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Abstract 1 Introduction

To reason effectively about programs it is important to To reason effectively about programs it is important to
have some version of a transitive closure operator so that have some version of a transitive closure operator so that
we can describe such notions as the set of nodes reachabl&ve can describe such notions as the set of nodes reachable
from a program’s variables. On the other hand, with a few from a program’s variables. On the other hand, with a few
notable exceptions, adding transitive closure to even verynotable exceptions, adding transitive closure to even very
tame logics makes them undecidable. tame logics makes them undecidable.

In this paper we explore the boundary between decid- !N this paper we explore the boundary between decidabil-
ability and undecidability for transitive closure logics. Ra- ity and undecidability for transitive closure logics. Rabin
bin proved that the monadic second order theory of trees [12] proved that the monadic second order theory of trees
is decidable although the complexity of the decision pro- 1S decidable although the complexity of the decision pro-
cedure is not elementary. If we go beyond trees, howevercedure is not elementary. If we go beyond trees, however,
undecidability comes immediately. undecidability comes immediately.

We have identified a rather weak first-order language ¢ Moldal Iogi(I:sT.;uch TS }hﬁhcalculuEst;a_Ll\_lltlav'Eroved |e>f{
called3v(DTCIE]) that goes beyond trees, includes a ver- ey USEIUL 1ng Cacuius has an ~complete
sion of transitive closure, and is decidable. We show that satisfiability problem [3] and.the same has.been shown true
satisfiability of3¥(DTC[E]) is NEXPTIME complete. We even for the more expressive guarded fixed point logic,

furthermore show that essentially any reasonable extension®> long as the vqcabul;iry remains of boundeq arity [6].
of 3V(DTC[E]) is undecidable. Guarded fixed point logic can express reachability from a

specific constant, or from some point of a specific color,

di er m%m contntzjunqg E to dgmor&str{geb';hesewshazp and it can restrict this reachability to be along paths speci-
visions between decidable and undecidable. © alSOfieq, for example, by a regular expression. What it cannot

compare the complexity and expressibility3f(DTC[E)) ; » : . :
with related decidable languages including MSO(trees) and ngrﬁ]sast I'cshzrf?scgi)t;!cﬁyfrrs&:fg between a pair of variables,
guarded fixed point logics. We have identified a rather weak first-order language

We mention possible applications to systems some of Ugalled3v(DTC|E]) that goes beyond trees, includes a ver-
are building which use decidable logics to reason about pro- sjon of this sort of transitive closure, and is decidable. We
grams. show that satisfiability ofV(DTC[E]) is NEXPTIME com-

plete. We furthermore show thassentially any reason-



able extension oB8¥(DTC[E]) is undecidable For the binary relatio® (z, y), defineEy(z, y) as follows,
The main contribution of this paper is to demonstrate

the above sharp divisions between decidable and undecid- Ey(z,y) £ E(z,y) A V2(E(z,2) —» 2 =1y) .

able. We also compare the complexity and expressibility o o

of 3V(DTC[E]) with related decidable languages including That is, if vertexv has more than on&-edge leaving it,

MSO(trees) and guarded fixed point |Ogics_ then it has nCEd'edgeS. Then define DTC as follows:
The main application we have in mind is for the static ot
analysis methods that we are pursuing. Very generally, we DTC[E] = TC[Eq] .

model the properties of an infinite set of data structures that | js surprising that F&DTC) is undecidable, but the

can be generated by the program we are analyzing, using &roof is that even this seemingly very weak language is
bounded set of first-order, three-valued structures, [13]. IN strong enough to express tilings.

[14] it is shown that this modeling can be improved so that
it computes the most precise possible transformation sum-Definition 2.1 Define atiling problem 7 = (T, R, D), to
marizing each program step, through the use of decidableconsist of a finite set of tile type$; = {to, . .. % }, together
logics. with horizontal and vertical adjacency relatiorfs, D C
Furthermore, in [9] we show that we can use a method 7. Here R(a, b) means that tiles of typkfitimmediately
we call “structure simulation” to significantly extend the to the right of tiles of type:, andD(a, b)) means that tiles of
sets of data structures that we can model while staying in thetypeb fit one step down from those of type A solutionto
setting of trees (for monadic, second-order logic) or graphsa tiling problem is an arrangement of instances of the tiles
for which the transitive closure information that we need is in & rectangular grid such thatatile occurs in the top left
restricted to deterministic paths (fé%/(DTC[E])). position a.nd ay, tile occurs in the bottom right position,
The advantage of 3v(DTC|E]) compared with and all adjacency relationships are respected. O
MSO(trees) is that while the former is usually much  Gien a Turing machine), and an inputw, we can
more expressive, we can go bey(_)nd_ trees |n.the Iat_ter. Asyild atiling problem7, of sizeO(| M| + |w]), such thaZ”
an example, to express reachability in dyna_mlc, undirectedy, 55 5 solution iff\/ on inputw eventually halts. Here any
graphs as in [2], we need not only a spanning forest, but ac et tiling solution would represent an accepting com-
record of all the remaining edges in the undirected graph putation of M on inputw. Think of #, as representing the
[91. , ) , _ . initial state and;, as representing the final accepting state.
Fig. 1 summarizes results concerning the decidability Thys, as is well known, any logic that can express tilings has

and complexity of satisfiability for relevant logics. All the ndecidable finite satisfiability — and general satisfiability —
languages will be defined precisely in the next two sections. pyrgplems.

For previously known results we include a reference and (Standard definitions of tiling problems only requite

for results new to this paper we include the numk_)er of the 4t the top left, and do not also ask frat the lower right.
relevant theoremNote: we assume throughout this paper This minor change does not affect the undecidability and
that the arity of all relation symbols is bounded. (In all of complexity results, but makes some of our constructions
our actual applications, relations are of arity at most two. If slightly simpler.) See [1] for a nice treatment of tiling prob-

we allowed unbounded arity, i.e., arity then some of the  |omg ‘a5 well as discussions of many relevant decidable and
complexity bounds would significantly increase.) undecidable logics.

2 Background and Tiling 3 Decidability of 3v(DTC[E])

As we have mentioned, being able to express reachability We start with the first-order logigV consisting of first-
is crucial for our applications. However, adding a transitive- order formulas in prenex form with all existential quanti-
closure operator tends to make even very tame logics undefiers preceding all universal quantifiers. It is well known
cidable. We usé¢TC, .- ¢) to denote the reflexive, transi- and easy to see that the satisfiability problem=¥dris de-
tive closure of binary relatiopp(u,v’) [8]. Note: In this cidable: Lety € 3V. Form the Skolemizationpgs, by
paper we will confine our attention to applications of[(C replacing the existential quantifier3g.,...,zx, by new
for which ¢ is quantifier-free and TC-free. constants¢y, ..., c,. Supposed = ¢gs. LetC be the sub-

For example, consider the simple, decidable logi¢ FO structure of4A whose universe consists of the constant sym-
This is first-order logic restricted to having only two vari- bols appearing ipg. Sinceyg is universal, we have that
ables,x, y. Gradel et al. [5] prove that if we add the transi- C = 5. Thusp has a model iff it has a small model, i.e.,
tive closure operator (TC) to FQhen the result is undecid-  one of size less thap|. We say thaBY has thesmall model
able. In fact, they prove that even E@TC) is undecid- property, in this case with models of at most linear size. To
able. Here DTC — deterministic transitive closure — is a testif a universal formulayg, is satisfiable, we would guess
restriction of transitive closure to paths that have no choices.a structure A, of size at most = || and then check that



| Decidable Language| Complexity of Satisfiability [ Citation |

p calculus EXPTIME complete 3] [ Undecidable Language] Citation |
Guarded Fixed Point EXPTIME complete [6] FO?(TC) 5]
MSO(trees) non-elementary [12] FO?(DTC) 5]
FO? NEXPTIME complete [10, 4] -
7 V(TCT[E]) Cor5.4
v Y5 complete [1] -
= = VY(DTC™) Th5.4
I(TC) Y5 complete Prop 3.1 DTCTE ThE3
Iv(DTC[E)) NEXPTIME complete Th3.2,3.4 ( E]) -
W(TC, f) NEXPTIME complete Cor4.1

Figure 1. Summary of the decidability and complexity, and the undecidability of the logics we study.
The arity of all relation symbols is bounded. The results are the same for vV and 3v.

A E ps. Testing whether a given structure satisfies an in- Proof: Let ¢ € 3V(DTC[E]) be satisfiable and letl =
put, universal first-order formula is co-NP complete. Thus . We will show that there exists a modBl = ¢ such
satisfiability of3v formulas is in, and in fact complete for,  that|B| < 20(n?) Here|B| denotes the cardinality of the
Zf), t_he second—_level Qf the pol_y_nomlal-t|me hierarchy. universe of the structur, andn = ||,

Since the existential quantifiers #v formulas can be Let ¢y ...k, be the constants occurring in For each
eliminated by adding constants, we will limit our discus- pair of constantsg;, ¢;, such thatd = DTC[E](c;, ¢;),
sion to universal formulas. Let{DTC) consist of universal  there is a unique path;; from¢; to c; in A. Let A’ be the
formulas in which DTC may occur. Unfortunately, as we substructure ofA whose universe consists of the constants
will see, satisfiability ofv(DTC) andV(TC) are undecid-  pjys all vertices on all the paths;; .
able (Theorem 5.4). We claim that4’ = ¢. To see this, first observe that for

Itis the positive occurrences of TC that mess up the sat-any two elements, b of the universe ofd’ we have that,
isfiability of ¥(TC). Let 3¥(TC™) consist of formulas in A = DTC[E](a,b) = A’ = DTC[E](a, ) (3.3)

prenex form in which all occurrences of TC are negative.
N o _ _ (That the converse need not hold is exploited in the proof
Proposition 3.1 Satisfiability of 3¥(TC™) is decidable  of Theorem 6.2.) Since andb occur on pathg;;, if A =

with complexity complete fdt?. DTC[E](a, b) then the path from to b must be along the
) pathsp;;. ThusA’ = DTC[E](a, b) holds as well.
Proof. The above argument faiv continues to work. If Since A’ is a substructure of4 and ¢ is a universal

p € IV(TC™) is satisfiable, letA = ¢s, whereps isthe  formula with only positive occurrences of DTC, it follows
Skolemization ofp. As above, le€ be the substructure of from Equation (3.3) thatd’ &= ¢. (Note that the neg-
whose universe consists of the constant symbols appearinggive occurrences of T(@] with ¢ quantifier-free do not

in p5. ThenC |= ¢s because if a path did not existid  pother us. Sinced’ is a substructure oft it follows that
then it still does not exist ig. (Recall that we only apply it 4 = ~TC[¢](a,b), thend’ = ~TC[¢](a, b) as well.)

TC to quantifier-free formulas.) Furthermore, we cantestin gy ctured’ consists of a set of “trees” directed from leaf
polynomial time whether such a pgth existinThus the {4 ro0t, all of whose leaves and roots are constants; however,
complexity of satisfiability remaink;, complete. D (1) some of the “trees” may end in a cycle rather than a root;

Define3Y(DTCIE]) to be the restriction 68Y(DTC) in and (2) multiple edges may occur from some of the roots to
which the language has only one binary relation symbol, ~ other vertices. Note that if there is more than one edge from
(plus unary relation symbols and constants), and all applica-vertexv, thenv does not occur on any DTC path except per-
tions of DTC are positive occurrences of the form OEC haps as the last point. For this reason, if there are multiple
In addition, we include irdV(DTC[E]) arbitrary negative edges inA from constant;, then we will remove all such
occurrencesof TC[y] for ¢ quantifier-free. However, itis ~edges and instead add a new unary relation syrghadtue
very important that there ameo negative occurrences of  Of all the vertices that had edges frem and we will mod-
DTC, for otherwise the language would become undecid- ify ¢ accordingly. (More explicitly, we would change all
able (Theorem 6.3). occurrences of E(z,y)"to “E(z,y) V (z = ¢; AQi(y))".)

Thus we have eliminated (2), and we may assume that the
Theorem 3.2 3V(DTCIE]) has the small model property, graph.A’ has outdegree at most one.

with models of size at moa? ("), wheren is the size of the Note that some of the paths, ;, p;» ;» may intersect. If
formula. Thus satisfiability ofY(DTC[E]) is decidable,  so, for simplicity we identify the first point of intersection
with complexity at most NEXPTIME. for each pair of paths as a new constant symbol. Observe



that there are a total of at mdst-1 such new constant sym-
bols. Thus from now on we will only consideirect paths

problem to test on inputZ, 1) whether there is & -tiling
of a square grid of siz2™ by 2" [11].

pi,; containing no intermediate constants. See Fig. 2 fora We will write the formulay,, so that it expresses ex-

sample such graph4’, where constant symbols, cg, co
have been added.

Thus A’ consists ofk’ constants and at most direct
paths,p; ;, wherek’ < 2k — 1. Letr be the number of
unary relation symbols and let be the number of (univer-
sally quantified) variables occurring in We claim that no
direct pathp; ;, need have length greater theiff* +-m+ 1.
Suppose on the contrary that the lengthpef, is greater
than2™ + m + 1. Let the color of a vertex be the set of
unary relation symbols that it satisfies. Thus there2re
possible colors an@™™ possiblem-tuples of colors. Thus
there must be at least two identically coloredtuples,
UL, ..., Un, anduy, ..., vy, in the interior ofp; 5. (By an
m-~tuple we meamn vertices occurring consecutively along
the path.) Form the structutefrom .4’ by deleting vertices
uo throughwv; and adding an edge from to vs.

We claim thatB = ¢. It suffices to show that for any
m-tuple of points fromB, by, bo, ..., b,, there is a cor-
responding, isomorphian-tuple fromA’, ay, as, . .., an,.
Note that every point i3 is in A’, and furthermore, the
only difference betweef and.A’ concerning these points
is thatE(uy, v9) holds inB but not in.A’.

If any b; is not on the patlp, 2, then it is answered by
the identical point in4’. We may thus assume the most
difficult case namely thal;, bo, . .., b,, are all in the path
p1,2- Assume for simplicity that they occur in order. Our
only problem is if for somée, b, = u; andby; = vs. In
this case, we let; = b; for ¢ < ¢, but we letayr1 = us.
Similarly, if byy;—1 = v; forall i € {2,...s}, then we
must letay,y ;1 = wu,;. Consider the first gap (if any), i.e.,
b; andb; ;1 are not consecutive. We have tlbat= v, and
a; = u, for somez. We can leta; = b; for j > i, see
Fig. 3. Note that we have replaced somis by u;’s but all

unary relations, edge relations and connectivity have been

preserved. Thus as desired as, . .
b1,ba, ..., bm.

., Gy, is isomorphic to

Thus B & ¢ as desired. We can continue shortening

any remaining paths of length greater thHAfi* + m + 1.
It follows that there is a moddB of  and |B| < (2k —

1) (2™ +m + 1) < 21°°, as desired. O
It follows from Theorem 3.2 that the satisfiability of

IY(DTC[E]) formulas can be checked in NEXPTIME. We
next show that this cannot be improved.

Theorem 3.4 The satisfiability oBY(DTC[E]) formulas is
NEXPTIME-complete.

Proof: Let 7 be a tiling problem as in Definition 2.1 and
let n be a natural number. It is an NEXPTIME-complete

IMore explicitly, we mean that the map taking eaghto a; is an
isomorphism of the induced substructures ®fand A’ generated by
bi,...,bm andaz, ..., am, respectively. This may be thought of as an
Ehrenfeucht-Fiss game in which the spoiler chooses thé& and the
duplicator answers with the;'s [8].

actly a solution to this tiling problem. There will be two

constantsgs, denoting the cell in the upper left corner and
t denoting the cell in the lower right corner. The desired
model will look like the following:

s= [1,1,t] [1,2™, 1]
[27 ]-7 t/} T [27 2", t”]
[2n, 1, 4] 2797 1] —t

The binary relationE will hold between each pair of
consecutive tiles, including, for examplé¢l,2™,¢] and
[2,1,¢]. We will include the following unary relation sym-
bols: H,, ... H, indicating the horizontal position as an
bit number,V1, ...V, indicating the vertical position, and
Ty, ... Tk indicating the tile type.

The formulay,, is the conjunction of the following as-
sertions:

L To(s) A A\ (FHi(s) A-Vils))

1=

—

N

.

Te(t) A\ (Hi(t) ANV;(1))

i=1

3. Vr /\

0<i<j<k

~(Ti(x) A Tj())

N

. Vx,y((Sucv(a;?y) — Vert(z,y)) A (Sug,(z,y) —
Hor(x7y)))

5. DTCIE|(s,t) A Va,y(E(x,y) — Next(z,y))

Here (1) says that is the first tile and has tile typ&.
Similarly, (2) says that is the last tile and has tile type.

We have chosen for simplicity to encode the tile types in

unary so we need (3) which says that tile types are mutually
exclusive.

Conjunct (4) says that the arrangement of tiles honors
T’s adjacency requirements. The abbreviation;3ucy)
means that andy have the same vertical position and
horizontal position is one more than thataf Sug,(z, y)
means that: andy have the same horizontal position and
y's vertical position is one more than thatef The abbre-

viations Ho(z,y) and Vertz, y) are disjunctions over the
tile types asserting that the tiles in positianandy are hor-

izontally, respectively vertically, compatible, for example,
\V (Ti(=) AT;(y)) (3.5)
R(t;,t5)

Finally, (5) says that there is a path fronto t. The ab-
breviation Nextz, y) means Sug(x, y) or 2 has horizontal

Hor(z,y) =



Figure 2. In proof of Theorem 3.2: sample configuration of A" with constants ¢, cg, co added.

(1)~ 2 ©) (4)
Aty gt & &:i*Qis1t 8y

l

ﬂ': Cl-lvvv-)ul—>u2—>...—>uz—>no—> um-'\AN»Vl—>V2—>... —)VZ—>-..—>-..... —>Vm-'vvv-> C2

B: Cinn~ Uy Vy—> oo =V —eee—seeeces =\ ann~s C,
by b II b bisib b
i(l)-»l @ 1+1 <i_(3)_,i+1 I+s-(14) m

(@)
4 8 2,

.

ﬂ': Cl-'vvv» u1—>u2—>--- —_— um-'\Nv» Vl—>V2—> Xy —>Vm-'\Nv~> C2

@ Cl-'w\/» ul V2—> oo —)Vmw C2

| ]

b, b, b,
(b)

Figure 3. lllustration of how for every  m-tuple of points by,...,b,, from B there is a corresponding
isomorphic m-tuple of points ay,...,a, from A’. (a) Inregion (2) of B, by,...,b; are assigned consec-
utive points; similarly, in region (2) of  A’, ay,...,a; are assigned consecutive points. Because  b; and
b;+1 are separated by two or more  E edges in region (3) of B (i.e., there a “gap”), the assignments for
@iy1,---,am inregion (4) of A’ can matchthosefor b;y1,...,b,, inregion (4) of Bexactly. (b) Degenerate
case of “no gap™ by, be,...,b,, are assigned the m consecutive points  wuy,vs,...,v,, and there is no
pair b;, b;+1 that are separated by two or more  E edges in B. In this case, a1,as,...,a,, are assigned
the consecutive points  uq,us, ..., Up.




position2™, y has horizontal position 1, angs verticalpo- 5  Undecidability of Related Logics
sition is one more than that af O

. ) . We next show that most reasonable extensions of the lan-
The formulay,, described inthe above proof canbe writ- - g,a4e3y(DTC[E]) can express the solution to tiling prob-
ten in lengthO(n) using only two variables. When sat- |ams and thus are undecidable. To begin we show:
isfiable, it has a minimal model of siz™. In Corol-
lary 7.3 we extend the above argument, showing that theTheorem 5.1 Satisfiability of¥(DTC"[V],DTC*[H]) —
20(n*) pound of Theorem 3.2 is in fact optimal. For this we universal logic with two binary relationsy, H, and their
need a variant of the above formulas that usariables. positive deterministic transitive closure — is undecidable.

Proof: Let7 be atiling problem (Definition 2.1). We show
how to write a formulap € ¥(DTC*[V],DTC"[H]) such
that is satisfiable iff7 has a solution.

We next discuss the languagéTC, f), consisting of Formulay contains four constant symbols,b, c, d rep-
universal first-order logic with a transitive closure opera- resenting the four corners of the solutiorifosee Fig. 4.
tor, one unary function symbol, plus arbitrary unary rela-  We assert that every element satisfies exactly one of the
tion symbols and constants. This is closely related to thetile relationsTy, . . ., T. We asserfly(a) A Tk (d), i.e., the
languagedv(DTC[E]). One important difference is that in  upper lefttile ity and the lower rightis;.. We assert thal!
¥(f) we may write a formula that has only infinite modéls. andV paths exist between the four corners: OFEJ(a, b) A

It is well known that the satisfiability and finite- DTC[H](c,d) ADTC[V](a,c) ADTC[V](b,d). _
satisfiability problems for monadic second-order logic with ~ We add a unary predicateast true of tiles in the right-
a single unary function symbol are decidd@blalthough ~ mMostcolumn and in this column we haleedges go down
their complexities are not elementary, even when restricted@long theV’-edges, i.elLast(z) A Last(y) — (H(z,y) <
to first-order quantification [12, 1, 7]. Vix,y)). We QO this so that we can express the fact that

It is not hard to modify the proofs of Theorems 3.2 and H-edges continue all the way to the right in every row. We

3.4 to apply to7(TC, ). (For functions, the implication of ~dO this by assertingzDTC[H](z, d). .
Equation (3.3) is a biimplication and thus the result goes W& Nnext assert that/ and V edges satisfy the cor-
through for positive and negative DTC'’s.) respondmg horizontal and vertical t|||ng constraints, us-
ing the formulas Hor and Vert as in Equation (3.5).
Vo, y((H(z,y) A -Last(z) — Hor(z,y)) A (V(z,y) —
Corollary 4.1 The finite satisfiability problem forf(TC, f) Vert(z,y))).
is NEXPTIME completé. Next we assert that the intermediate rows are filled in:
Va,y, o',y (H(z,y) AV (z, 2" ) AV (y,y)) — H(z',y)).
. Finally, we assert that the columns are filled in and
Proof: If a formulay € V(TC, f) has a finite modelA, line up: Va,y,2',y'((-Lastz) A H(z,y) A V(z,2') A
then it must have a model of the fora’ as in the proof H ) — Vy,y).
of Theorem 3.2. The only difference is that sintenust It 7is not haré fo see that the conjunction of the

be a total function there are no roots so all trees end in CY-above assertions is equivalent to the existence of a so-

4 Logics With One Function Symbol

cles. The size of the smallest model is s#t"). The  |ution to the tiling problem,7. Thus satisfiability of
difference in counting is slight namely applications of the (pTC*+[V], DTCT[H]) is undecidable. O
function symbol.f, can extend the apparent number of con- . .

stant symbolsy (c;) behaves like a new constant symhgl, Theorem 5.4 shows that a second binary relation over

andf(z) behaves like a new universally quantified variable, Which we can take DTC causes undecidability. We can
y, such thatE(c;, ¢}) and E(z, y), respectively, must hold.  modify the proof to show that even if there is only one (pos-
Thus, the proof of Theorems 3.2 and 3.4 go through if we |t|ve) occurrence of DTC, the |Og|C is still undecidable if a

replacek andm by ¢k andgm, respectively, where is the second binary relation is allowed, or if DTC is allowed to
number of occurrences gfin . O be taken not just over the relatid, but over a formula that

also involves unary relation symbols.

2For examplevz, y(c £ f(z) A (f(z) = f(y) — z = y)). Theorem 5.2 Satisfiability of ¥(DTC™') is undecidable.
3This is equivalent to the MSO theory of trees with multiple successor This holds even if there is only one occurrence of DTC and
functions. only one binary relation symbol.

4This holds as well for the general satisfiability problem. For infinite

structures there is a similar “small model” except that from some constants . .
there is an infinite chain that intersects no other vertices of the structure. Pf00f: We modify the proof of Theorem 5.4 so that the

The infinite chain must repeat an-tuple of colors and can from thereafter ~ path froma to d through the tiled rectangle is along a single
repeat exactly. Thus it has a representation of 2&*”). shake-like path of the edge predicakg,as in Fig. 5.
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a o b
\% \% \%
® [ ] eoce H
® [ ]
V ® [ ] V
[ N J X H y eoe
\% \%
] H ]
: [ N ] X y eoce :
L] [ ]
c H H H H H tk d
Figure 4. A tiling as expressed in Theorem 5.4. (The last column satisfies Last)
First Last
R a tO E E E E E E E
E E E E
- LE [ 4 eeooe E | |
o L ]
E * * E
R — eooe X E y cee —_—
E E. E E
—— o000 | X E Y eece ~—
[ ] [ ]
[ ] [ ]
[ ] [ ]
R E E E E E E E tk d

Figure 5. A tiling expressed with a single occurrence of DTC as in Theorem 5.4.



We do this by adding unary relatidfirst denoting the 6 Undecidability of V(DTC"[E],DTC [E])
first column of the tiling rectangle, plus the relati®rmod-

ifying alternating rows of the rectangle indicating that the  \y/5 \vere quite surprised to find that althougiiC™) is

E-path goes to the right on the odd-numbered rows. decidable)y(DTC™), and everv(DTC™[E]) are not. We

Define the edges along the snake-like patty, y) = give the somewhat subtle proof in this section. First we
E(z,y) A ((B(z) < R(y)) v (First(z) A= R(x) A R(y)) V show thaty(DTC™ [E]) has an infinity axiom.
(Last(z) A R(z) A —R(y))). _

The single use of DTC is the assertion Di#fta, d). We  proposition 6.1 There is a sentence i(DTC™ [E]) that is
also assert the completion of squares (see Fig. 5), satisfiable, but only in an infinite model.

(E(z,y) N E(y,y') A EY,2") A (R(z) < R(y)) A
(R(z") = R(y')) A (R(y) < ~R(Y))) — E(z,2').

Finally, we add the following assertions which together
make sure that all models must be valid tilings:

Proof: The idea is that we know that iE(cg,c;) and
—DTCIE](cy,c1) both hold, then there must be another
edge fromey. We can use this observation to write an infin-

: ity axiom that essentially expresses the existence of a suc-
1. To(a) A Ti(d) A First(a) A Last(d) cessor function. We simply express the conjunction of the
2. —(First(z) A Last(z)) following formulas:
k 1. Yo(v # ¢1 — (E(v,c1) A-DTC[E](v, ¢1)))
3. \/ T;(x) A /\ —(T;(z) AN Tj(z))
im0 0<i<i<k 2. Youyua(v # ¢1 A E(uy,v) A E(ug,v) — ug = ug)
4. (B(z,y) A (R(z) < -R@)) — ((First@) & 3 07 arVonklve)

First(y)) A (Last(z) « Last(y))) (1) says that every vertex besideshas an edge to,

but not a DTC path te;, so it must have outdegree greater

5. E(z,y) =~ <(R($) A R(y) A (Lastz) VFirst(y))) v than 1; (2) says that every vertex besidesas in-degree at

(=R(z) A —R(y) A (Lasty) V First(x)))) most one; and (3) says thaf has in-degree 0. Thus there
must be an infinite chain of edges startingat
These formulas are satisfied by a model that contains
6. <(g(x’y) Af(x) A B(y)) v (Ely,2) A ~R(z) A the natural numbers plus a new point caltedwith edges
=R(y))) — Hor(z,y) E(n,c;)andE(n,n+ 1), forn =0, 1,.. .. 0

7. (E(z,y) A (R(z) < ~R(y))) — Vert(z,y)
Theorem 6.2 ¥(DTC' [E],DTC™ [E]) is undecidable.

Again formulas Hor and Vert are as in Equation (3.5).
The conjunction of the universal closure of all the above

assertions thus assert a solution to the tiling probBias 1 40f of Theorem 5.4. Our new idea is to remove all of the
desired. = non-boldfaceE’s in Fig. 5 and to replace them by a gadget
We remark that if in the proof of Theorem 5.4 we reverse Of new green vertices, satisfying the unary relation symbol,

the edges that are netedges, then we can use [I¢} in lieu G, and associated edges. The existence of the green vertices

of DTC[o] and the proof goes through. Thus we have, and their associated edges will be implied by the “not DTC
trick” described in Proposition 6.1, together with some uni-

Corollary 5.3 Satisfiability of V(TC[E]) is undecidable.  versal first-order statements that make sure that the vertical
This holds even if there is only one occurrence of TC and it edges continue to be attached appropriately.
occurs as TCE] where E is the only binary relation sym- Just as in the proof of Theorem 5.4, we express the exis-
bol. tence of a tiling. Since we have removed the non-boldface

E’s we can now simply express the path from the first tile

Note that the formulas in Theorems , , and Corollary use to the last as DT{@](a, d).
only two variables except in the completion of squares for-  To get our gadget we add two new constanhidpr the
mula. In fact, we can write the whole thing with only two top, rightmost tile, and; for the top, rightmost green ver-
variables as follows: We reverse the vertical edges in thetex, just below it. The green path proceeds in the opposite
even columns. We then assert that each tile is in a cycle ofdirection of the non-green, tile path directly above it, see
2 x 2 tiles: Vzy(E(x,y) — DTC[E](y, x)). Fig. 6.
We make the following assertions. These all concern

Corollary 5.4 The undecidability results of Theorems , , the green row below each, i.e., right-going, row of tiles.

and Corollary all remain true for the corresponding lan-  For simplicity, we skip the analogous case below each left-
guages with only two variables. going row of tiles.

Proof: We take as our starting point the undecidability



Proof: This amounts to modifying the proof of Theo-
rem 6.2. We remove the assertion DFJ(a, d) and re-
place it using the “not DTC trick”. More explicitly, we add
another unary predicatB true of the tiles, and we add an-
other constantyy. Then we make the following additional
assertions:

-

1. B(a) A Vz(B(z) A «
~DTCIE](z, c0))

) ) £ d — E(z,c0) A
Figure 6. Gadget used in Theorem 6.2.

2. Vay(B(z) A N E(z, B
1. G(e1) AN E(er,b) AVuz(E(er,2) NG(x) ANE(byu) — wy(B@) Ay # co (@y) = BW))
E(z,u)) 3. The in-degree forB-vertices from B-vertices is at
most one, and it is zero far.
2. Vz((-G(z) <« DTC[E]|(z,d)) N (-G(z) <

DTC[E](a,x)))
 Vayz(G(z) NE(z,y) NE(z,2) ANy # 2 — (G(y) <
—G(2)))

. Vuvzyz(—G(u) A =G(v) A G(z) A G(y) A G(z) A
ggu)/\)])%(v)/\E(v,u)/\E(m,u)/\E(x,y)/\E(%z) —

(1) and (2) together assert that eaBhvertex besides
d has an edge to anothét-vertex. It follows that either
DTC[E](a,d) holds, or there is an infinite path. Thus, the
formula is finitely satisfiable iff the corresponding tiling
problem has a solution. m|

7 Complexity of the Decision Procedure

. Vuvzyz(—G(u) A =G(v) A G(z) A G(y) A G(z) A
—R(u) A =“R(v) A E(u,v) A E(z,u) N E(z,y) A
E(y,z) — E(z,v))

In this section, we study the complexity of the decision
procedure fordv(DTC[E]). The first thing we do is look
more carefully at the proof of Theorem 3.4, and show that
our lower bound is tight, matching tr29(™*) upper bound
of Theorem 3.2.

. Vu,v,2,y(=G(u) A =G(v) AG(z) AG(y) A R(u) A
—R(v) A E(z,u) A E(z,y) A E(y,v) — Vert(u,v))

@) starts us out by saying thaf is green, has an que Lemma 7.1 The formulay,, in the proof of Theorem 3.4
to b, and its green successor has an edge to the tile dlrectlymay be written in Iengtl@(g)

belowb. (2) says that green vertices do not have DTC paths
to d, but all non-green vertices do; it also says that all the
non-green edges occur on the DTC-path frerto d. (3)
says that if the outdegree of a green vertex is at least 2, the _ : - ) ;
it has a green and a non-green successor. We will assur re nearly identical and we will restrict our attention to
later, inductively, that each green vertex has an edge to a>u% (%, ). Recall that Sug(x, y) means that the horizon-

non-green vertex. Since the non-green vertex has a DTC_tal position ofy is one greater than the horizontal position

path tod, but the green vertex does not, this assures that the®’ @+ This can most simply be written as follows:

green vertex has outdegree 2. (4) is an inductive condition

Proof: The only difficulty in keepingp,, to total sizeO(m)
s in writing the formulas Sug(z, y) and Sug¢(z, y). These

which says that ifr, y, andz are consecutive green nodes, n

and ifz points up to a non-green node,thenz points up to Sug,(z,y) = \/ [/\ (Hj(z) N—H;(y))
u’s predecessot;. (5) is the similar condition for the edges i=1 j>i

going down. A (mH;(x) A Hi(y))

Finally, condition (6) asserts that these green gadgets
transmit the vertical information between the non-green,
i.e., tile, nodes as desired. O

A N\ Hj@) = Hiy)

j<i

Theorem 6.2 leaves open the question of the decidability

of V(DTC™ [E]). It would seem that the positive use of DTC
was crucial in the statement DTE](a, d). However, even
this can be replaced by the “not DTC trick”. (The positive
uses of DTC in formula (2) of the proof of Theorem 6.2 can
easily be removed.) The conclusion is th&@bTC™ [E]) is
undecidable.

Theorem 6.3 V(DTC™ [E]) is undecidable.

However, the length of the above formulaign?). We
can decrease the size by keeping track of the position
the above formula. We do this by addigg more unary
relation symbols(;, K;, 1 < j < n. The intuitive mean-
ing of K;(x) is that it is bit: of the horizontal number that
will be incremented as we go fromto its successor. This
means thatH;(z), and for allj > ¢, H;(z); i.e., thereis a
“0”in position ¢, and a “1” in each position to the right af



(We are thinking of the bit positions as 1towith 1 being
the high-order bit, and the low-order bit.)

The intuitive meaning of;(x) is thatj > i where
K;(x). We also use the abbreviatidn (z) = —(K,(z) V
G,(z)). (The mnemonic is tha¥ holds for elements in po-
sitions “greater” than thé position; L holds for elements
in “lesser” positions.)

The advantage of having these new relations around is

that we can now reduce the length of g(e y) as follows:

Sug,(z,y) —H;(y))

/n\[Gj (z) A

VK () A —H () A Hy ()
v (Ly(@) A (Hy(x) © Hy ()

Finally, we must write down several more conditions.
The conjunction of the following conditions assures that the

new relations; and K; are defined correctly.

1. Vl’(Kl(ZL') V KQ( )
Ha(x) - Hy()))

-V Kp(z) vV (Hi(z) A

2 va /\ (Ki(2) — Gis1(2))

It follows from Lemma 7.1 and the proof of Theo-

rem 3.4 that we can write a sequence of formulgs €
IY(DTC[E]), n = 1,2,... such thatp,| = O(n), ¢, has

onIy two variables, and yep,,’s smallest model is of size
294")_ This is the best possible with only two variables. To

match the2®(”) upper bound of Theorem 3.2, we need a

formula withn variables.2
We can count up t@"" using a sequence of consec-
utive vertices, each with a number betwdeand2”. We
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will add n more unary relation symbolsj;, 1 <i < n. A
tile will then be encoded by vertices as follows:

[Clvhlvulat}
[017 17vl7tl]

[027}12;1)2’15} [Cn,hn,'l)n, ]
[027 /271}é7t/] [C h; U t]

ns n’ “n

That is, the firstn vertices hold tilet with its (col-
lective) horizontal and vertical numbe(a,, ..., h,) and

(v1,...,vy,) having values between 1 amz, the nextn
vertices hold tilet’ with the successor number, etc. Using
very similar ideas to the proof of Lemma 7.1 we can prove,

Lemma 7.2 Given any tiling problem7, we can write a
sequence of formulas, of lengthO(n),n = 1,2,..., such

thatp,, is satisfiable iff there is a solution t6 that is a2’
by on” square.

It follows that

Corollary 7.3 The20("")
optimal.

upper bound of Theorem 3.2 is

8 Conclusions

We have introduced the languag®'(DTC[E]) which
is a decidable transitive closure logic that goes beyond
trees. We have shown that all the reasonable extensions of
Iv(DTC[E]) that we could think of are undecidable. Uses
of 3¥(DTC[E]) exist but how useful it might be remains to
be seen. The following questions are worth considering:

— Unlike our other undecidability proofs which only re-
quired two variables, our proof of the undecidability of
V(DTC™ [E]) used five variables. We suspect that this
can be improved.

— We showed that the satisfiability afv(DTC[E]) is
NEXPTIME complete. The lower bound depended
on a formula that describes an exponentially long se-
guence of colors. We suspect that in practice the for-
mulas one encounters would have much, much shorter
sequences of color types. We suspect that techniques
related to Ehrenfeucht-Fiss®e games can automati-
cally find the relevant color sequences. These might
lead to a satisfiability algorithm that is feasible in prac-
tice.
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