Divide and Couple: Using Monte Carlo Variational Objectives for Posterior Approximation

Justin Domke and Daniel Sheldon, University of Massachusetts Amherst

e Recent work uses better estimators for better likelihood

bounds.

e But how to apply to “pure probabilistic” variational inference (VI)?
e We show that for any unbiased estimator, an augmented poste-

rior can be constructed using couplings.

e We give a framework of transforming “estimator-coupling-pairs” to

easily construct couplings for many Monte Carlo Methods.

1. The Problem

Take some distribution p(z, ) with x fixed.
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) then Elog R < logp(x).

Observation: If R is a random variable with E R = p(x
Example: Take R = 22 for z ~ ¢ Gaussian, optimize ¢:

FlogR = —0.237
— p(z,x)
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— ((Z2), naive

Decomposition: KL (¢(z)||p(z|x)) = logp(x
e Likelihood bound: v
e Posterior approximation: v/

— Elog R.
(Elog R < logp( )
(q Is close to p)

Recent work: Better Monte Carlo estimators E.

Second Example: Antithetic Sampling: Let T'(z) “flip” z around mean of q.

o] (p<z, z) + p(T(2), w))

2 q(z)

FlogR'= —0.060
— p(z,x)
q(z), antithetic

e Likelihood bound: v/ (Elog R < logp(x))
e Posterior approximation: X (g is not close to p)

This paper: Is some other distribution close to p?
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2. Main Framework

Contribution of this paper: Given estimator with E R = p(x), we show how to

construct Q)(z) such that

KL(Q(2)|[p(z|z)) < logp(x) — Elog R.

FlogR’'= — 0.060
— p(z,x)
q(z), antithetic

FlogR’'= — 0.060
— p(z,x)
Q(z), antithetic
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FlogR'= —0.063
— p(z,x)
— q(2), stratified

AN

FlogR"= —0.063
— p(z,x)
- == Q(2), stratified

FlogR'= —0.021
— p(z,x)

FlogR'= —0.021
— p(z,x)

—— ((z), antithetic within strata - == Q(2), antithetic within strata

AN A

2.1 Intuition

e An unbiased estimator E,, R(w) = p(x) is not enough!
e We suggest: Need a coupling: E, R(w)a(z|w) = p(z, x).
e Define augmented distributions in state space (z, w).

e Tightening log p(x) — E log R is equivalent to VI on the augmented distributions.

2.2 Divide

1. Random variable R with underlying
sample space w

Rw), w ~ Qw).

2.3 Couple

2. Assume coupling a(z|w)

QI(%)) R(w)a(z|w)] = p(z, z).
2. Assume unbiased
3. Define
QIE‘U) F(w)] = p(z). (a) “extended target”

PMY(z, w,x)

= Q(w)R(w)a(z|w, x)

3. Define “extended target”

PM%w, ) = Q(w)R(w) (b) “extended proposal’
4. Then Q" (z,w) = Q(w)a(z|w, )
4. Then

KL (Q(w)HPMC(w]:E))

= log p(x) — Elog R.

KL (QY(z,w)||PM"(z, w|z))

Fine... But where is z? = logp(x) — Elog R.

2.4 Summary

e Tightening a bound log p(x) — E log R is equivalent to VI in an augmented state

space (w, z).
e To sample from Q(z) draw w ~ Q(w) then z ~ a(z|w).
e We give couplings for:

— Antithetic sampling

— Stratified sampling

—Quasi Monte Carlo

— Latin hypercube sampling
— Arbitrary recursive combinations of above

3. Transforming Couplings

Take base estimator-coupling pair (R, ag) transform to create new pair (R, a).

Description R(-) a(z|-)

IID Mean - 1 f: Ro(wnm) an]\f:l Ro(wm)ao(z|wm)

Wi - Wy ~ Qpii.d. M ~— SV Ro(wm)

Stratified Sampling . N y N . .
1 - - - Qp partition €, L i Dam=1 N D me1 Bo (wr') ao(z|wy')
w7 w}wn ~ (o restricted to €2, mz_l N,, 7;1 Fo (wn') Z%ﬂ fom fjml Ro (wm)

pm = Qo(w € Q). - - "

Antithetic Sampling ) 1 i Ro (T () > Ro(Tm(w)) ao (2|Tm(w))

W ~ Qq. For allm, T, (w) = w. M “~ i M R(Th (w))
Randomized Quasi Monte Carlo M

W ~ Umf([O,Ql]d), IRy, ﬁxed, % Z RO (Tm(w)) Z,,J\le ROJ\STm(W)) ao (Z|Tm(w))
Trn(w) = F~! (@ + w (mod 1)) m—1 2 m=1 Fo(Tm(w))

Latin Hypercube Sampling M
W1, -, W jointly sampled from Latin i Z Ro (T (wm))
hypercube [21, Ch. 10.3],T = F~*. =1

Z%:1 Ro(T'(wm)) a

4. Example Implementation

Generate “batches” of samples from |0, 1| hypercubes and then transform.

iid base samples antithetic base samples stratified base samples gmc base samples latin base samples

5. Example Results

Other estimators may be more sample-efficient than iid (IWAES)
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