ↑ B)

<latexit sha1_base64="aRPr04ZEr3UyQDr+iyZJZzDalpQ=">AAACDXicbVC7SgNBFJ31GeNr1dJmMAoJSNgViWIVY2OZBfOA7BruTibJkNkHM7NCCPkBG3/FxkIRW3s7/8ZJsoUmHhg4nHMvd87xY86ksqxvY2l5ZXVtPbOR3dza3tk19/brMkoEoTUS8Ug0fZCUs5DWFFOcNmNBIfA5bfiDm4nfeKBCsii8U8OYegH0QtZlBJSW2uZx3jnFLvC4D1fYwW4AsVQRzjv3165iAZW4Uii0zZxVtKbAi8ROSQ6lqLbNL7cTkSSgoSIcpGzZVqy8EQjFCKfjrJtIGgMZQI+2NA1BH/JG0zRjfKKVDu5GQr9Q4an6e2MEgZTDwNeTAai+nPcm4n9eK1HdS2/EwjhRNCSzQ92EY513Ug3uMEGJ4kNNgAim/4pJHwQQpQvM6hLs+ciLpH5WtEvFknOeK1fSOjLoEB2hPLLRBSqjW1RFNUTQI3pGr+jNeDJejHfjYza6ZKQ7B+gPjM8foreZag==</latexit>

(Q,ω : Q →↑ (QA ↓B))

Hard attention Transformers cannot compute parity!

[Hahn, ACL, 2020]



Category of Coalgebras
• Category of Coalgebras: 


• Objects: Coalgebras (X, a: X —> T(X))


• Arrows: Coalgebra homomorphisms


• Initial and Final Coalgebras 


• Initial object: unique morphism into other objects


• Final object: unique morphism from other objects


• Generalizes the concept of fixed points! 

X

T(X)

Y

T(Y)

f

T(f)



Categorical Deep Learning 



Deep Learning as a Functor

Graphs Parameters Learners



GAIA: Generative AI Architecture



Compositional Deep Learning

Category of Learners

(P,I,U,R)

(P’,I’,U’,R’)

[Fong, Spivak, Tuyeras: “Backprop as Functor”, 2019]

Update

Request

Parameter

Implement

(P”,I”,U”,R”)

A

C

B

Arrows are Learners!



How to compose Learners?
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Backpropagation as a coalgebra

• Backpropagation can also be modeled as a coalgebra X —> F(X) 

• This alternative view gives us deeper insight into the convergence of 
backpropation 

• It gives us more powerful tools to design new deep learning methods 
(see [Mahadevan, GAIA, Arxiv, 2024])



Natural Transformations for Deep Learning

C D

Backpropagation

Stochastic approximation

Fc

Gc

Fc’

Gc’

μc μc′ 

Ff

Gf

Category of


Parameters

Category of


Learners



Category of Transformers
Objects: X is a n x d token sequence of matrices


Arrows: permutation-equivariant functions


f(XP) = f(X)P

Commutative diagram

How do we define new Transformer architectures?
[Mahadevan, GAIA, Arxiv, 2024]

[Yun et al., ICLR 2020]



Enriched LLM Categories

• We can construct different types of categories for LLMs


• Syntax category: L(x,y) = P(y | x) (where x =“I am flying”, y=“I am flying 
to Philadelphia”)


• Semantics category: Yoneda Embedding: x —> L(x, -)  (all possible 
completions of the phrase ``I am flying”)


• Enriched category: the ``hom-object” L(x,y) is itself an object of another 
category (in this case, a symmetric monoidal preorder on [0,1]). 



Intrinsic Limitations of Transformers

“Hard-attention” Transformers cannot compute parity, recognize Dyck languages etc.



Computational Limitations of Transformers
• Transformers can be modeled in terms of circuit complexity


• AC0, TC0 : [Merrill et al., Saturated Transformers are Constant-Depth Threshold Circuits, 2022]


• Complexity Classes can be characterized as categories


• Example: NP-complete problems define a category


• Objects: NP-complete problem


• Arrows: polynomial transformation from 3-SAT

[Strobl et al., What Formal Languages can Transformers Express, 2024]



Limitations of Deep Learning
• Deep learning models cannot reason about causality


• A Transformer computes permutation-invariant functions


• Attention scores are symmetric


• Next-token distributions do not capture causality


• Generative models by themselves do not capture causality


• “Curve-fitting” is not enough to do causal reasoning! 



Universal Causality  
and Probability





Universal Causality
[Mahadevan, Entropy, 2023]



What is categorical probability?

• 18th century: Bernoulli, Laplace: coin-tossing, card games 


• 20th century: Kolmogorov: measure-theoretic foundations


• 21st century: Probabilities are monads!


• String diagrams are sufficient for statistical reasoning!



Category of Structural Causal Models
• A structural causal model (SCM) is defined as M = (U, V, F)


• U is a set of exogenous causal variables


• V is a set of endogenous variables defined over U and V


• F is a collection of ``local autonomous functions” fi: U x V/Vi —> Vi


• Objects: SCM models M, M’, …


• Arrows: A function M —> M’ that represents an intervention etc. 


• How to ensure local functions define a unique global function F?



Monads
T: C -> C (endofunctor)

Example: T = 2^X (powerset)

Giri monad: probability
<latexit sha1_base64="xHp+0JTQYIYWiiTnBw+Wfry78Gw=">AAACEXicbVC7SgNBFJ31GeNr1dJmMAipwq5IFKugjY0QwTwgu4TZySQZMo9lZlYNS37Bxl+xsVDE1s7Ov3GSbBETD1w4nHMv994TxYxq43k/ztLyyuraem4jv7m1vbPr7u3XtUwUJjUsmVTNCGnCqCA1Qw0jzVgRxCNGGtHgauw37onSVIo7M4xJyFFP0C7FyFip7RaDKr2AAY/kY3pDkB7BQNFe3yCl5MOs3nYLXsmbAC4SPyMFkKHadr+DjsQJJ8JghrRu+V5swhQpQzEjo3yQaBIjPEA90rJUIE50mE4+GsFjq3RgVypbwsCJOjuRIq71kEe2kyPT1/PeWPzPayWmex6mVMSJIQJPF3UTBo2E43hghyqCDRtagrCi9laI+0ghbGyIeRuCP//yIqmflPxyqXx7WqhcZnHkwCE4AkXggzNQAdegCmoAgyfwAt7Au/PsvDofzue0dcnJZg7AHzhfv+MSnbo=</latexit>

! : Meas → Meas

This functor maps a measurable space X to all


distributions on X (which is also measurable!)

<latexit sha1_base64="b8MM3lQB3ohuf2QwaeEdHau8RrM=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCUIFcYWFsYi0YfURJHjOK1VJ45sp6KK8gUs/AoLAwixMrPxN7htBmg5kqXjc+7Vvff4CaNSWda3UVpb39jcKm9Xdnb39g/Mw6Ou5KnApIM546LvI0kYjUlHUcVIPxEERT4jPX98M/N7EyIk5fG9mibEjdAwpiHFSGnJM2st6EQokYpDh8ZKf3z+kJFJ7rVgADPHD2E7h55ZterWHHCV2AWpggJtz/xyAo7TiMQKMyTlwLYS5WZIKIoZyStOKkmC8BgNyUDTGEVEutn8nBzWtBLAkAv99Epz9XdHhiIpp5GvKyOkRnLZm4n/eYNUhVduRuMkVSTGi0FhyqA+fpYNDKggWLGpJggLqneFeIQEwkonWNEh2Msnr5Lued1u1Bt3F9XmdRFHGZyAU3AGbHAJmuAWtEEHYPAInsEreDOejBfj3fhYlJaMoucY/IHx+QOcO5s1</latexit>

A →↑
∫

evAdP

<latexit sha1_base64="UgToPl2MKQnB0FKra6A/+gONvyE="></latexit>

evA : !(.) →↑ [0, 1]

P →↑ P(A)





Probabilistic Reasoning with Diagrams

Distribution Random Variable Marginalization

<latexit sha1_base64="TI5tIiS1XcPl4jiMLHT9+cu0uVI=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEpIqnohe9VbAf0ISy2W7apZts2N0oJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6QcKa043xbhaXlldW14nppY3Nre8fe3WsqkUpCG0RwIdsBVpSzmDY005y2E0lxFHDaCobXE7/1QKViIr7Xo4T6Ee7HLGQEayN17QMvUewS3SJPsv5AYynFI2p37bJTcaZAi8TNSRly1Lv2l9cTJI1orAnHSnVcJ9F+hqVmhNNxyUsVTTAZ4j7tGBrjiCo/m54/RsdG6aFQSFOxRlP190SGI6VGUWA6I6wHat6biP95nVSHF37G4iTVNCazRWHKkRZokgXqMUmJ5iNDMJHM3IrIAEtMtEmsZEJw519eJM3TilutVO/OyrWrPI4iHMIRnIAL51CDG6hDAwhk8Ayv8GY9WS/Wu/Uxay1Y+cw+/IH1+QNEUpUQ</latexit>

ω : I → X

[Fritz, Adv. in Math, 2020]

<latexit sha1_base64="WHsKWsp2M0Gmy7TjqkJuKyzbQhg=">AAAB+3icbVBNSwMxEJ2tX7V+rfXoJVgET2VXpIqnohePFeyHtKVk02wbmk2WJKuWpX/FiwdFvPpHvPlvTNs9aOuDgcd7M8zMC2LOtPG8bye3srq2vpHfLGxt7+zuufvFhpaJIrROJJeqFWBNORO0bpjhtBUriqOA02Ywup76zQeqNJPizoxj2o3wQLCQEWys1HOL4SVqoY5ig6HBSslHdN9zS17ZmwEtEz8jJchQ67lfnb4kSUSFIRxr3fa92HRTrAwjnE4KnUTTGJMRHtC2pQJHVHfT2e0TdGyVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M9rJya86KZMxImhgswXhQlHRqJpEKjPFCWGjy3BRDF7KyJDrDAxNq6CDcFffHmZNE7LfqVcuT0rVa+yOPJwCEdwAj6cQxVuoAZ1IPAEz/AKb87EeXHenY95a87JZg7gD5zPH+3xk8A=</latexit>

f : X → Y
<latexit sha1_base64="ur/PmW/vQWUeYz+eOWn61OinXC8=">AAACCHicbVA9SwNBEN2LXzF+nVpauBgEq3AnEsUqaKNdBPMhuSPsbTbJkr3bY3dOCUdKG/+KjYUitv4EO/+Nm+QKTXww8Hhvhpl5QSy4Bsf5tnILi0vLK/nVwtr6xuaWvb1T1zJRlNWoFFI1A6KZ4BGrAQfBmrFiJAwEawSDy7HfuGdKcxndwjBmfkh6Ee9ySsBIbXvfizU/x9fYU7zXB6KUfMBN7EngIdP4rm0XnZIzAZ4nbkaKKEO1bX95HUmTkEVABdG65Tox+ClRwKlgo4KXaBYTOiA91jI0ImaNn04eGeFDo3RwVypTEeCJ+nsiJaHWwzAwnSGBvp71xuJ/XiuB7pmf8ihOgEV0uqibCAwSj1PBHa4YBTE0hFDFza2Y9okiFEx2BROCO/vyPKkfl9xyqXxzUqxcZHHk0R46QEfIRaeogq5QFdUQRY/oGb2iN+vJerHerY9pa87KZnbRH1ifP2rimPo=</latexit>

ω : I → X ↑ Y

<latexit sha1_base64="sYvsMvm0CeckxnR1R7z3voDV65E=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiQiVVwV3eiugn3RhDCZTNqhk0yYmagldOXGX3HjQhG3foM7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jcLC4tLySnG1tLa+sbllbu80JU8FJg3MGRdtH0nCaEwaiipG2okgKPIZafmDy7HfuiNCUh7fqmFC3Aj1YhpSjJSWPHPfiXz+kAWEjbzOOexAR9BeXyEh+D289syyVbEmgPPEzkkZ5Kh75pcTcJxGJFaYISm7tpUoN0NCUczIqOSkkiQID1CPdDWNUUSkm03eGMFDrQQw5EJXrOBE/T2RoUjKYeTrzgipvpz1xuJ/XjdV4Zmb0ThJFYnxdFGYMqg4HGcCAyoIVmyoCcKC6lsh7iOBsNLJlXQI9uzL86R5XLGrlerNSbl2kcdRBHvgABwBG5yCGrgCddAAGDyCZ/AK3own48V4Nz6mrQUjn9kFf2B8/gDFo5iw</latexit>

delY : Y → I

Replaces the conventional ``measure-theoretic” foundation of probability



String Diagrams: Markov Categories

Conditional Distribution
Generalizes P(X,Y) = P(Y|X) P(X)

Conditional independence 
P(X, W, Y) = P(X | W) P(Y | W)

<latexit sha1_base64="ur/PmW/vQWUeYz+eOWn61OinXC8=">AAACCHicbVA9SwNBEN2LXzF+nVpauBgEq3AnEsUqaKNdBPMhuSPsbTbJkr3bY3dOCUdKG/+KjYUitv4EO/+Nm+QKTXww8Hhvhpl5QSy4Bsf5tnILi0vLK/nVwtr6xuaWvb1T1zJRlNWoFFI1A6KZ4BGrAQfBmrFiJAwEawSDy7HfuGdKcxndwjBmfkh6Ee9ySsBIbXvfizU/x9fYU7zXB6KUfMBN7EngIdP4rm0XnZIzAZ4nbk aKKEO1bX95HUmTkEVABdG65Tox+ClRwKlgo4KXaBYTOiA91jI0ImaNn04eGeFDo3RwVypTEeCJ+nsiJaHWwzAwnSGBvp71xuJ/XiuB7pmf8ihOgEV0uqibCAwSj1PBHa4YBTE0hFDFza2Y9okiFEx2BROCO/vyPKkfl9xyqXxzUqxcZHHk0R46QEfIRaeogq5QFdUQRY/oGb2iN+vJerHerY9pa87KZnbRH1ifP2rimPo=</latexit>

ω : I → X ↑ Y

<latexit sha1_base64="g0eCKViukL5dc8x+K6XSNR3mRlc=">AAACBHicbVA9T8MwEHXKVylfAcYuFhUSU5UgVBBTBQtjkWgb1EaR4zqtVceObAdUhQ4s/BUWBhBi5Uew8W9w2wzQ8qSTnt670929MGFUacf5tgpLyyura8X10sbm1vaOvbvXUiKVmDSxYEJ6IVKEUU6ammpGvEQSFIeMtMPh5cRv3xGpqOA3epQQP0Z9TiOKkTZSYJe7iaJB9gC98Tn0YFfS/kAjKcU9vA3silN1poCLxM1JBeRoBPZXtydwGhOuMUNKdVwn0X6GpKaYkXGpmyqSIDxEfdIxlKOYKD+bPjGGh0bpwUhIU1zDqfp7IkOxUqM4NJ0x0gM1703E/7xOqqMzP6M8STXheLYoShnUAk4SgT0qCdZsZAjCkppbIR4gibA2uZVMCO78y4ukdVx1a9Xa9UmlfpHHUQRlcACOgAtOQR1cgQZoAgwewTN4BW/Wk/VivVsfs9aClc/sgz+wPn8A7SqXpw==</latexit>

ω|X : X → Y

Disintegration:Bayes Rule



Causal Models as String Diagrams
Pollution in New Delhi, India

Normal condition Covid Lockdown

Traffic Agricultural
Fires

Lung Infections

Actual Causal Model

Overpopulation

Asthma

Pollution

Farming 
Practices

Covid-19 
Lockdown

Indexing Category of Abstract Diagrams

Co-limit

Pushforward

EqualizerLimit

Pullback

Co-Equalizer

FunctorConvert DAG 
into string diagram

Exogenous variables

O C F

f

T

g

AP

h



Rich Family of String Diagrams

[Selinger, A survey of graphical languages for monoidal categories, Arxiv, 2020]



Categorical Knowledge Representation



How do we represent knowledge?

• A popular formalism for representing knowledge is through relations


• Relational databases is the most used format in industry to store 
information


• A relational schema defines a category


• SQL query languages can be formalized as lifting diagrams in categories



Relational Database
Person First Last Resident

ID1 Sridhar Mahadevan California

ID2 Elon Musk Texas

ID3 Donald Trump DC

ID4 Joe Biden Delaware

Person Nationality Born In Primary 
Home

ID1 USA India CA

ID2 USA South 
Africa

Texas

ID3 USA USA Florida

ID4 USA USA Delaware

Person Education Martial 
Status

Children

ID1 PhD Married None

ID2 BS Married Yes

ID3 BS Married Yes

ID4 BA Married Yes



Databases are Categories
ID First Last WorksAt

ID1 Sridhar Mahadevan Adobe

ID2 Elon Musk DOGE

ID3 Donald Trump WhiteHouse

ID4 Joe Biden Retired

Employee

First Last

Organization

Size

String String Number

Works At

Functor

Find a White House employee who was born in South Africa


Find an Adobe employee born in India



Database queries are Lifting Diagrams

F = H ∘ I

G = H ∘ P

G ∘ I = P ∘ F

[Spivak, Database Queries and Constraints via Lifting Problems, 2013]

Database


 instance

Query
Answer



Open Games



Game Theory

• Developed by von Neumann and Nash as a model of economics


• Widely applied in auctions of multi-billion dollar commodities (spectrum)


• Basis behind a lot of e-commerce


• Several Nobel prizes have been awarded in game theory


• But: game theory is not compositional



Prisoner’s Dilemma

Players Confess Lie

Confess (-10, -10) (0, -10)

Lie (-10,0) (-1, -1)



Compositional game theory

• The category of open games is defined as a symmetric monoidal category 


• It uses the concept of lenses


• Just like the abstract deep learning model, we need a ``request” function


• In open games, it is called coplay


[Hedges, “Morphisms of Open Games”, Electr. Notes in TCS, 2018]



Functor Categories



Set-Valued Functors

c d

e

Fc Fd

Fe

Images
Distances

Generalized Metric Space Sets

f Ff
g

h FgFh
<latexit sha1_base64="PDP5apborX3P9GCpReLUTMEze5Y="></latexit>

x →↑ C(x,↓) : C ↑ SetsC

Distance from c to all other objects

Yoneda embeddings show how to construct generalized representers 



Functor Categories
• The most interesting categories are those where every object is a functor!


• Presheaves are constructed through the Yoneda embedding


• Simply map an object x —> C(-, x)


• The most beautiful embedding in all of mathematics! 


• Yoneda embeddings create a nicer ``copy” of a category


• The category of presheaves is a topos



Contravariant and Covariant Functor Categories

<latexit sha1_base64="deLWdtx3Gafdzp5fXvt1TwSb57M="></latexit>

x →↑ C(↓, x) : C ↑ SetsC
op

Presheaves: Contravariant 

<latexit sha1_base64="PDP5apborX3P9GCpReLUTMEze5Y="></latexit>

x →↑ C(x,↓) : C ↑ SetsC Copresheaves: Covariant 



Yoneda Lemma

Nat(C( − , x), F) ≃ Fx

The Yoneda Lemma came to “life” in 1954


Coincidentally, Turing died in 1954

“Objects are defined by their interactions”



Metric Yoneda Lemma in 
Generalized Metric Spaces







Generalized Metric Spaces
• A generalized metric space (gms) is defined as a space X, where


• 


• 


• Triangle inequality: 


• Note: in a gms, symmetry does not hold, and two objects that are at 
distance 0 need not be identical

X(x, y) : X × X → [0,∞]

X(x, x) = 0

X(x, z) ≤ X(x, y) + X(y, z)



Examples: gms over Preorders
• Let us define a gms over a preordered set 


• Reflexivity: 


• Transitivity: 


• The gms is defined as


• 


•

(P, ≤ )

x ≤ x

x ≤ y, y ≤ z ⇒ x ≤ z

If x ≤ y, then P(x, y) = 0

If x ≰ y, then P(x, y) = ∞



Example: gms over strings

• Consider the set of strings 


• We can define a gms over the strings  as follows:


• 


•

Σ* over some alphabet Σ

Σ*

Σ*(x, y) = 0 if x is a prefix of y

Σ*(x, y) = 2−n otherwise where n is the longest common prefix



Example: gms over topological spaces

• We can define a gms over the power set  of all subsets over a metric 
space as: 


• 


• This distance is referred to as the non-symmetric Hausdorff distance

𝒫(X)

𝒫(X)(V, W) = inf (ϵ > 0 |∀v ∈ V, ∃w ∈ W s.t. X(v, w) ≤ ϵ)



Example: gms over distances
• Let us define a gms over the category  of non-negative distances:


• 


• 


• This category is complete and co-complete, symmetric monoidal, as well as compact 
and closed


• Product of two elements is their max (or supremum)


• Coproducts of two elements is their minimum (or infimum) 


• Monoidal product is defined as addition +

[0,∞]

[0,∞](x, y) = 0 if x ≥ y

[0,∞](x, y) = y − x if x < y



Compact Closed Categories

• Let us define an “internal” Hom functor  as simply the 
distance in  as given previously 


• The Yoneda embedding  is right adjoint to 



• Theorem: For all 


•

[0,∞]( − , − )
[0,∞]

[0,∞](t, − )
t + − for any t ∈ [0,∞]

r, s, t ∈ [0,∞],

t + s ≥ r if and only if s ≥ [0,∞](t, r)



Metric Yoneda Lemma for gms
• We can construct “universal representers” in any gms by applying the Yoneda 

Lemma


• Let X be any gms. For any element 


• 


• Let us define a category over gms by using as arrows all non-expansive functions 


• 


• Where 

x ∈ X

X( − , x) : Xop → [0,∞] : y ↦ X(y, x)

f

Y( f(x), f(y)) ≤ c ⋅ X(x, y)

c ∈ (0,1)



Presheaves in a gms
• For any category 


• In particular, the presheaf for the category of gms is given as


• 


• Which defines the set of all non-expansive functions from  to 


• Remarkably, the Yoneda embedding  is itself a non-
expansive mapping, and therefore  an element of 

C, define its presheaf Ĉ = SetC
op

X̂ = [0,∞]Xop

Xop [0,∞]

y ↦ [0,∞](y, x)
X̂



Metric Yoneda Lemma
• For any non-expansive function 


• 


• The Yoneda embedding is an isometry! 

•  

•  

• Recall we have made no assumptions about symmetry!

ϕ ∈ X̂

X̂(X( − , x), ϕ) = ϕ(x)

y(x) = X( − , x)

X(x, y) = X̂(y(x), y(y)) = X̂(X( − , x), X( − , y))



Non-symmetric Attention in LLMs

• Recall that Tranformer modules compute permutation-equivariant maps 
because attention matrices are symmetric! 


• To fix that problem, a Transformer uses Absolute Positional Encoding


• But, that “fix” causes problems of generalization in long sequences


• Conjecture: Yoneda embeddings in a gms may lead to new insights into 
attention in LLMs 



Simplicial Category Δ
• Objects: ordinal numbers


• 


• Arrows: 


• 


• 


• All morphisms can be built out of primitive injections/surjections


• 


•

[n] = {0,1,…, n − 1}

f : [m] → [n]

If i ≤ j, then f(i) ≤ f( j)

δi : [n] → [n + 1] : injection skipping i

σi : [n] → [n − 1], surjection repeating i

0

1

2

0

1



Nerve of a Category

• Recall a category is defined as a collection of objects, and a collection of 
arrows between any pair of objects


• A simplicial set is a contravariant functor mapping the simplicial category 
to the category of sets


• Any category can be mapped onto a simplicial set by constructing its 
nerve


• Intuitively, consider all sequences of composable morphisms of length n! 



Simplicial Sets: Contravariant Functors

δn
i : [n] → [n + 1]

σn
i : [n + 1] → [n]

0 1 2 3

0 1 2 3

Xn : [n] → X : Δop → X



Simplicial Sets vs. Categories
• Any category can be embedded faithfully into a simplicial set using its 

nerve


• The embedding is full and faithful (perfect reconstruction) 


• Unfortunately, the converse is not possible


• Given a simplicial set, the left adjoint functor that maps it into a category 
is lossy! 


• GAIA (in theory!) is more powerful than existing generative AI formalisms





Sequential Composition

Parallel Composition



How to compose a sequence of two Learner objects?



Backprop is a 
functor! 





A Categorical Model of Attention

Transformer 
Category

Category 
of Learners

Category of Learners

(P,I,U,R)

(P’,I’,U’,R’)
(P”,I”,U”,R”)

A

C

B

Backprop



Simplicial Sets





GAIA: Categorical Foundations of Generative AI



Simplicial Generative AI



Calculus of (Co)Ends

∫c
F(c, c) ∫

c
F(c, c)

Ends Coends

Probabilities 
Topology







The “Geometric” Transformer Model

Intuition: Construct a simplicial set of of Transformers by 
composing sequences of length n 

Embed them in a Kan complex



Diffusion Process and Kan Complexe

https://yang-song.net/blog/2021/score/



Generative AI and Kan Complexes

Figure Source: https://lilianweng.github.io/posts/2021-07-11-diffusion-models/

Every morphism


invertible!



Categorical Machine Learning



Clustering as a Functor







[McInnes et al., 2020]



[McInnes et al., 2020]



[McInnes et al., 2020]



UMAP

PCA







Learning Functors
Dataset 

Entire Category

Output 
CategorySampled Functor

Embedding Functor to be learned 

Find the universal property!



Kan Extensions of Functors 

Every concept in category theory can be expressed as a Kan extension!



Dynamical Systems and Universal Coalgebras 

Universal Reinforcement Learning





From Induction to Coinduction

• Machine learning has traditionally been modeled as induction 

• Identification in the limit: Gold, Solomonoff 

• PAC Learning: Valiant, Vapnik 

• Algorithmic Information Theory: Chaitin, Kolmogorov 

• Occam’s Razor, Minimum Description Length



Coinduction: A New Paradigm for ML

• Generative AI is all about modeling infinite data streams 

• Automata, Grammars, Markov processes, LLMs, diffusion models 

• Infinite data streams define non-well-founded sets 

• Final coalgebras generalize (greatest) fixed points  

• Reinforcement learning is an example of coinduction in a coalgebra 

• Causal inference is also usefully modeled in coalgebras 





Conductive Inference

• Based on non-well-founded sets 

• Uses the category-theoretic framework of universal coalgebras 

• Coinduction generalizes (greatest) fixed point analysis 

• Reinforcement learning: metric coinduction in stochastic coalgebras 







 RL algorithms can be explored for these stochastic coalgebras! 



Final Coalgebras
• In a category of coalgebras, where each object is X -> F(X), a final 

coalgebra is an isomorphism X ~ F(X) 

• Final coalgebra theorem (Aczel, Mendler): for a wide class of 
endofunctors, final coalgebras exist (weak pullbacks)  

• RL is essentially coinduction in a coalgebra 

Vπ = Rπ + γPπVπ = Tπ(V)



MDP Coalgebras

• Any MDP is defined as a tuple M = (S,A,R,P) 

• Given any action a, it induces a distribution on next states 

• Any fixed policy defines an induced Markov chain 

• Markov chains are coalgebras of the distribution functor D 

• αM
S : S →M 𝒟(S)



This paper can be 
extended to the RL 
setting



Non-well-founded sets
• Non-well-founded sets violate the ZFC+ axioms of set theory  

• In particular, the axiom of well-foundedness states that there cannot 
be any infinite membership chains 

• Many sets in computer science are not well-founded 

• Infinite data structures: lists, trees, recursion, stacks 

• Many AI problems involve non-well-founded sets 

• Common knowledge, causality with feedback, natural language



Homomorphisms of Coalgebras

X

F(X)

Y

F(Y)

f

αX αY

F( f )

MDP homomorphisms are a special case of this framework



RL as Metric Coinduction

Contraction mapping convergence in MDPs 

is a special case of metric coinduction



Induction vs Coinduction

• Given the class of all (non)well-founded sets 

•  X —> F(X) is the powerset coalgebra 

•  F(X) —> X is the powerset algebra 

• The initial object in the category of algebras is well-founded sets  

• The final object in the category of coalgebras is non-well-founded 
sets 



Final Coalgebras
• A final object in a category is defined as one for which there is a 

unique morphism into it from any other object 

• In the category of coalgebras, the final object is called a final 
coalgebra 

• Example: in the coalgebra of finite state automata, the final coalgebra 
is the smallest automaton accepting a language 

• Example: in the coalgebra of MDPs, the final coalgebra is the 
smallest MDP that defines the optimal value function



Lambek’s Lemma





Occam's Razor Coalgebraically
• We can now define a coalgebraic version of Occam's Razor 

• Given any category of coalgebras, where there is a final coalgebra 

• Any other coalgebra must define a unique morphism into the final 
coalgebra 

• If this unique morphism is injective (or a monomorphism), the given 
coalgebra must be minimal 

• States of the final coalgebra define ``behaviors" (see Jacobs book)



Bisimulation in Coalgebras



An Extrinsic Theory of AGI



 Universal Imitation Games





Universal Imitation 
Games

Static
Dynamic

Evolutionary



Extrinsic AGI Framework



An Intrinsic Theory of AGI



What is our AGI Framework?
• Each AGI modality defines a category called a topos


• Objects in the category define entities, and arrows specify their interaction


• An AGI “mind” has to synthesize multiple AGI modalities 


• Learning to build a causal model


• Planning to take optimal actions


• Communication with language


• Topos theory shows us how to build AGI minds



Set Theory vs Topos Theory



Topos as a Category

• A topos is a category that 


• Has all limits and colimits


• Has exponential objects or an internal hom-object


• Subobject classifier



Limits and Colimits
• Limits and colimits are abstractions of common mathematical constructs


• Limits: meet, max, supremum, product,…


• Colimits: join, min, infimum, coproduct,…


• They are defined by universal properties


• A limit is a final object in a category of diagrams


• A colimit is an initial object in a category of diagrams



Limits and colimits: Diagrams F: J —> C

Fk

c

Fj
Ff c

Fj FkFf

Cone under c Cone over c

J J

A limit is an object LimF in C


Universal cone under LimF

A colimit is an object colimF in C


Universal cone over colimF



Exponential Objects

• Given a category C with products:


• For each object c: define a functor F: c * ? —> c: C —> C


• If functor F has a right adjoint G: (-)c: C —> C


• We say C has exponential objects



Subobject Classifier
Set theory Topos theory

Let X = natural numbers


Let S = prime numbers

X is an arbitrary object, S is a subobject: 


Causal model, deep learning model



Topos of Graphs

Subobject Classifer
Functor

Yoneda embedding:


C(-, V): {1V}


C(-, E): {s, t, 1E} [Vigna, Arxiv, 2003]





Quantum Computing and  AGI



Quantum Computing in Categories





https://medium.com/cambridge-quantum-computing/quantum-natural-language-
processing-748d6f27b31d

Meaning arises out of words in a sentence using ‘quantum entanglement 





Summary



The Building Blocks

c d

e

Fc Fd

Fe

Objects
Arrows

Functor F

Category C Category D

f Ff
g

h FgFh

Functor G

Nat. Trans.

Category Theory is all about compositionality


The category of all categories is a category!



How to think with functors
• Abstraction and Compositionality


• What are the generic objects and arrows of a category?


• What universal properties does the category satisfy?


• How to define adjoint functors between a category and other categories?


• How to convert a category into a simplicial set or  a topos?


• Yoneda Embeddings: x —> C(-, x)



Many Applications in A(G)I
• Machine Learning


• New ways to model deep learning, manifold learning clustering


• Probabilistic and causal inference


• Markov categories show how to reason with string diagrams


• Reinforcement learning over universal coalgebras


• A new way to think about state using functors


• A new compositional framework for AGI


