CS250: Discrete Math for Computer Science

L15: I'z and worlds W € World[X ]



Sany = (<2 [infix]; 0, 1, +2[infix], -2[infix])

N, Z, Q, R € World[~ ]

def

“isidfor” = Vxx-1=x
N,.Z, Q R  “lisidfor.”
X<y = X<y AXx#y
Xy — 3z(x-z=y)
prime(X) — 1<x AVyz(1<yAx=y-z — y=X)

Prop.13.1 Iz F Vxyz (x|y A x|z — Xx|(y + 2))
Prop.13.2 Iz F Yxyz (xly — x|(y-2))
Prop.13.3 1[Iz F Vxyz (x|ly Ay|z — X|2)



Let'slookat [z C PredCalc(X#tny)

R Vxyz(x+(y+2z) = (x+y)+2z) +isassociative



Let'slookat [z C PredCalc(X#tny)

Vxyz(x+(y+2z) = (x+y)+2)

+ is associative
Vxy (X+y = y+X)

+ is commutative



Let'slookat [z C PredCalc(X#tny)

Ri & Wxyz(x+(y+z) = (x+y)+2) +isassociative
R & Vxy(x+y =y+x

+ is commutative
Rs & 041 AVYxx+0=x

Oisid for +



Let'slookat [z C PredCalc(X#tny)

R ¥ Vxyz(x+(y+2z) = (x+y)+2z) +isassociative
R = ¥Yxy(x+y =y+x) + is commutative
Ra & 0#1 AV¥xx+0=x 0is id for +

Re & vx3yx+y=0 Additive inverses



Let'slookat [z C PredCalc(X#tny)

R = Vxyz(x+(y+2z) = (x+y)+2z) +isassociative
R def Vxy (x+y = y+x) + is commutative
Rs & 0#1 AVXX+0=x 0is id for +

Re & vx3yx+y=0 Additive inverses

Rs = VYxyz(x-(y-z) = (x-y)-2) - is associative



Let'slookat [z C PredCalc(X#tny)

R = Vxyz(x+(y+2z) = (x+y)+2z) +isassociative
R def Vxy (x+y = y+x) + is commutative
Rs & 0#1 AVXX+0=x 0is id for +
Re & vx3yx+y=0 Additive inverses
Rs & Vxyz(x-(y-z) = (x-y)-2) - is associative

Ry = VVxx-1=x 1isid for -



Let'slookat [z C PredCalc(X#tny)

R = Vxyz(x+(y+2z) = (x+y)+2z) +isassociative
R def Vxy (x+y = y+x) + is commutative
Ra & 041 AVxx+0=x 0is id for +
Re & vx3yx+y=0 Additive inverses
Rs & Vxyz(x-(y-z) = (x-y)-2) - is associative
Rs L vxx-1=x 1isid for -
R Vxyz(x-(y+2z)=x-y+x-2)A + distributes

(y+2) x=y -x+2-X) over -



Let'slookat [z C PredCalc(X#tny)

R = Vxyz(x+(y+2z) = (x+y)+2z) +isassociative
R def Vxy (x+y = y+x) + is commutative
Ra & 041 AVxx+0=x 0is id for +
Re & vx3yx+y=0 Additive inverses
Rs & Vxyz(x-(y-z) = (x-y)-2) - is associative
Rs L vxx-1=x 1isid for -
R Vxyz(x-(y+2z)=x-y+x-2)A + distributes
(y+2) x=y -x+2-X) over -

cR ¥ Vxy(x-y = y-Xx) - is commutative



Let'slookat [z C PredCalc(X#tny)

R = VYxyz(x+((y+2z) = (x+y)+2z) +isassociative
R & Vxy (x+y = y+x) + is commutative
Ra & 041 AVxx+0=x 0is id for +
Ry & vx 3 yx+y=0 Additive inverses
Rs & Vxyz(x-(y-z) = (x-y)-2) - is associative
Rs L vxx-1=x 1isid for -
R Vxyz(x-(y+z)=x-y+x-2)A + distributes
(y+2) - x=y-x+2z-x) over -
cR ¥ Vxy (x-y = y-X) - is commutative

Def. Aring is a world W € World[Xyny] s.t. W= Ry A--- ARy



Let'slookat [z C PredCalc(X#tny)

R = VYxyz(x+((y+2z) = (x+y)+2z) +isassociative
R & Vxy (x+y = y+x) + is commutative
Ra & 041 AVxx+0=x 0is id for +
Ry & vx 3 yx+y=0 Additive inverses
Rs & Vxyz(x-(y-z) = (x-y)-2) - is associative
Rs L vxx-1=x 1isid for -
R Vxyz(x-(y+z)=x-y+x-2)A + distributes
(y+2) - x=y-x+2z-x) over -
cR ¥ Vxy (x-y = y-X) - is commutative

Def. Aring is a world W € World[Xyny] s.t. W= Ry A--- ARy
Def. A commutative ring is a ring that satisfies CR



Let'slookat [z C PredCalc(X#tny)

R = VYxyz(x+((y+2z) = (x+y)+2z) +isassociative
R & Vxy (x+y = y+x) + is commutative
Ra & 041 AVxx+0=x 0is id for +
Ry & vx 3 yx+y=0 Additive inverses
Rs & Vxyz(x-(y-z) = (x-y)-2) - is associative
Rs L vxx-1=x 1isid for -
R Vxyz(x-(y+z)=x-y+x-2)A + distributes
(y+2) - x=y-x+2z-x) over -
cR ¥ Vxy (x-y = y-X) - is commutative

Def. Aring is a world W € World[Xyny] s.t. W= Ry A--- ARy
Def. A commutative ring is a ring that satisfies CR
Z, Q, R are commutative rings.



Let'slookat [z C PredCalc(X#tny)

R = VYxyz(x+((y+2z) = (x+y)+2z) +isassociative
R & Vxy (x+y = y+x) + is commutative
Ra & 041 AVxx+0=x 0is id for +
Ry & vx 3 yx+y=0 Additive inverses
Rs & Vxyz(x-(y-z) = (x-y)-2) - is associative
Rs L vxx-1=x 1isid for -
R Vxyz(x-(y+z)=x-y+x-2)A + distributes
(y+2) - x=y-x+2z-x) over -
cR ¥ Vxy (x-y = y-X) - is commutative

Def. Aring is a world W € World[Xyny] s.t. W= Ry A--- ARy
Def. A commutative ring is a ring that satisfies CR
Z, Q, R are commutative rings.

iClicker 15.1 Is N aring? A:yes B:no



Some other commutative rings: Z/mZ, m > 1

1Z/mZ|={0,1,....,m=1}, a+b™ (a+b)%m, ab™ (a-b)%m



Some other commutative rings: Z/mZ, m > 1

1Z/mZ|={0,1,....,m=1}, a+b™ (a+b)%m, ab™ (a-b)%m

Prop. forallm>1, Z/mZ = RiA---ANR; ANCR



Some other commutative rings: Z/mZ, m > 1

1Z/mZ|={0,1,....,m=1}, a+b™ (a+b)%m, ab™ (a-b)%m

Prop. forallm>1, Z/mZ = RiA---ANR; ANCR

+4/22 10 1 222710 | 1
1Z/2Z| = {0,1} 0 01 0 [ofo
1 170 1 0

—_




Some other commutative rings: Z/mZ, m > 1

1Z/mZ|={0,1,....,m=1}, a+b™ (a+b)%m, ab™ (a-b)%m

Prop. forallm>1, Z/mZ = RiA---ANR; ANCR

+4/22 10 1 222710 | 1
1Z/2Z| = {0,1} 0 01 0 [ofo
1 170 1 01

F & VX (x#0 — Jyx-y=1)



Some other commutative rings: Z/mZ, m > 1

1Z/mZ|={0,1,....,m=1}, a+b™ (a+b)%m, ab™ (a-b)%m

Prop. forallm>1, Z/mZ = RiA---ANR; ANCR

+4/22 10 1 222710 | 1
1Z/2Z| = {0,1} 0 01 0 [ofo
1 170 1 01

F & VX (x#0 — Jyx-y=1)

Def. A field is a commutative ring that satisfies F



Some other commutative rings: Z/mZ, m > 1

1Z/mZ|={0,1,....,m=1}, a+b™ (a+b)%m, ab™ (a-b)%m

Prop. forallm>1, Z/mZ = RiA---ANR; ANCR

+4/22 10 1 222710 | 1
1Z/2Z| = {0,1} 0 01 0 [ofo
1 170 1 01

F & VX (x#0 — Jyx-y=1)

Def. A field is a commutative ring that satisfies F
Q. R are fields



Some other commutative rings: Z/mZ, m > 1

1Z/mZ|={0,1,....,m=1}, a+b™ (a+b)%m, ab™ (a-b)%m

Prop. forallm>1, Z/mZ = RiA---ANR; ANCR

+4/22 10 1 222710 | 1
1Z/2Z| = {0,1} 0 01 0 [ofo
1 170 1 01

F & VX (x#0 — Jyx-y=1)

Def. A field is a commutative ring that satisfies F
Q. R are fields

iClicker 15.2 Is Z a field? A:yes B:no



Some other commutative rings: Z/mZ, m > 1

1Z/mZ|={0,1,....,m=1}, a+b™ (a+b)%m, ab™ (a-b)%m

Prop. forallm>1, Z/mZ = RiA---ANR; ANCR

+/22 10 ] 1 £ 0 1
1Z/2Z| = {0,1} 0 01 0 [ofo
1 170 1 01

F & VX (x#0 — Jyx-y=1)

Def. A field is a commutative ring that satisfies F
Q. R are fields
iClicker 15.2 Is Z a field? A:yes B:no

iClicker 15.3 Is Z/2Z a field? A:yes B:no



1Z/mz| ={0,1,....,m—1}, a+b® (a+b)%m, ab¥™ (ab)%m



1Z/mz| ={0,1,....,m—1}, a+b® (a+b)%m, ab¥™ (ab)%m

(232 Jof1[2] [#P]of1]2]

B 0 of1]2 0 ofofo
12/32] =10.1,2} 1 1210 1 0[1]2
2 2101 2 ol211




1Z/mz| ={0,1,....,m—1}, a+b® (a+b)%m, ab¥™ (ab)%m

[+%PZJo[1]2] [#F%]o]1]2

B 0 of1]2 0 ofofo
12/32] =10.1,2} 1 1210 1 0[1]2
2 2101 2 021

Is Z/3Z a field?



1Z/mZ|=1{0,1,....m-1}, a+tb™ (a+b)%m, ab™ (a-b)%m



(a+b)%m, ab% (ab)%m

def

a+b

L, m—1},

1Z/mz| = {0,1,..

.1

0/{0|0]|O0

0|2|0]2

032

rejof1]2]3)

ez joft]2]3)

1

21310

1

21310

2




1Z/mZ|=1{0,1,....m-1}, a+tb™ (a+b)%m, ab™ (a-b)%m

e jol1[2]3] ez jof1[2]8]
0 Jo[i1]2]3 0 [0[0[0]0
1 [1]2]3]0 1 [0[1]2]3
2 [2[3[0]1 2 [o0/2]0]2
3 |3[0|1]2 3 03|21

Is Z/4Z a field?



1Z/mZ|=1{0,1,....m-1}, a+tb™ (a+b)%m, ab™ (a-b)%m

e jol1[2]3] ez jof1[2]8]
0 Jo[i1]2]3 0 [0[0[0]0
1 [1]2]3]0 1 [0[1]2]3
2 [2[3[0]1 2 [o0/2]0]2
3 |3[0|1]2 3 03|21
Is Z/4Z a field?

Which elements of Z/4Z have multiplicative inverses?



1Z/mZ|=1{0,1,....m-1}, a+tb™ (a+b)%m, ab™ (a-b)%m

e jol1[2]3] ez jof1[2]8]
0 Jo[i1]2]3 0 [0[0[0]0
1 [1]2]3]0 1 [0[1]2]3
2 [2[3[0]1 2 [o0/2]0]2
3 |3[0|1]2 3 03|21
Is Z/4Z a field?

Which elements of Z/4Z have multiplicative inverses?
1,3



1Z/mz| = {0,1,....m-1}, a+b® (a+b)%m, ab¥™ (ab)%m



(a+b)%m, ab™ (ab)%m

def

a+b

., m—1},

1Z/mZ| = {0,1,..

| “Pejof1]2]8]4]

3

1

1

2,34

1

0/{0/0|0]O0

0

0|24

0/4|3]|2

ez joft1]2[3]4]

0

2

1

2

1

213|4

1

2/314|0

0

1

213140

3140

2
3




(a+b)%m, ab o (a-b)%m

def

a+b

., m—1},

1Z/mZ| = {0,1,..

| “Pejof1]2]8]4]

3

1

1

2,34

1

0/{0/0|0]O0

0

0|24

0/4|3]|2

ez joft1]2[3]4]

0

2

1

2

1

213|4

1

2/314|0

0

1

213140

3140

2
3

Is Z/5Z a field?



1Z/mZ|={0,1,....,m-1}, a+tb™ (a+b)%m, ab™ (a-b)%m



(a+b)%m, ab™ (ab)%m

def

a+b

., m—1},

|Z/mZ| = {0,1,..

<

Rz jof1]2]3]

1

21345

1

0jojo0o|j0|0|O0

0

0|2|4|0|2]|4
0/3|0|3|0]|3
0/4/2|0|4|2
0/5(4|3]|2

0

2

4
5

1

2

1

2

2134

213|415

1

1

213|4(5|0

0

0

1

213|4(5]|0

3/4(5|0
415|0

ez jof1]2]3]4]5]

2
3
4




(a+b)%m, ab™ (ab)%m

def

a+b

., m—1},

|Z/mZ| = {0,1,..

<

Rz jof1]2]3]

1

21345

1

0jojo0o|j0|0|O0

0

0|2|4|0|2]|4
0/3|0|3|0]|3
0/4/2|0|4|2
0/5(4|3]|2

0

2

4
5

1

2

1

2

2134

213|415

1

1

213|4(5|0

0

0

1

213|4(5]|0
3/4(5|0
415|0

ez jof1]2]3]4]5]

2
3
4

Is Z/6Z a field?



1Z/mZ|={0,1,....,m-1}, a+tb™ (a+b)%m, ab™ (a-b)%m

(+e*2]of1]2[3[4]5] [#°2]0[1]2[3]4]5]
0 0|1(2|3|4|5 0 ojojo|jo0|0|o0
1 1123450 1 0|1(2|3|4|5
2 213|4[|5|0]1 2 0|2|4|0|2]|4
3 3|/4|5(0|1]2 3 0/3(0|3|0(3
4 4,501,123 4 0|4|2]|0|4]|2
5 5/0(1|2|3|4 5 0|5|/4[3|2]1

Is Z/6Z a field?

Which elements of Z/6Z have multiplicative inverses?



1Z/mZ|={0,1,....,m-1}, a+tb™ (a+b)%m, ab™ (a-b)%m

(+e*2]of1]2[3[4]5] [#°2]0[1]2[3]4]5]
0 0|1(2|3|4|5 0 ojojo|jo0|0|o0
1 1123450 1 0|1(2|3|4|5
2 213|4[|5|0]1 2 0|2|4|0|2]|4
3 3|/4|5(0|1]2 3 0/3(0|3|0(3
4 4,501,123 4 0|4|2]|0|4]|2
5 5/0(1|2|3|4 5 0|5|/4[3|2]1

Is Z/6Z a field?

Which elements of Z/6Z have multiplicative inverses?
1,5



Prop.1 Tz F Vxyz (x|ly Ax|z = x|(y + 2))

1 Xo|Yo A XolZo

2 Juv (Xo-U=Yo N Xo-V =2p) 1

3 | Xo-Up=Yo N Xo Vo =20

4 Xo - (Uo + Vo) = Yo + 2o rz,3

5 aw (xo - W = Yo + 20) 3-i, 4

6 Xo|(Yo + 20) 5,5

8 X()’yo /\Xo‘Zo — Xo‘(yo —l—Zo) —)-i, 1-7
9

Vxyz (x|ly A x|z = x|(y + 2)) V-i, 8



Prop.2 Tz F Vxyz (xly — x|(y-2))

1 Xolyo

2 Ju Xxg- U=y —, 1

3 Xo-Uo =)o

4 Yo 20= Yo" 20 =-i

5 (Xo-Uo) 20 = Yo" 20 =-e, 3,4
6 Xo - (Uo-20) = Yo+ 20 2,5

7 Iw (Xo-w=Yyp-2) 3-i, 6

8 Xol(Yo - Z0) —,7

9 Xo‘(yo . Zo) J-e, 2, 3-8
10 | xolyo — Xol(¥o - 20) —-i, 1-9
11 | Vxyz (xly — x|(y-2)) V-i, 10



Prop.3 Iz F ¥Yxyz (x|ly Ay|lz — x|2)

1 Xol¥o A YolZo

2 Juv (Xo-U=Yo A YoV =2) —, 1

3 Xo-Uo=YoA\Yo Vo= 2

4 Yo-Vo=)Yo- Vo =

5 (Xo-Uo) Vo =YooV =-e, 3,4
6 Xo - (Uo-Yo) =Yoo rz,5

7 Xo - (Up - Vo) = 2o =-e,3,6
8 duxy-u=2z 3-i, 7

9 Xo|Zo —, 8

10 Xo|Zo J-e, 2, 3-9
11 | XolYo A Yolzo — XolZo —-i, 1-10

12 | Vxyz (x|ly Aylz — x|2) v-i, 11



