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Tarski’s Definition of Truth

G |= t1 = t2 iff tG1 = tG2
G |= P (t1, . . . , ta) iff (tG1 , . . . , t

G
a ) ∈ PG

G |= ∼α iff G 6|= α
G |= α ∧ β iff G |= α and G |= β
G |= α ∨ β iff G |= α or G |= β
G |= ∀x(α) iff for all a ∈ |G| G[a/x] |= α
G |= ∃x(α) iff exists a ∈ |G| G[a/x] |= α

Logical Equivalences and Abbreviatons

p→ q ≡ ∼p ∨ q

∼(p ∧ q) ≡ ∼p ∨ ∼q
∼∀x ϕ ≡ ∃x ∼ϕ
∼(p ∨ q) ≡ ∼p ∧ ∼q
∼∃x ϕ ≡ ∀x ∼ϕ

p only if q ≡ p→ q

p if q ≡ q → p

p iff q ≡ p↔ q

p is necessary for q ≡ q → p

p is sufficient for q ≡ p→ q

p unless q ≡ ∼q → p

t1 6= t2 ≡ ∼(t1 = t2)

(∀x . α)β ≡ ∀x(α→ β)

(∃x . α)β ≡ ∃x(α ∧ β)

∃!x(α(x)) ≡ ∃x∀y(α(x) ∧ (α(y)→ y = x))

x|y ≡ ∃z (x · z = y)

a ≡ b (modm) ≡ m|(a− b)
prime(x) ≡ 1 < x ∧ ∀y (1 < y ∧ y|x→ y = x)

Natural Deduction Rules

Proviso for ∀-i and ∃-e: x0 is a “new” variable,
i.e., it does not appear in ϕ, ψ, or Γ.

introduction elimination

∧ α β
α ∧ β

α ∧ β
α

α ∧ β
β

∨ α
α ∨ β

β
α ∨ β

α ∨ β α ` ψ β ` ψ
ψ

→ α ` β
α→ β

α→ β α
β

α→ β ∼β
∼α

F α ∼α
F

α ` F
∼α

∼α ` F
α

∼∼ α
∼∼α

∼∼α
α

=
t = t

t1 = t2 ϕ[t1/x]
ϕ[t2/x]

∀ Γ ` ϕ[x0/x]
Γ ` ∀x ϕ

∀x ϕ
ϕ[t/x]

∃ ϕ[t/x]
∃x ϕ

Γ ` ∃x ϕ Γ, ϕ[x0/x] ` ψ
Γ ` ψ

Truth Game: literal: D wins iff W |= ϕ
∧,∀: G chooses ∨,∃: D chooses

Euclid’s Algorithm gcd(a, b) = ax+ by.
If gcd(a, b) = 1 then a−1mod b = (x%b).

ϕ(m) = |Z∗
m| = |

{
a ∈ Z/mZ

∣∣ gcd(a,m) = 1
}
|

ϕ(pa11 · · · p
ak
k ) = (pa11 − pa1−1

1 ) · · · (pakk − p
ak−1
k )

a|(bc) ∧ gcd(a, b) = 1 → a|c
RSA: publish, n = p · q, e, keep secret:
p, q, ϕ(n), d where d = e−1 (mod ϕ(n)).

CRT: ∀a, b > 1 (gcd(a, b) = 1 → ∀x ∈ Z/aZ ∀y ∈ Z/bZ ∃!z ∈ Z/abZ (z ≡ x (mod a) ∧ z ≡ y (mod b)))

Proof: z
def
= f(x, y)

def
=

(
x · b · (b−1mod a) + y · a · (a−1mod b)

)
% ab


