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Algorithm 1 Gibbs Sampler

1: Initialize ! , ! 2, " 2

2: repeat
3: Calculateµ t and! t via Eqs. (2) and (3)
4: s ! NormProduct

!
nµ t , n! t , z, diag(" 2)

"

5: ! , ! 2 ! NIG(! , ! 2; µ n , ! n , an , bn ) via Eqn. (1)

6: 1/ " 2
j ! InverseGaussian

#
!

! s |z! s| ,
! 2

! 2
s

$
for all j

Subroutine NormProduct
1: input: µ 1, ! 1, µ 2, ! 2

2: ! 3 =
!
! ! 1

1 + ! ! 1
2

" ! 1

3: µ 3 = ! 3
!
! ! 1

1 µ 1 + ! ! 1
2 µ 2

"

4: return: N (µ 3, ! 3)

#ijkl , and $ij,kl . The current parameter values are available within the sampler, but the mod-172

eler must provide estimates for the moments ofx, either using prior knowledge or by (privately)173

estimating the moments from the data. We discuss three speciÞc possibilities in Section 3.4.4.174

E [xi y] =
!

j

! j " ij

E
"
y2#

= #2 +
!

i,j

! i ! j " ij

Cov(xi x j , xk y) =
!

l

! l $ij,kl

Cov
$
xi xj , y2%

=
!

k,l

! k ! l $ij,kl

Cov(xi y, x j y) = #2" ij +
!

k,l

! k ! l $ij,kl

Cov
$
xi y, y2%

=
!

j,k,l

! j ! k ! l $ij,kl + 2 #2
!

j

! j " ij

Var
$
y2%

= 2 #4 +
!

i,j,k,l

! i ! j ! k ! l $ij,kl

+ 4 #2
!

i,j

! i ! j " ij

Once again, more modeling assumptions are175

needed than in the non-private case, where it176

is possible to condition onx. Gibbs-SS re-177

quires milder assumptions (second and fourth178

moments), however, thanMCMC-Ind(a full179

prior distribution).180

3.4.2 Variable augmentation forp(z | s)181

The above approximation for the distribution182

over sufÞcient statistics means the full condi-183

tional distribution involves the product of a184

normal and a Laplace distribution,185

p(s | %, z) " N (s;nµ t , n! t )
áLap(z; s, " s/ &).

It is unclear how to sample from this distri-186

bution directly. A similar situation arises in187

the Bayesian Lasso, where it is solved by188

variable augmentation [25]. Bernstein and189

Sheldon[5] adapted the variable augmenta-190

tion scheme to private inference in exponential family models. We take the same approach here,191

and represent a Laplace random variable as a scale mixture of normals. SpeciÞcally,l ! Lap(u, b)192

is identically distributed tol ! N (u, " 2) where the variance" 2 ! Exp
!
1/ (2b2)

"
is drawn from193

the exponential distribution (with density1/ (2b2) exp
!
# " 2/ (2b2)

"
). We augment separately for194

each component of the vectorz so thatz ! N
!
s, diag(" 2)

"
, where" 2

j ! Exp
!
&2/ (2" 2

s)
"
. The195

augmented full conditionalp(s | %, z, " ) is a product of two multivariate normal distributions, which196

is itself a multivariate normal distribution.197

3.4.3 The Gibbs sampler198

! , " 2 " NIG( ! , " 2 ; µ 0 , ! 0 , a 0 , b0 )

s " N (n µ t , n " t )

# 2
j " Exp

!
! 2

2! 2
s

"

for all j

z " N
#
s, diag( # 2 )

$

The full generative process is shown to the199

right, and the corresponding Gibbs sampler200

is shown in Algorithm 1. The update for201

" 2 follows Park and Casella[25]; the inverse202

Gaussian density isInverseGaussian(w; m, v) =203 %
v/ (2' w3) exp

!
# v(w # m)2/ (2m2w)

"
. Note204

that the resultings drawn fromp(s | µ t , ! t , " 2)205

may require projection onto the space of valid sufÞcient statistics. This can be done by observing that206

if A = [ X, y ] then the sufÞcient statistics are contained in the positive-semideÞnite (PSD) matrix207

B = AT A. For a randomly drawns, we project if necessary so the correspondingB matrix is PSD.208
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Figure 3: Synthetic data results: (a) calibration vs.n for ! = 0 .1; (b) calibration vs.! for n = 10;
(c) QQ plot forn = 10 and! = 0 .1; (d) 95% credible interval coverage; (e) MMD of methods to
non-private posterior; (f) method runtimes for! = 0 .1.

to approximations in the calculation of multivariate normal distribution fourth moments from a data295

prior. Utility results are shown in Figure 3e; the noise-aware methods provide at least as good utility296

asNaive. Run time results are shown in Figure 3f;MCMC-Indscales with increasing population size297

while theGibbs-SS methods,Naive, andNon-Private remain constant. Accordingly, we do not298

include results forMCMC-Indfor n = 1000 as its run time is prohibitive in those settings.299

4.3 Predictive posteriors on real data300

Figure 4: Coverage for predictive posterior 50%
and 90% credible intervals.

We evaluate the predictive posteriors of the301

methods on a real world data set measuring302

the effect of drinking rate on cirrhosis rate.4
303

We scale both covariate and response data to304

[0, 1]. There are 46 total points, which we305

randomly split into 36 training examples and306

10 test points for each trial. After prelimi-307

nary exploration to gain domain knowledge,308

we set a reasonable model prior of! , " 2 !309

NIG
!
[1, 0], diag([.25, .25]), 20, .5

"
. We draw310

samples! (k ) , " 2
k from the posterior given train-311

ing data, and then form the posterior predictive distribution for each test pointyi from these samples.312

Figure 4 shows coverage of 50% and 90% credible intervals on1000test points collected over100313

random train-test splits.Non-Private achieves nearly correct coverage, with the discrepancy due314

to the fact that the data is not actually drawn from the prior.Gibbs-SS-Noisy achieves nearly315

the coverage ofNon-Private , while Naive is drastically worse in this regime. We note that this316

experiment emphasizes the advantage ofGibbs-SS-Noisy not needing an explicitly deÞned data317

prior, as it only requires the same parameter prior that is needed in non-private analysis.318

4http://people.sc.fsu.edu/~jburkardt/datasets/regression/x20.txt
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