On the Exact Analysis of an Idealized Quantum Switch

Gayane Vardoyan®*, Saikat GuhaP, Philippe Nain®, Don Towsley®

% University of Massachusetts, Amherst
bThe University of Arizona
¢Inria, France

Abstract

We study an entanglement distribution switch that serves k users in a star topol-
ogy. The function of the switch is to facilitate end-to-end bipartite entangled
state generation for pairs of users. We study a simple variant of this problem,
wherein all links connecting the users to the switch are identical, the effects of
state decoherence are negligible, and the switch can store an arbitrary number
of qubits. We model the system using a discrete-time Markov chain and ob-
tain the capacity of the switch. When the switch operates at capacity, we also
present a numerical method for computing the expected number of qubits stored
at the switch, which depends on the number of users k and the probability of
successful entanglement generation at the link level p. We then compare the
results of our exact analysis to that of a continuous-time Markov chain model
of a quantum switch and argue that the latter is a reasonable approximation to
the more realistic model presented in this work.

Keywords: quantum switch, entanglement distribution, Markov chain

1. Introduction

Protocols that exploit quantum communication technology offer two advan-
tages: they can either extend or render feasible the capabilities of their classical
counterparts, or they exhibit functionality entirely unachievable through classi-

cal means alone. For an example of the former, quantum key distribution (QKD)
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protocols such as E91 [I] and BBM92 [2] can in principle yield information-
theoretic security by using entanglement to generate secure key bits. These raw
secret key bits can then be distilled into a one-time pad to encode messages sent
between two parties. For an example of the latter, distributed quantum sensing
frameworks such as [3] and [4] employ entanglement to overcome the standard
quantum limit [5].

While these applications hold a tremendous amount of potential for dis-
tributed quantum communication (and even computation, see, e.g., [@]), a sub-
stantial challenge is reliable generation of entanglement — an essential compo-
nent for many of these tasks — especially over a large distance. This is due to
the fact that there is an exponential rate-versus-distance decay for quantum
state propagation both through terrestrial free-space and optical fiber chan-
nels [7, [§]. Quantum repeaters positioned between communicating nodes can
overcome this fundamental rate-versus-distance tradeoff [9, [10]. The process of
quantum repeater-assisted entanglement generation is illustrated at a high level
in Figure [I] and can be divided into two main steps. In step one, each segment
connecting two adjacent nodes attempts to generate an entangled link. Qubits
from a successfully-generated entanglement are stored in quantum memories,
one in each node (Figure. Once entangled links are present on all segments,
the quantum repeaters perform entanglement swapping [11] on their two locally-
held qubits (Figure . If all swapping operations succeed, this results in an
end-to-end entangled link between the communicating parties (Figure [Ld)).

In this work, we use the term “quantum switch” instead of “repeater” be-
cause in a more complex network than that of Figure[T] the device will likely be
connected to several nodes or users; hence it is reasonable to assume that it will
be equipped with entanglement switching logic. Quantum repeaters, switches,
and similar devices (e.g., trusted nodes) will serve as building blocks for large-
scale quantum networks. It is natural, therefore, to ask questions about their
fundamental limits from a mathematical perspective, in order to gain insight
into what constitutes efficient operation for such a device, as well as to create a

performance comparison basis for future protocols and algorithms that rely on
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(a) no entanglement present (b) all links successfully generate entangle-
ment
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(c) repeater nodes perform entangling (d) end nodes share an entangled state
measurements

Figure 1: Long-distance entanglement generation using quantum repeaters. The two nodes
at the edges are communicating parties, and the nodes between them are quantum repeaters.
Dashed lines represent lack of entangled links, while solid lines represent presence of entangle-

ment. The gray and red circles are unoccupied and occupied quantum memories, respectively.

these devices. To this end, we study a quantum switch that serves entangled
states to pairs of users in a star topology, with the objective of determining the
capacity of the switch, as well as the expected number of stored qubits in mem-
ory at the switch when it operates at capacity. We use a discrete-time Markov
chain (DTMC) to construct a model that abstracts away various architecture
and physical implementation details about the system, e.g., the method used
for entanglement generation or how quantum memories are realized.

We focus on the simplest variant of this problem, wherein links connecting
users to the switch are identical, there is no quantum state decoherence, and
the switch can store arbitrary numbers of qubits. Throughout this paper, we
often refer to the number of quantum memories at the switch as its buffer size.
An unfortunate property of our DTMC model is that it is difficult to extend to
include the aforementioned system characteristics. Prior literature on quantum
switch modeling utilizes continuous-time Markov chains (CTMCs) to account
for these phenomena. Nevertheless, there is value in studying a quantum switch
using a DTMC, as the system is inherently a discrete-time system. Hence, while
CTMCs have been shown to be more expressive as a modeling technique, there

will undoubtedly be some differences in the resulting performance metrics. To



55 quantify these differences, and determine whether a CTMC model provides a
reasonable approximation to the original system, we compare the performance
metrics obtained from both models.

Following is a summary of our results:
— the DTMC is stable if and only if the number of users k > 3;

— the capacity of the switch is given by

qkp
“=7%
60 where k is the number of users or links, p is the probability of successfully

generating entanglement at the link level, and ¢ is the probability of a

successful swapping operation;

— when the switch operates at capacity (a detailed description of a switch-
ing policy that achieves the maximum entanglement switching rate is de-

scribed in Section , the expected number of stored qubits is given by

1+ 8
2(1-p)

where @ is the number of qubits stored at the switch in steady state,

E[Q] =

across all links, and f is in the interval (0,1) and is the unique solution

to the following equatiorﬂ when k£ > 3:
(Bp+p)" (0 +8p) — B=0;

— the expression for the capacity of the switch obtained using the DTMC
matches exactly that of the CTMC model found in literature. On the other

6 hand, the CTMC model overestimates the expected number of qubits in
memory in steady state, but since the discrepancy is not significant, we
conclude that the CTMC model is a reasonable approximation to the

behavior of the system considered in this work.

IThroughout this paper, p =1 — p.
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The rest of this paper is organized as follows: in Section [2] we introduce the
relevant background for quantum computation and communication. In Section[3]
we discuss related work on quantum switch modeling. In Section [d] we formally
introduce the DTMC model and state the objectives. The analysis is performed
in Section In Section [6] we compare the DTMC model introduced in this
work with an existing CTMC model. We conclude in Section [7}

2. Background

A qubit is the quantum analogue of a bit and can be described by a two-
level quantum-mechanical system, e.g., the up or down spin of an electron, or
the horizontal and vertical polarization of a photon. An important distinction
between bits and qubits is that the latter can be in a superposition of two

possibilities. In Dirac notation, this is represented as
1 0
) = a]0) + B]1) = o . +8 e

where  and 3 are complex and |a|? +|3]?> = 1. The probabilistic interpretation
is that if we prepare many states |¢)) and measure them (in the computational
basis {|0),]1)}), then over time, P(0) = |a|? and P(1) = |§|?, where P(0) and
P(1) denote the probability of the qubit’s superposition collapsing into state |0)
or |1), respectively.

Multi-qubit quantum states can be represented mathematically using tensor
products. For an example, if Alice has a qubit A in state |0) and Bob has a
qubit B in state |1), we can represent the overall state as [0) , ® |1) 5 = |01).
Two qubits are said to be entangled if their state cannot be expressed as a
tensor product of their individual states (intuitively, this means that the state
of one qubit cannot be described independently from the state of the other).
One of the most essential resources for quantum communication is a maximally
entangled two-qubit state known as a Bell state or Bell pair. An example of

such a state is

B+ = 10) 4 |0>B\—/|_§|1>A ‘1>B’
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where the subscripts A and B signify the two qubits, possibly separated by an
arbitrary distance. For Bell pairs, the probability of an outcome is always 1/2.
Since the qubits A and B are entangled, measuring one of them, say A, and
reading out the result tells us with certainty the state of the other qubit, B.
Note that the outcome of the first measurement is completely random: the state
of qubit A may collapse to |0) or |1), each with probability 1/2, but if B is then
measured (in the same basis as A), even if it is a large distance away from A
and even if the second measurement is performed immediately after the first,
the outcome will be the same as that of the first measurement. Thus, A and B
are perfectly correlated, but in a much stronger way than is possible classically.

The four Bell pairs are given by

~J00) + [11) ~[01) + [10)
V2 V2

and can be used as expendable resources in a number of distributed quantum

|BF) and  |U¥F)

tasks, such as teleportation [12], superdense coding [I3], or to generate a raw
secret key bit in entanglement-based QKD protocols.

One of the major challenges of implementation of distributed tasks in quan-
tum networks is the difficulty of safely transmitting a quantum state across a
large distance. For optical fiber, channel transmissivity is n = e~ ®¥, where L
is the length of the link and « the fiber attenuation coefficient. The probability
of successful entanglement generation p on a link is proportional to its trans-
missivity 7. Transmission through free space poses its own challenges, such as
photon loss and phase changes due to scattering [14]. Non-entanglement-based
protocols, such as BB84 [I5], also suffer from limited distance for the same
reason: the likelihood of losing a quantum state in transit grows exponentially
with the distance, while the no-cloning theorem [I6] prevents one from making
an independent copy of an unknown quantum state, thereby rendering losses
irrecoverable. A remedy for the issue of limited distance is the use of quantum
repeaters [I7] coupled with the process of teleportation. Teleportation works
by allowing one user to transport a (possibly unknown) qubit to another user

using a shared Bell pair, local operations, and classical communication.
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Quantum repeaters extend the distance between two or more communicating
parties via entanglement swapping operations. An example of these operations
and their effects is illustrated in Figure [T} where each solid line is a Bell state. It
is worth noting that Figure[I| depicts one of the most valuable uses of Bell states
in a quantum network. In the special case of long-distance Bell pair generation
via connection of two shorter-distance Bell pairs, the switch performs the swap-
ping operation via a Bell state measurement (BSM). In linear optics, this is
a probabilistic but heralded operation, with the success probability dependent
on the exact implementation of the BSM as well as gate operation efficiencies
[18] 19 20]. We address this phenomenon in our model by introducing a pa-
rameter that represents the BSM success probability.

In general, all quantum states are subject to decoherence, which can be
thought of as leakage of information from the quantum system into the environ-
ment. Fidelity, a number in [0, 1], is a measure of closeness of a possibly mixed
state to the desired pure state, with unit fidelity implying that the two states
have equivalent representations. Intuitively, fidelity can be thought of as the
quality of the entanglement. Fidelity may degrade when a qubit is in storage
as well as after a swapping operation (i.e., the fidelity of the resulting state will
be lower than that of the original states used in the swap). In this work, we
assume that each successfully-generated quantum state (whether it is an ele-
mentary link-level Bell pair or a longer-distance entanglement resulting from an
entanglement swap) has unit fidelity and that the quantum memories used for
storing qubits are capable of noiseless storage and have infinite coherence times.
While these assumptions create a highly idealized scenario, it is nevertheless
valuable to study as the analysis will yield an upper bound on the entanglement

switching rate of a quantum switch operating under more realistic conditions.

3. Related Work

In [21], the authors introduce a CTMC-based model to analyze a quantum

switch that serves only bipartite end-to-end entangled states to pairs of users.
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While it is easier to extend this model to represent systems that are more com-
plex than that of this work, an important question that arises is whether the
CTMC model is a fair approximation to a more realistic DTMC model. We
answer this question in Section [6] from the perspective of the chain’s stability
condition and expressions for switch capacity and expected number of qubits
in memory at the switch in steady state. In [22], the authors use a CTMC to
analyze a multipartite entanglement distribution switch for a similarly idealized
scenario as studied in our work: identical links, no quantum state decoherence,
unit fidelities, and infinite quantum storage. While this switch serves n-partite
Greenberger-Horne-Zeilinger (GHZ) states [23], note that setting n = 2 yields
precisely the model presented in [21] (and thus, the analytical results are equiv-
alent for the two CTMCs).

Some analyses focus on specific quantum repeater architectures or protocols;
e.g., in [9] the authors perform a rigorous and detailed analysis of the repeater
architecture proposed in [24], accounting for various non-idealities at the chan-
nel, detectors, and quantum memories. In contrast, our take on analysis is from
a rather opposite perspective in that we use mathematical tools to abstract away
as many details of the physical platform as possible, while keeping only a few
relevant and important parameters in order to complete a high-level analysis
and gain a clear understanding of how they relate to the performance metrics
of interest.

Note that applications of the problem we have formulated in this work ex-
tend far beyond entanglement switching. In general, one may view the system
as a stochastic assembly-like queue, or a “kitting” process, e.g., as in [25], 206}, 27],
since in a sense, the switch “assembles” longer-distance entangled states using
shorter-distance ones, whose “arrival” into the system is driven by a stochastic
process. Interestingly, none of these similar problem formulations found in liter-
ature have a direct correspondence to our problem, as in our case, the number of
users being serviced by the central node is allowed to be, in theory, infinite, and
our goal is to derive exact results, as opposed to approximate ones, or bounds.

Hence, the problem studied here is a novel one, and the results derived in this
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Figure 2: Example of quantum switch operation. No Bell pairs are present in (a). When

enough Bell pairs are successfully generated (solid lines in (b) and (c)), the switch performs
a BSM (d), entangling the two users’ qubits (e).
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Figure 3: Example switch operation for a single time slot. At the beginning of the slot, (a),
all links have successfully generated Bell pairs. In (b), the switch performs a BSM to entangle
the two users on the left, see (¢). Next, still within the same time slot, the switch performs

another BSM to entangle the two users on the right, shown in (d), (e).

work are of independent interest to queueing theory.

4. Switch Description and Objectives

Figure illustrates the initial problem setup: k& > 2 users are connected
to the quantum switch via dedicated, identical links. Time is slotted; the rest
of Figure [2] presents an example of a sequence of events that may take place
in subsequent time slots. The purpose of the switch is to facilitate end-to-
end entanglement generation for pairs of users that request it. The creation of
an end-to-end entanglement involves two steps. First, in each time slot users
attempt to generate pairwise entanglements with the switch, which we call link-

level entanglements. A successful link-level entanglement results in a two-qubit
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Bell state, with one qubit stored at the switch and the other stored at a user.
In step two, the switch chooses two locally-held qubits, each entangled with a
qubit held in a user’s quantum memory, and such that the two users wish to
share an entangled state, and performs a BSM. If the measurement is successful,
the result is a two-qubit maximally-entangled state between the corresponding
pair of users. The switch continues to fulfill entanglement requests as long as
there are available link-level entanglements for users who wish to communicate.
If, at the end of the time slot, there are available link-level Bell pairs, but the
switch cannot use them to fulfill requests based on current user demands, then
the switch may choose to store the available entangled qubits in local quantum
memories until these qubits can be used in entangling measurements. This
two-step process is then repeated in the next time slot. Figure |3| illustrates a
sequence of events within a single time slot.

One of our objectives is to derive the capacity of a quantum switch that op-
erates as described above. This quantity serves as a useful benchmark against
which to compare the performance of future entanglement switching protocols.
In this work, we also compute the expected number of qubits stored in memory
at the switch, while the device operates at or near capacity. With this expres-
sion, we can obtain insight on the practical memory requirements of a switch.
The capacity of the switch is defined as the maximum achievable entanglement
switching rate of the device. This rate cannot be achieved with an arbitrary
switching policy, or for an arbitrary set of user demands — if the switch is con-
strained to fulfill specific user requests, then the resulting rate would likely fall
below the capacity. One way to ensure that the switch operates at capacity is to
allow it to perform a BSM as soon as there are at least two Bell pairs available
on two distinct links, during a given time slot. This amounts to the assumption
that any pair of users wish to communicate within each time slot. BSMs are
assumed to take up a negligible amount of time, and the switch may perform
as many of them as necessary in a single time slot, until there are no longer two
distinct links with available Bell pairs.

Further, in this work we assume that the switch uses the Oldest Link En-

10
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tanglement First ( OLEFE rule when deciding which two users to pair up for an
entangling measurement. As the name suggests, when using this rule the switch
prioritizes the oldest link-level Bell pairs for a BSM, as long as they belong to
two different links. When there is more than one possible choice for such a
pairing (e.g., if there are three link-level Bell pairs of identical age and they
are the oldest in the system), then the switch may choose any two at random.
Note that the OLEF rule does not affect the switch capacity, but it does happen
to minimize the number of stored Bell pairs at the end of each time slot and
thus this rule affects the qubit occupancy distribution. Finally, to ensure that
the end users being serviced by the switch do not limit switch performance, we
allow end nodes to have infinite and noiseless quantum storage.

Recall from Section [2] that we study a somewhat idealized version of a quan-
tum switch in this work in that the device has an infinite number of noiseless
quantum memories, and quantum states that are successfully generated (either
at the link or end-to-end level) have unit fidelities and are not subject to de-
coherence. Studying this simplified scenario is both valuable and prudent: the
analysis performed here helps to lay out the foundation for — and possibly in-
spire — future work in modeling quantum switches, and our model serves as an
easily-applicable comparison basis for alternate quantum switch models, such as
that of [21I]. Finally, note that the capacity of this “idealized” quantum switch
can also serve as an upper bound on the capacity of more “limited” systems,
such as those with finite quantum memories, non-unit quantum state fidelities,
and explicit user requests. Note also that one may obtain an upper bound on
the capacity of a system with non-identical links, simply by converting that sys-
tem into one with identical links, where each link behaves as the most efficient

link — in terms of successful entanglement generation — of the original system.

2The OLEF rule can be thought of as a First In, First Out (FIFO) policy for entanglement

switching.

11
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5. Analysis

In this section, we describe the DTMC model and present its analysis. Our
goal is to derive the switch capacity C (i.e., the number of end-to-end entangle-
ments produced per time unit), the expected number of stored qubits E[Q] in
steady state, and system stability conditions. A note on mathematical notation:

in this paper, we will use the convention that for any y > z, the term (z) =0.

5.1. Model Description

We model a switch serving k users, each of whom has a separate, dedicated
link to the switch, as a slotted system where each slot is of length 7 seconds.
Both link-level entanglement generation and entangling measurements can be
modeled as probabilistic phenomena [28]. In this work, we model the former as
follows: at each time step of length 7 seconds, all k users attempt to generate
link-level entanglements. In general, link [ successfully generates an entangle-
ment with probability p; ~ e~*% where L is the length of the link (e.g., optical
fiber) and « its attenuation coefficient. Since in this work, we assume all links
are identical, i.e., they have equal length and have the same attenuation coef-
ficient, the entanglement success probabilities on all links are equal. Hence, let
p denote the probability that an entangled pair is successfully established on
any link, and define p = 1 — p. Then the expected time to successfully create
a link entanglement is given by 7/p (this will be useful in Section @ when we
make comparisons to a CTMC model). We assume that whenever a link-level
entanglement or an end-to-end entanglement is successfully generated, it always
has fidelity one to the corresponding ideal Bell state. We also assume that mea-
surements performed by the switch succeed with probability qﬂ As discussed in
the previous section, we assume that any pair of users wishes to “communicate”

(i.e., share an entangled state) as long as link-level entanglements are available,

3With a linear optical circuit, four unentangled ancilla single photons and photon number
resolving detectors, with all the devices being lossless, ¢ = 25/32 = 0.78 can be achieved for

BSMs [I9]. With other technologies g close to 1 can be achieved [20].

12
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Table 1: Notation for the DTMC model.

Notation Description

D probability of a successful link entanglement

S link with stored entanglements

Py probability of gaining an entanglement in memory
P, probability of remaining in current state

P probability of using j of the stored entanglements
Py probability of going from state j € {0,...,k — 1} to 0
P;y probability of going from state j € {0,...,k} to 1

and that the switch serves BSMs based on the OLEF policy described in Section
ik

Note that only one link stores entanglements at any one time, since whenever
a distinct pair of users has link-level entanglements, they are immediately paired
up for a BSM. As a consequence of this and the identical-link assumption, it is
not necessary to keep track of which link has stored entanglements: one need
only keep track of how many are stored. Hence, the state space is given by Q2 =
{0,1,2,...}. Let S denote the link that has at least one stored entanglement.
Figure [4| illustrates the possible transitions from a state i > k + 1 (as we will
see later, transitions for states ¢ € {0,1,...,k} require special consideration).

Table [1| provides a notation reference that is used in the analysis.

PJ

Figure 4: A DTMC model with k users, infinite buffer, and identical links. Here, i > k+1, Py
is the probability of advancing forward in the Markov chain, Ps is the probability of remaining

in the current state, and P;) is the probability of going back j states.

13
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5.2. Analysis

First, we fully define the transition probabilities for this chain. We expect
the stationary distribution to have a geometric form and show this to be true.
However, a closed-form solution is not obtainable for large k, as it requires
solving a polynomial of degree k — 1 for an unknown factor, 8. On the other
hand, not having a closed-form solution for the stationary probability vector
does not preclude us from deriving a simple expression for the capacity of the
switch — it is gkp/2. We will also show that this system is stable if and only if
k > 3. Finally, we also obtain a simple expression for the expected number of
qubits in memory at the switch, but are constrained to compute it numerically

due to its dependence on (3.

5.2.1. Transition Probabilities

Figure [5| presents the transition probability matrix P for this DTMC. Note
that repetition begins after the kth row of the matrix. We derive expressions for
all non-zero transition probabilities. In the discussion that follows, we say that
a link “succeeds” or “fails” for brevity, when referring to a link that successfully
generates an entanglement or fails to do so, respectively. Throughout the fol-
lowing, we will often refer to link S, which has at least one stored entanglement.
First, consider any state ¢ > 1. The transitions for this state are described as

follows:

1 — i+ 1: the only way to advance forward in the chain is if S successfully gen-
erates a new entanglement, but all other links fail to do so. This probability
is given by

Pf = ppkil.

i — i: there are two ways to remain in the current state: (a) all links fail or (b)
S succeeds and only one of the k — 1 other links succeeds. This occurs with
probability

Py =p" + (k- 1)p*p" 2.

14
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Figure 5: Transition probability matrix P for the DTMC model.
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i—i—j ,forje{l,..., M} where M =k—1ifi>k+1and M =i—2
otherwise. Here, M signifies the maximum number of stored entanglements

205 that can be used when starting from state i. Note that even in the case where
all k links succeed and ¢ > k, only k—1 of the stored entanglements are used:

the entanglement that was generated by S cannot be paired with another
entanglement from S. As stated above, we compute transition probabilities

to states 0 or 1 separately, since they require special consideration. This is

300 why M =i — 2 for states i < k + 1. Keeping these constraints in mind, the

transition from ¢ to ¢ — j occurs in two types of events:

(a) S fails and exactly j of the k — 1 other links succeed,

(b) S succeeds and exactly j+ 1 of the k — 1 other links succeed.

These events occur with probability
k—1\ . : kE—1\ . :
PaA=1% j=k—1—j + +1=k—1—(j+1)
3) p<j>pp ijpJp

k—1\ . . k—1\ .
= Jk—J +2-k—j—2
= . + | . p’ .
< J )p P (J + 1) P

Next, we discuss transitions to states 0 and 1, which, unlike the probabilities
above, depend on the value i of the state from which the transitions occur. To
help with this task, we first need to compute two types of probabilities: the first
is the probability that out of k link-level entanglement events, j > ¢ succeed,
where j is either zero or an even number, and we call this probability P, (i, k);
and the second is the probability that out of k events, j > i succeed, where
j is an odd number, and we call this P,(i,k). To compute these, we use the

following two indicator functions:

1{j is 0 or even} = # 1{j is odd} = 1=
Then, P.(i,k) = i <1+(2_1>]> (f)ﬁpk‘j,
-5 (52) (o



Now, for any state i, 1 < i < k, the transition to state 1 occurs under the

w5 following conditions:
If 7 is even:

1. S fails and j > i — 1 others succeed, j odd.

2. S succeeds and j > i others succeed, j even.

Pi1 =DPo(i — 1,k —1) + pP.(i,k - 1).
If 7 is odd:

310 1. S fails and j > i — 1 others succeed, j even.

2. S succeeds and j > ¢ others succeed, j odd.

P1=pP.(i—1,k—1)+pP,(i,k —1).

Similarly, for any state ¢ € {1,...,k — 1}, transitioning to state 0 occurs under

the following conditions:
If 4 is even:
31 1. S fails and j > i others succeed, j even.
2. S succeeds and j > i + 1 others succeed, j odd.
Pi,O :ﬁpe(iak_ 1)+pPo(i+17k_ 1)
If 7 is odd:
1. S fails and j > i others succeed, j odd.
2. S succeeds and j > i + 1 others succeed, j even.
Pio=pP(i,k—1)+pP.(i+1,k—1).

»0 In the special case 0 — 0, either all fail or an even number of entanglements are
created. Hence, Pyo = P.(0,k). Finally, in the special case of 0 — 1, an odd

number of entanglements are created, given by Py 1 = P,(1, k).

17
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5.2.2. Stationary Distribution
We will show that a stationary distribution exists for k¥ > 3. The balance

equations for the DTMC are
k-1
> miPig = mo, (1)
i=0

k
Zﬂ-ipi,l = 7. (2)
=0

For any state i > 2, the balance equations have the form:
mi—1Pr + mPs + i1 Pay + -+ + Tivk—1Pg—1) = i, (3)

and finally, the normalizing condition is

Zﬂ'i =1. (4)

We postulate that 7; = 3¢~ 1m; for i > 2, with 8 € (0,1). Introducing this value
of m in Eq. yields f(8) = 0, with

fFB) = Bp+p) " (p+Bp) — B, (5)

see [Appendix A.1|for a proof. To show that m; = 8 'm; for i > 2 is indeed

the solution to this system, we must prove that:
1. There exists 5 € (0,1) satisfying Eq. , and that this 3 is unique.

2. Given the solution above, note that both Eqs and can be written
in terms of only 7 and my. Hence, for the proposed solution to be valid,

one of these equations must be redundant, i.e., we must show that Eq.

is equivalent to Eq. .

In we prove that the first statement above holds for £ > 3 and
in we show directly that the DTMC is unstable when k = 2; thus,
the DTMC is stable if and only if k¥ > 3. The second statement above is proven

in We conclude that the proposed form for m;, i > 2 is valid.
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Moreover, we can derive expressions for mg and 71 in terms of 5. From the

normalizing condition , we have

— . 1
Ty = 1 1— ﬂ (6)
In [Appendix A.3| we rearranged to look as follows:
k—1
- ™
> BPo= &PO,l (7)
i=1 m
and also showed that the left side of Eq. equals
11 B 2p k=1, — — w. B
|10 T8+ D 98) — - D
11 B 2p* — B
= |2 - — (P —p)F——| by Eq.
QL_ﬁ Ty (P p)1+5 by Ea. (),
_1p B — w. B
=2 [1+B ®-p) 1+B]
Therefore, Eq. becomes
Bmo 1 B _ k B
PO0p 2| P m_ )
e A (P P)1+ﬁ,01“

Op
m T 214 B)
Next, we compute

i=1
k— .
N LD R e L L
—22(1.)171? =5 5@-n)"
=0

Substituting this into Eq. 7

o (1—(p—p)k> _1-(p-pF

m 2 200+p6)
m_ 1
’77'1_].-’-57
1 1
1— = by Eq.
—5- 155 ¥ P 0@
1— 2
S 25. )
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Now, we can compute 7y in terms of only S:

to=1— m :1_< 1 >1—ﬁ2:1—ﬂ.

1-8 1-8) 2 2

5.2.3. Capacity and Qubits in Memory
Let @ represent the number of stored qubits at the switch in steady state.
Let N denote the number of end-to-end entangled pairs generated in one time

step of the DTMC at steady state. Then the capacity is defined as follows:

C=q) mE[NIQ=1i]

i=0
To compute this expression, we consider two separate cases: case 1 is when
t >k —1 and case 2 is when ¢ < k — 1. In case 1, there can be at most k — 1
entanglements; the expected number is given by

k—1

EINIQ=i>k—1] = j(agﬁpwklf:<k_np

Jj=0

For case 2, we can have up to ¢ + m entanglements, where m = L(k?)ﬂ The

expected number is then given by

i+m

EINQ=i<k—1=Y jP(N=jlQ=i<k-2).
j=0
For the sum above, consider first j € {0,...,i}. Here, we are looking for the

probability that there are fewer new entanglements than the number stored, so

the probability that we generate j pairs is given by
: - k=1 i 1
P(N=jlQ=i,i<k—2)= (" )pipt'.

J

However, note that the case j = ¢ is a special one: another way we can generate
1 entanglements is if there are a total of ¢ + 1 successes from the k& — 1 links that
have nothing stored, while S fails. Then, the extra entanglement has no pair,

and the total number of pairs generated is still 4. This is given by

k—1\ . )
. i+1—-k—1—1
Z(i+1)p e
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Next, we focus on the case where j € {i+1,...,i+m}. After the first i successes,
there need to be 2 to at most k — ¢ “extra” successes to generate new pairs.
Denote the number of these extra successes by the variable I € {2,... k — i},
and the number of new pairs (or BSMs) generated from them is L%J We can

write the second sum as follows:

()

Combining everything we have learned, we obtain

k—2 i
C— ZW’ Z k-1 N k—=1\ i1 ki1
=4q i J . p i+ 1 p P
=0

=0~ 7

s z (14]+9)(, )) Fatk-1p z ()

[ 1

ko

l

/|
v

In we show that the above evaluates to
o= 9P (11)

Next, we derive the expected number of qubits stored at the switch, E[Q]. This

is given by

EQ] = im =m iw“l = % iz’ﬂi
=1 =1 =1

m 81— 148
S BU-AE R - p) (12)

6. Comparison of DTMC Model with a CTMC Model

In this section, we compare the DTMC model from this work to a CTMC
model studied in [21] and validate the latter for the case of a system with
identical links, no quantum state decoherence, and infinite quantum memories
at the switch. We first introduce the CTMC model and the analytical results
from [21]. Here, the authors model entanglement generation at the link level as
a Poisson process with parameter i representing the rate of successful Bell pair

creation on any link. For the identical-link, bipartite-only switching case, the
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CTMC is a simple birth-death process, with each state representing the number
of stored qubits corresponding to a single link (note that the assumption that any
pair of users wish to communicate is also required for the capacity computation).
The resulting capacity of the switch is

qk
Corme = TM

Recall that in the discrete model, the amount of time it takes to successfully
generate a link entanglement is 7/p. In the continuous model, the rate of suc-
cessful entanglement generation is u, so the time to generate an entanglement
is 1/u. Hence, 7/p = 1/ or equivalently, u = p/7. Then, note that the DTMC
capacity that we derived in Section [5.2.3|is the capacity per time slot of length
7 seconds. Therefore, in order to make a comparison against the capacity given
by the CTMC model, we must perform a unit conversion: divide the discrete
capacity by 7 in order to obtain the number of entanglement pairs per second,
as opposed to per time slot. This yields

qgkp _ qk
CprMmc = o = TM = Ccrmc-

We conclude that the capacities produced by the DTMC and CTMC models
match exactly.

Next, we compare the expected number of qubits in memory in steady state
at the switch, E[Q] as predicted by the DTMC and the CTMC models. The

CTMC model yields the following expression:

k

E[Q}CTMC = m

Note that this expression has no dependence on u, the link-level successful
entanglement generation rate, implying that according to the CTMC model,
the expected number of stored qubits in steady state does not depend on the
probability p of successfully generating a Bell pair on a link. On the other hand,
we see from Eq. that E[Q)] resulting from the DTMC model does depend on
p, as it is a function of 8. Finally, the DTMC model more accurately describes
the buffer occupancy in steady state, at the cost of not being able to produce a

closed-form expression for E[Q)].
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Figure 6: Comparison of the expected number of qubits in memory E[Q] for the DTMC and
CTMC models, as the number of links is varied € {3, 5, 10, 20, 50,100} and for entanglement
generation probabilities p € (0,1). maxRelErr is the maximum relative error between the

discrete and continuous expressions for E[Q].

Figure@ compares numerically the predictions made for F[Q] by the discrete
and continuous models, as the number of users k and probability p vary. For
each value of p and k, we use Eq. to numerically solve for 5. For each value

of k, we report the maximum relative error, defined as

_ |E[QpTMmc(k, p) — E[Q]crmc(k,p)|
mazRel Err(k) = pren(%ﬁ) EQlprmc(k,p) ’

where E[Q]prmc and E[Q]cTmc are the discrete and continuous functions for
E[Q)], respectively. We observe that the error is largest when p is close to 1.
Note that

hHi f(B) = liIIll(Bp+ﬁ)k71(p+ BD) — B = I@kfl — 8.
p— pr

Since f(B) = 0, we conclude that as p — 1 and k — oo, 8 — 0 (note: g =1
is always a root of f(3), but we always discard this root because it is not in
(0,1)). As 8 — 0, E[Q] — 1/2 according to Eq. (12)), which is consistent with
the numerical observations. Meanwhile, as k — oo, the continuous E[Q)] also

approaches 1/2. We conclude that as k — oo, maxzRelErr — 0, as observed
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in Figure [f] Also, the largest value of maxRel Err occurs for the lowest value
of k = 3, when p — 1. But even in this (worst case), although the error is
maxRelErr(3) = 2, it corresponds to discrete and continuous versions of E[Q]
differing by a prediction of only a single qubit.

Finally, both the continuous- and discrete-time Markov chains have station-
ary distributions if and only if £ > 3. From these analytic and numerical
observations, we conclude that the CTMC model is sufficiently accurate so as
to be useful for exploring issues such as decoherence, link heterogeneity, and
switch buffer constraints.

In [21], the authors introduced CTMCs for systems where the switch has
finite-size buffers, links are not necessarily identical, and quantum memory co-
herence time is finite. Construction and analyses of these models is relatively
simple compared to the DTMC model in this paper. Even if one were to intro-
duce a finite buffer into this model, several changes would be required to state
transitions and balance equations, resulting in even more complex expressions
for the stationary distribution (recall that even in the infinite-buffer case, we
must solve the model numerically). Attempting to model decoherence in dis-
crete time would require one to consider all possible combinatorial settings of
stored qubit decoherence, further complicating the transition probabilities, but
also increasing the number of possible transitions from each state. Consider,
for instance, state ¢ in Figure [} each of the existing “backward” transitions
Py, j € {1,...,k—1} would have to be modified based on the number of ways
that [ qubits can decohere and m new entanglements can be generated such
that [ +m = j, and in addition, extra transitions must be added from state
i to states {0,1,...,i — k + 2} because any number of the stored qubits can
decohere. This process can become highly cumbersome and prone to mistakes,
while CTMCs seem to offer much more in modeling power, albeit incurring an
accuracy cost that so far has only been quantified for the simplest variant of the

entanglement switching problem.
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7. Conclusion

We studied an entanglement distribution switch that serves bipartite entan-
gled states to pairs of users connected to the device via dedicated links. Using
a DTMC, we studied a simple variant of the problem, wherein the links are
identical, the switch has an infinite number of quantum memories, and quan-
tum states do not decohere, although entanglement generation may fail both
at the link level and at the end-to-end level. By studying this basic system,
we learned that the DTMC model exhibits limitations such that introducing
additional complexity to this model, such as finite buffers or quantum state
decoherence, makes the resulting model exceedingly difficult to analyze, and
therefore may not be the most attractive option for modeling more complex
entanglement switching mechanisms.

We derived the capacity of the switch, the expected number of stored qubits
at the switch in steady state, and the stability conditions for the system. We
also derived the stationary distribution of the DTMC, albeit not in closed form.
We compared the results of our analysis to those of an existing CTMC model.
We conclude that while the CTMC model is easier to analyze, it is less accu-
rate than the DTMC model. We quantified the discrepancy between the two
models for the expected number of stored qubits, and found that in the worst
case, the predictions differ by less than one qubit. Hence, we conclude that the
CTMC is a suitable model for this particular variant of the problem, but more
work is required in order to completely assess the accuracy of CTMC models
for more complex switching scenarios. Our work is the first attempt at ana-
lyzing a quantum switch using a DTMC, and while the problem formulation
is relatively simple, the analysis is non-trivial. Moreover, the expression for
switch capacity derived in this paper can be used as an upper bound on the
capacity of more complex systems, such as those with non-identical links and
where quantum states may decohere. Finally, while our work was initially in-
spired by entanglement switching, the problem is of independent interest from a

queueing-theoretic perspective, and the results can be applied to any stochastic
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assembly-like queueing system that services two customers/jobs at a time.
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45 Appendix A. Stationary Distribution

Appendiz A.1. Proof of Eq. (@
Introducing the value of m; = 8! into Eq. yields

k—1
Bilm = B Pm Py + 8 m P + B m Y B9 Py
j=1

or equivalently
k=1
B=Pi+BP+BY B

Jj=1

k—1
= B@" + (k — 1)p*p" %) + B Z (k ; 1) (Bp)’p*~I

k
1
BZ<J+1> Bpj+2 —k—j— 2+pp -1

k—1
With ( ) Bp)’p J=k—3 Zﬁ((ﬁp+ﬁ)k_l _ﬁk—l) and

=1

k—2 k—1

E :(k_ 1) (ﬁ +2 k—j—2 _ < > z+1pk717i
i+ 1

=1 \J i=2

(2

=Bp ((IBP +T))k_1 — (k- 1)5p§k_2 _ ﬁk_l) ’

<.

<

Eq. (A.1) becomes

8=p0"+ (k-1 + 8 (Bp+p)* ' =7"71)
p(Bp+D) " = (k=1)Bpp" > =" ") +pp* !
p* + Bp" + Bk — VP % + Bp(Bp +p)F
—Bﬁ‘“+p(ﬁp+ﬁ)’“‘1 — Bk = 1)p*p"~? — pp*!
= (Bp+p)*"(p + BD).

Hence, (3 satisfies the equation f(5) = 0 with
F(B) = (Bp+D)* " (p+ Bp) - B.
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Appendiz A.2. Proof that Eq. (@ has a unique solution in (0,1) when k > 3

We have

F(B)=k=1pBp+p)" 2+ Bp) +DBp+p) " -1

and f”(B) is given by

(k—1)(k —2)p*(Bp + )" *(p + BP) + 2(k — )pp(Bp + D)2

= (k= 1p(Bp+D)" > [(k — 2)p + 2(k — VB(Bp + P)] > 0.

This shows that the mapping 8 — f(f) is strictly increasing in [0,1]. On the
other hand,

F(0)=(k—1)p*p" 2+ - 1

and f'(1) = (k—1)p+p—1= (k—2)p > 0. Let us show that f/(0) < 0. Define
g(p) = (k- )p*P" 2 4+ 7" — 1 = f/(0). We find

g (p) = "2 (p*k* + 2p(1 — 2k) + k).

Define h(p) = p?k? 4+ 2p(1 — 2k) + k so that ¢'(p) = —p* 2h(p). We have
h'(p) = 2(pk?* + 1 — 2k), which vanishes for p = pg = (2k — 1)/k%.  Also,
h"(p) = 2k?> > 0. We deduce from this that h(p) decreases in [0,py) and
increases in (pg,1]. Therefore, h(p) is minimized in [0,1] for p = pg. We have
h(po) = (—(2k — 1)? + k3)/k? which is easily seen to be strictly positive for all
k > 3. This shows that h(p) > 0 for p € [0, 1], which implies that ¢'(p) < 0 for
p € ]0,1], so that g(p) < g(0) =0 for p € (0,1] and, finally, f'(0) < 0.

From f'(0) < 0, f/(1) > 0 and the fact that the continuous mapping 8 —
1/(B) is strictly increasing in [0, 1], we deduce that there exists 5y € (0,1) such
that f'(B8) < 0 for 8 € [0,50), f'(Bo) =0 and f'(8) > 0 for 8 € (Bp,1]. This in
turn shows that 8 — f(B) is strictly decreasing in [0, 8y) and strictly increasing
in (8o, 1]. But since f(0) > 0 and f(1) = 0, this implies that f has a unique
zero in (0,1). This zero is actually located in (0, Bo). O

30



Appendiz A.3. Equivalence of Eqs and (@

We start by rearranging :

k—1
E mi .0 = o,
i=0

k-1
ZﬂiPi,o =mo(1 — Poyo),
i1

k-1
i1
7T1E BP0 =mFo 1,

=1

k—1 57

i 0
> B Py=""P.
=1 m

Then, we rearrange in a similar fashion:

k
E m P =,
i=0

k
i1
7T0P0,1+7T1E B P =,

i=1
1,
moFo1 = m (1 ~3 ZBZPm) ;
i=1

k
Bmo i
o Pa=8=3 8P

i=1

Hence, to show that one of and is redundant, it suffices to show that

k-1 k
Y BPo=8-Y BPn, (A2)
i=1 i=1
or equivalently,
k=1
Zﬂl(Pi,o +Pip)+ B Pry =B (A.3)
i=1

Before we continue, we derive a few useful expressions. The first is as follows:

ko
Pe(i,k—1)+PO(i,k—1):Z< j )pjpk_l_j_

J=t
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Next, we have

k—1

Rk= 1) - Rk = 3 (C 7 pp iy
Finally,
k—1
P,(i,k—1) = P.(i,k — 1) Z( ) gk =i (—1),
j=t

k=1
Now, consider the left side of Eq. 1} > B'Piy is equal to

i=1

k—1 i
oo (S ) GRG k- R4 1k )
1

+ ( - (2—1)z> (PP, (i, k — 1) + pPe(i+ 1,k — 1))]

_ k-1 k—1
B g i=1 ’ [j_i <k ; 1>p P (_1)i(_1)j)]

+ b k725i kzjl (k — 1>pjk1j(1 _ (_1)i(_1)j)

2 i=1 j=i+1 ] b

k-1 i

= g » <k' ]-)pjpk?l J ;ﬂz(l + (71)1(71)])
k—1

+§j—2<k ) G ]Zﬂll_ —1)'(=1)%)

:% Mﬂ 1 3ﬁﬁz(pﬁ“”)’“<p+w> - (ﬁ—p)klfﬁ .

k=1
Next, we look at > S°P; 1, which is equal to
i=1




k—1 k—
+Iy lz ("7 s (—1>i<—1>f'>]

=B+ 7 = ) + 5 (1 - g8+ p ).

k-1
Summing these two expressions, we obtain Y. B4 (P; o+ P 1),
i=1

B
1-p

Next, we compute

- %@/3 +9)" ' (p+1B) — BP(Bp)"

Finally, the left side of Eq. (A.3) becomes

k—1

Z l zO"’le +5Pk1—

=1

- TP o p) -
=%—%(ﬁ+p) "(p + PB).

Recall from (A.3)) that the expression above must equal to 8. Using Eq. ,

we know that

(B +D)" p+1B) = B,
and therefore,

k-1 8 BQ
;62(3,0 +Pa) + B Py = -5 =5

=

—_
I

=™
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Appendix B. Instability When k = 2
When k = 2, Eq. becomes
7TZ‘_1Pf—|—7TiPs+7T,'+1P(1) = 7, (Bl)

for ¢ > 2, and where Py = pp, P, = 7> + p?, and Py = pp. Summing these

equations yields

oo oo oo o0
Py mi+ (@ +p)Y mi+ppYy mi=Y m,
i=1 i=2 i=3 i=2
or equivalently,

p(m1 +m2) + (P + p*)ma + (205 + P +p )Z -—W2+Zm,
1=3

and since 1 — 2pp — 5% — p? = 0, the above equation becomes
pp(m1 +m2) + (D7 + p*)ma = 7o,

which simplifies to m; = 72. Substituting this relation into (B.1)) when ¢ = 2
yields w3 = my = 71, and iterating this procedure over the remaining ¢’s yields
™ = Ty, Vi Z 2.

From Eq. , we have
7o = molo,0 + ™1 P10, (B.2)
where Py o = p? + p? and Pyo = pp, so that Eq. (B.2) is actually

mo = o (P> + p*) + PP

and

pp
=T ——. B.3
o =M (B.3)

Using the normalizing condition, along with (B.3)) yields

+Y m=1 (B.4)

1 o p a p i>1
Since m = m;, Vi > 2, the only solution of (B.4) is m; = 0, for all ¢ > 1 (and

Too = 1), which proves instability for k& = 2. O
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s Appendix C. Proof of Capacity

For simplicity, let us first derive C' with the assumption that ¢ = 1. Since ¢
simply scales the capacity, we will multiply the resulting expression by ¢ at the
end. Consider the first term of Eq. (L0):

k—2 i E—1 k—2 E—1 k—2
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N——— N——— N——— N———
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=
L
d

/\ 7 N N
=™
-

—_

| |

| %
L

N———

k—1)p
= “El ;) ((Bp+P) 28— 5.
Next, keeping in mind that £ — 1 > 2, the last term of Eq. is
SR DT S
i=k—1 i=k—1

_ (k‘*].)pﬂ'l < 1 17ﬂk 1> _ (k*].)pﬁl ﬁkil
5 1-5

Hence, so far,
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Next in Eq. (C.1]) we have the term

kz: ( > z+1 —k—i— 1_7T1251 1- < > 7.+1ﬁk—7;7
=0
S s o(* e
i=2 J

_pm

O (k= 1)+ ) 28p -

Substituting this into Eq. (C.1J), we have

— — k—1
W—/lﬂp ((Bp+p)-2p — 1) L= Lpm B

1-p

1 2 k-1 itl—k—i—1
= ((1 ) (BP—Fpk +Z7Tz<z< )p+pk
k

1
k—j

Bp+D)" '+

(5 (e

+ Ti; (( ~1)(Bp+p)2Bp— (B +p)" Tt +7°7)
e ! ; k i+l—k—i—l
:;’ﬂ'il_Q(\‘QJ"‘Z) <l+l>p+p
+ 0 0 = (B DY) ik~ Dp(Bp D) éff?)
k-2  k—i ] . o
== 1 ; il —k—i—
_gﬂ'@l_z(\‘2J+Z) <Z+l>p P
p —\k—1
# B0 = o ) mte - 1p ©2)
Consider the remaining sum above. Let m =i+ [. Then
S l k i ; u k w2 m—1
;m 1= <{2J +i> (’L -I-l)pl“pk_l_l = 2_: <m>pmpk_m (Z yr (\‘ 7 J +z>>
. ~ m=2 =0
k m .
:mX::z Z)pmpk—m<;ﬂ-i(\‘m2—1J _|_7,> —( —1)7T'm l_mﬂ'm> = S,
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The inner sum above can be rewritten as follows:

ém sz_zJ +i> :ém<i+ <m2_2> 1+(—21)”H’ N <m—2z'—1> 1—(_21)m—i>

. m 2m — 1 ].*ﬁerl 1 = . i (71)m 17(76)m+1
5( 1 <1—6 1>+2Zw+ [ ( L+ 1))

4
2m—1 (1=F"\ 1(mB"—(m+1)g"+1) p"—(-D)"
=m + = 3 +
4 1-5 2 (1-5) 4(1+B)
(2m1+(1)m)
4 | ).
4
Now, we can use the fact that mo + 71 /(1 — 8) = 1 to obtain
2m—-1 1 2m —1 2m —1
™ o = .

1 1-3" 1 4

Using the same relation, we have

(=™ T (=™ 21y
(o) =S (-
Therefore,

- m—i| \ 2m —1 [ —p™ mpB™t — (m+1)™ + 1 g
Z”Q 2 J“)“( i <1—6>+ 21— 97 +4<1+5>)

L2m—1 ()T (1 2 )

4 4 1— 32
_ m B mpB™ m (=)™ 21 m 1
I TR eI Ry R wy R S <1_1—52)+2(1—/3)2_4'

From Eq. @, we know that 71 = (1 — 3%)/2. Using this,

= m—1 AN m B8 mpB™  m m 1
A_omq 2 J“)““ﬂ 0-p0+8) "1-g 2 21-p7 T

2
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Next, we can write

gm Qm; lJ + Z) = (m = my—y —mmp,

—Wlﬂmﬁ mﬁm m T1 1 T m 1 T1 Am
Q- p2a+p M1-p 2 ai-pr 1 5™ (6“) P

_m,_m 1 m( 1 g __mmp™
B <ﬁ2 (1—6)2(1+6)> BEI-5)
Hence, Eq. becomes

S = E k m—k—m m 1 ﬁ 71'1771157” m T
—m; (m)p P (7”5 (/32 e —5)2(1+B)) “Pa-8) Tz T au-pp
r mkpB(ps +p)ht

(1 8 _
- 1(52 (1—/3)%1%))“’“” F2(1-p)

-7 (7” <512 T ﬂ)§<1+6)> e ‘11)

_k—1 1 5 71'15 1 1 1
~ kP (“ﬂ (ﬂQ e —m?(lw)) TE1-p 2 a-pr 4)

kp el 1
T2 g
- 1 g & mkp@B AP, <7T1 w1
= (5~ agrms) O - M P (B
k1 —T1 1 kp ™ 1
e (2(1—B2) *4) T2t
Substituting m; = (1 — 3?)/2 above and simplifying yields
_ 1 p — & mkp k-1, kP ™o 1
s=m (5~ oaraeg) O 0t S
Finally, substituting this result into Eq. , C becomes
_ M —\k—1 (Bp +p)* !
C—ﬁ(p - (Bp+D) )+7T1(k_1)PW
i __ B8 K
+n (- g 0P
m1kp w1 kp T 1 _om
BT AT (e 2
_omBp 4P @A) kp  om L
(1=5)*(1+8) 2 2(1-p8)2 4

We know from Eq. that

(Bp+Dp)"*(p+ Bp) — B=0.
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Using this above, we obtain

Wlﬁ kp T 1

-P2a+p) 2 20-pE 14
™1 1 kp

2(1—52)_Z+?'

C=—

Recall that 7 = (1 — 3?)/2. Hence,

1-p2 1 1 kp

¢= 2 W_TL?’
kp

O*?.

Finally, recall that we earlier assumed ¢ = 1. Removing this assumption, we

obtain
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