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Sample state !!~# and momentum $!~%.

Initialize estimator as ℒ ← −	log # !! .
For . = 1,2,⋯ , 4 − 1:

Sample new momentum !!.
""#$, !"#$ ← HMC with target %" and starting point ("", !′).

Update estimator as ℒ ← ℒ + log . !"#$ − log . !!

Update estimator as ℒ ← ℒ +	 log 7(!" , 9)



Calibration
Markov chain Monte Carlo
variational inference
sequential Monte Carlo
importance sampling
stratified sampling
KL-divergence
ELBO
Annealed importance sampling
Hamiltonian Monte Carlo





Bayesian inference

1. Write down prior 𝑝 𝑧 .
2. Write down likelihood 𝑝 𝑥 𝑧 .
3. Observe data 𝑥.
4. Use posterior 𝑝(𝑧|𝑥).

domain latent 𝒛 observed 𝒙
epidemiology infections, transmission rate, recovery time cases
political science candidate popularity, pollster biases polls
astrophysics 14 parameters of the universe 2677 statistical measurements 

from galaxy survey
ecology # animals in different locations over time surveys
phylogenetics evolutionary history genomic data



Posterior

𝑝(𝑧, 𝑥)

𝑧1

𝑧2



Markov chain Monte Carlo (MCMC)



Variational Inference (VI)

<latexit sha1_base64="pQm3+Gx7OCQ2O4Ih/KgQdgMPHdg="></latexit>

min
q2Family

KL(qkp)
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Variational Inference (VI)
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This Talk
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“Put some Monte Carlo
inside of VI”
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Less
Accurate



Outline

Importance Weighted VI

Variational Particle Filters

Variational MCMC



Importance Weighted VI

(Plus {Antithetic, Stratified, Quasi-Monte Carlo, Latin hypercube} VI)



The inference problem

Bayesian inference: Approximate

Learning: Maximize

Target distribution:

data:

latent variables:

Goals:

<latexit sha1_base64="/Bl9tvp/KS4+ZzKJzDs8R0GHOVY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmbFuOQfvHhQxKv/482/cZLsQaMFDUVVN91dQcyZNq775eQWFpeWV/KrhbX1jc2t4vZOQ8tEEVonkkvVCrCmnAlaN8xw2ooVxVHAaTMYXk385j1Vmklxa0Yx9SPcFyxkBBsrNeLy49HDYbdYcivuFOgv8TJSggy1bvGz05MkiagwhGOt254bGz/FyjDC6bjQSTSNMRniPm1bKnBEtZ9Orx2jA6v0UCiVLWHQVP05keJI61EU2M4Im4Ge9ybif147MeGFnzIRJ4YKMlsUJhwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/+5b+kcVzxziqnNyel6mUWRx72YB/K4ME5VOEaalAHAnfwBC/w6kjn2Xlz3metOSeb2YVfcD6+AcdYjp8=</latexit>

p(z, x)
<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x

<latexit sha1_base64="I6lx7kJ3J2ctPwbk+TFgr5/RVcU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZk1wwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOyBjQg=</latexit>z

(seen)

(unseen)

<latexit sha1_base64="QpQPzqNA3bw0GDv8/j1QY3gqU7c=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJeyKr2PQi8cI5gHZJcxOZpMhs7PDTK8Yl/yGFw+KePVnvPk3TpI9aGJBQ1HVTXdXqAQ34LrfztLyyuraemGjuLm1vbNb2ttvmiTVlDVoIhLdDolhgkvWAA6CtZVmJA4Fa4XDm4nfemDa8ETew0ixICZ9ySNOCVjJV5Un7Fsf8ONJt1R2q+4UeJF4OSmjHPVu6cvvJTSNmQQqiDEdz1UQZEQDp4KNi35qmCJ0SPqsY6kkMTNBNr15jI+t0sNRom1JwFP190RGYmNGcWg7YwIDM+9NxP+8TgrRVZBxqVJgks4WRanAkOBJALjHNaMgRpYQqrm9FdMB0YSCjaloQ/DmX14kzdOqd1E9vzsr167zOAroEB2hCvLQJaqhW1RHDUSRQs/oFb05qfPivDsfs9YlJ585QH/gfP4ACVKRDA==</latexit>

p(z|x)
<latexit sha1_base64="O1oNcY6LpFEY58f6bIs7sPvkRts=">AAAB8HicbVDJSgNBEK1xjXGLevTSGIR4CTPidgx68RjBLJIMoafTSZr0MnT3iGHIV3jxoIhXP8ebf2MnmYMmPih4vFdFVb0o5sxY3//2lpZXVtfWcxv5za3tnd3C3n7dqEQTWiOKK92MsKGcSVqzzHLajDXFIuK0EQ1vJn7jkWrDlLy3o5iGAvcl6zGCrZMe2lz1UVx6OukUin7ZnwItkiAjRchQ7RS+2l1FEkGlJRwb0wr82IYp1pYRTsf5dmJojMkQ92nLUYkFNWE6PXiMjp3SRT2lXUmLpurviRQLY0Yicp0C24GZ9ybif14rsb2rMGUyTiyVZLaol3BkFZp8j7pMU2L5yBFMNHO3IjLAGhPrMsq7EIL5lxdJ/bQcXJTP786KlessjhwcwhGUIIBLqMAtVKEGBAQ8wyu8edp78d69j1nrkpfNHMAfeJ8/5qGP1Q==</latexit>

log p(x)



Bayesian regression
<latexit sha1_base64="fIkvh5oz4IZZzzTy1KQAJISns3Q=">AAACKXicbVDLSsNAFJ34rPUVdelmsAgtlJKIr2XRjcsK9gFNCJPJtB06SYaZiRhCf8eNv+JGQVG3/oiTNgttvTDDueecy8w9PmdUKsv6NJaWV1bX1ksb5c2t7Z1dc2+/I+NEYNLGMYtFz0eSMBqRtqKKkR4XBIU+I11/fJ3r3XsiJI2jO5Vy4oZoGNEBxUhpyjObvIrq0IeONin4UIdpDTpcxFzFMJf8WRt4VLepvgujR+swH6x5ZsVqWNOCi8AuQAUU1fLMVyeIcRKSSGGGpOzbFlduhoSimJFJ2Ukk4QiP0ZD0NYxQSKSbTTedwGPNBHAQC30iBafs74kMhVKmoa+dIVIjOa/l5H9aP1GDSzejEU8UifDsoUHCoI4hjw0GVBCsWKoBwoLqv0I8QgJhpcMt6xDs+ZUXQeekYZ83zm5PK82rIo4SOARHoApscAGa4Aa0QBtg8AiewRt4N56MF+PD+JpZl4xi5gD8KeP7B1Hpo6I=</latexit>

p(a, b|x, y) / p(a, b)
Y

i

p(yi|xi, a, b)

Example: Bayesian Regression

P (a, b|Data) � P (a, b)
�

i

P (yi|xi, a, b)



Learning: Variational auto-encoder
<latexit sha1_base64="hZ2mChtCvW9uT7P7po03Iu12/sk=">AAACEXicbVDLSgMxFM34rPVVdekmWIQpSJkRXxuh6MZlBfuAtgyZNG1DM5khuSN90F9w46+4caGIW3fu/BvTdhBtPRA4nHMPN/f4keAaHOfLWlhcWl5ZTa2l1zc2t7YzO7tlHcaKshINRaiqPtFMcMlKwEGwaqQYCXzBKn73euxX7pnSPJR30I9YIyBtyVucEjCSl7Ejrw4dBsQeHPVy+BJH9iCHf8Qerps04EHOy2SdvDMBniduQrIoQdHLfNabIY0DJoEKonXNdSJoDIkCTgUbpeuxZhGhXdJmNUMlCZhuDCcXjfChUZq4FSrzJOCJ+jsxJIHW/cA3kwGBjp71xuJ/Xi2G1kVjyGUUA5N0uqgVCwwhHteDm1wxCqJvCKGKm79i2iGKUDAlpk0J7uzJ86R8nHfP8qe3J9nCVVJHCu2jA2QjF52jArpBRVRCFD2gJ/SCXq1H69l6s96nowtWktlDf2B9fAOu/Juu</latexit>

p✓(z, x) = p(z)p✓(x|z)

Use VI to bound
<latexit sha1_base64="mR2I+0s+E7OxojyBMssgTtkF41Q=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAh1UxLxtSy6cVnBPqAJYTKdtEMnmTBzUyyhf+LGhSJu/RN3/o3TNgttPXDhcM693HtPmAquwXG+rZXVtfWNzdJWeXtnd2/fPjhsaZkpyppUCqk6IdFM8IQ1gYNgnVQxEoeCtcPh3dRvj5jSXCaPME6ZH5N+wiNOCRgpsG1PyD5OAw8GDEj16SywK07NmQEvE7cgFVSgEdhfXk/SLGYJUEG07rpOCn5OFHAq2KTsZZqlhA5Jn3UNTUjMtJ/PLp/gU6P0cCSVqQTwTP09kZNY63Ecms6YwEAvelPxP6+bQXTj5zxJM2AJnS+KMoFB4mkMuMcVoyDGhhCquLkV0wFRhIIJq2xCcBdfXiat85p7Vbt8uKjUb4s4SugYnaAqctE1qqN71EBNRNEIPaNX9Gbl1ov1bn3MW1esYuYI/YH1+QPGapMd</latexit>

log p✓(x)



The “ELBO”

<latexit sha1_base64="ruPcvvep+ATyyAUxxQSKfPJerrU="></latexit>

ELBO(qkp) = E
q(z)

[log p(z, x)� log q(z)]

is p high? is q spread?
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<latexit sha1_base64="ZZNSBJ0C22fT/xc7DpLZmMqQIJo="></latexit>

log p(x) = E
q(z)

[log p(z, x)� log q(z)]

| {z }
ELBO(qkp)

+KL(q(z)kp(z|x))

ELBO decomposition

Lower bound:

Looseness:

<latexit sha1_base64="ZuMFIvUUnQRw0QYLcIuODqEemUc=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g0FMmrArvsoQESwEI5hEyC5hdnI3GTL7cGZWDEs+wcZfsbFQxNbSzr9x8ig08cDAmXPu5d57vJgzqSzr28jMzS8sLmWXcyura+sb5uZWXUaJoFCjEY/ErUckcBZCTTHF4TYWQAKPQ8PrnQ39xj0IyaLwRvVjcAPSCZnPKFFaapn7TkBUVwTp+WXlalC4w04dhMJxETsc9I9HHRwXHootM2+VrBHwLLEnJI8mqLbML6cd0SSAUFFOpGzaVqzclAjFKIdBzkkkxIT2SAeamoYkAOmmo4MGeE8rbexHQr9Q4ZH6uyMlgZT9wNOVw/XltDcU//OaifJP3ZSFcaIgpONBfsKxivAwHdxmAqjifU0IFUzvimmXCEKVzjCnQ7CnT54l9YOSfVw6uj7MlyuTOLJoB+2iArLRCSqjC1RFNUTRI3pGr+jNeDJejHfjY1yaMSY92+gPjM8fUFObfg==</latexit>

ELBO(qkp)  log p(x)
<latexit sha1_base64="iViZKDdJrDCkysRgDIf1Kods3a8=">AAACDnicbZC7TsMwFIadcivlFmBksagqpUuVIG5jBQsSDEWiF6mJKsd1WqvOBdupaKM+AQuvwsIAQqzMbLwNTpsBWn7J0qf/nCOf87sRo0Ka5reWW1peWV3Lrxc2Nre2d/TdvYYIY45JHYcs5C0XCcJoQOqSSkZaESfIdxlpuoPLtN4cEi5oGNzJUUQcH/UC6lGMpLI6esn2kexzP7m+mRj3xrgM7QbhEkbGGNrDlB7KZdjRi2bFnAougpVBEWSqdfQvuxvi2CeBxAwJ0bbMSDoJ4pJiRiYFOxYkQniAeqStMEA+EU4yPWcCS8rpQi/k6gUSTt3fEwnyhRj5rupMlxfztdT8r9aOpXfuJDSIYkkCPPvIixmUIUyzgV3KCZZspABhTtWuEPcRR1iqBAsqBGv+5EVoHFWs08rJ7XGxepHFkQcH4BAYwAJnoAquQA3UAQaP4Bm8gjftSXvR3rWPWWtOy2b2wR9pnz+p/5qV</latexit>

KL(q(z)kp(z|x))



Thought experiment

If                                  , becomes ELBO decomposition.
<latexit sha1_base64="6NgiEyjPh3ECZT26fojQZZ2yLC0="></latexit>

R = p(z,x)
q(z) , z ⇠ q

If                        and             ,
<latexit sha1_base64="gqrxva+UGf84hrMbMJ5RRzskr0Y=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidpKgF49xyQLJEHo6laRJT8/Q3SOEIZ/gxYMiXv0ib/6NnWQOmvig4PFeFVX1glhwbVz328ktLa+sruXXCxubW9s7xd29uo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGNxO/8YRK80g+mlGMfkj7kvc4o8ZKD/dXbqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR66pgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpO/SZcrZEaMLKFMcXsrYQOqKDM2nYINwZt/eZHUT8reefns7rRUuc7iyMMBHMIxeHABFbiFKtSAQR+e4RXeHOG8OO/Ox6w152Qz+/AHzucPoVSNYg==</latexit>

R > 0
<latexit sha1_base64="GPH2TYt1EGKekkbFk7x+twU+C1c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLUTUnE10YoiuCyin1AG8pkOmmHTh7MTMQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmuBFnUlnWt7GwuLS8slpYK65vbG5tmzu7TRnGgtAGCXko2i6WlLOANhRTnLYjQbHvctpyR1eZ33qgQrIwuFdJRB0fDwLmMYKVlnpmqetjNXTd9HqM7tAFiiqPhz2zbFWtCdA8sXNShhz1nvnV7Yck9mmgCMdSdmwrUk6KhWKE03GxG0saYTLCA9rRNMA+lU46CT9GB1rpIy8U+gUKTdTfGyn2pUx8V09mUeWsl4n/eZ1YeedOyoIoVjQg00NezJEKUdYE6jNBieKJJpgIprMiMsQCE6X7KuoS7Nkvz5PmUdU+rZ7cHpdrl3kdBdiDfaiADWdQgxuoQwMIJPAMr/BmPBkvxrvxMR1dMPKdEvyB8fkD4u6Tog==</latexit>

ER = p(x)

But you can use any    .... 
<latexit sha1_base64="vfR8Ei+JKCvm0xvUnoQ8DXdY8+4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0cw8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AK/hjOA=</latexit>

R

<latexit sha1_base64="X1Wc10RpOrUI7HUOyJHq52z4yKo="></latexit>

log p(x) = E logR| {z }
bound

+E log
p(x)

R| {z }
looseness



Variational Autoencoders

Input                 and    .

Find some          and     to make                 large.

Output    .

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="jRiUkG4Wcu8k23lcNHp6AHa8Mlc=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5gHJEmYns8mQmdl1ZlaIS37BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXEHOmjet+O0vLK6tr64WN4ubW9s5uaW+/qaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81iNVmkXy3oxj6gs8kCxkBJtMeqg8nfRKZbfqToEWiZeTMuSo90pf3X5EEkGlIRxr3fHc2PgpVoYRTifFbqJpjMkID2jHUokF1X46vXWCjq3SR2GkbEmDpurviRQLrccisJ0Cm6Ge9zLxP6+TmPDKT5mME0MlmS0KE45MhLLHUZ8pSgwfW4KJYvZWRIZYYWJsPEUbgjf/8iJpnla9i+r53Vm5dp3HUYBDOIIKeHAJNbiFOjSAwBCe4RXeHOG8OO/Ox6x1yclnDuAPnM8fg3aN6A==</latexit>

q(z)

<latexit sha1_base64="tjL7Vp4mLJBfD9NMJMhmsf5Im0U=">AAAB9HicbVDLSgNBEJyNrxhfUY9eFoMQQcKu+DoGvXiMYB6QLGF20psMmZ1dZ3qDMeQ7vHhQxKsf482/cZLsQRMLGoqqbrq7/FhwjY7zbWWWlldW17LruY3Nre2d/O5eTUeJYlBlkYhUw6caBJdQRY4CGrECGvoC6n7/ZuLXB6A0j+Q9DmPwQtqVPOCMopG8uN3CHiAtPp48HbfzBafkTGEvEjclBZKi0s5/tToRS0KQyATVuuk6MXojqpAzAeNcK9EQU9anXWgaKmkI2htNjx7bR0bp2EGkTEm0p+rviRENtR6GvukMKfb0vDcR//OaCQZX3ojLOEGQbLYoSISNkT1JwO5wBQzF0BDKFDe32qxHFWVocsqZENz5lxdJ7bTkXpTO784K5es0jiw5IIekSFxyScrkllRIlTDyQJ7JK3mzBtaL9W59zFozVjqzT/7A+vwBKI+Rtg==</latexit>

p✓(x, z)
<latexit sha1_base64="RnyzIg4Iy64zhhoBANN9EcBOI5Y=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmY2Z1lplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo1hwZXUul2wAxIEUMDBUpoJxpYFEhoBaPbqd96Am2Eih9wnIAfsUEsQsEZWqnZxSEg65UrbtWdgS4TLycVkqPeK391+4qnEcTIJTOm47kJ+hnTKLiESambGkgYH7EBdCyNWQTGz2bXTuiJVfo0VNpWjHSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzEScpQszni8JUUlR0+jrtCw0c5dgSxrWwt1I+ZJpxtAGVbAje4svLpHlW9S6rF/fnldpNHkeRHJFjcko8ckVq5I7USYNw8kieySt5c5Tz4rw7H/PWgpPPHJI/cD5/AKc3jzI=</latexit>

✓
<latexit sha1_base64="RnyzIg4Iy64zhhoBANN9EcBOI5Y=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmY2Z1lplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo1hwZXUul2wAxIEUMDBUpoJxpYFEhoBaPbqd96Am2Eih9wnIAfsUEsQsEZWqnZxSEg65UrbtWdgS4TLycVkqPeK391+4qnEcTIJTOm47kJ+hnTKLiESambGkgYH7EBdCyNWQTGz2bXTuiJVfo0VNpWjHSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzEScpQszni8JUUlR0+jrtCw0c5dgSxrWwt1I+ZJpxtAGVbAje4svLpHlW9S6rF/fnldpNHkeRHJFjcko8ckVq5I7USYNw8kieySt5c5Tz4rw7H/PWgpPPHJI/cD5/AKc3jzI=</latexit>

✓

<latexit sha1_base64="fsWTK/bpxw/bOMydqtths8sQDUU=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUnE17Iogssq9gFNKJPptB06yYSZiVJiP8WNC0Xc+iXu/BsnbRbaemDgcM693DMniDlT2nG+rcLS8srqWnG9tLG5tb1jl3ebSiSS0AYRXMh2gBXlLKINzTSn7VhSHAactoLRVea3HqhUTET3ehxTP8SDiPUZwdpIXbvshVgPgyC9niCPiwG669oVp+pMgRaJm5MK5Kh37S+vJ0gS0kgTjpXquE6s/RRLzQink5KXKBpjMsID2jE0wiFVfjqNPkGHRumhvpDmRRpN1d8bKQ6VGoeBmcyCqnkvE//zOonuX/gpi+JE04jMDvUTjrRAWQ+oxyQlmo8NwUQykxWRIZaYaNNWyZTgzn95kTSPq+5Z9fT2pFK7zOsowj4cwBG4cA41uIE6NIDAIzzDK7xZT9aL9W59zEYLVr6zB39gff4Am2iTlg==</latexit>

E logR

<latexit sha1_base64="RisxbVJk+7IRF7Kwms3dFcG9a6Q=">AAACEXicbVDJSgNBEO1xjXGLevTSGIQEQpgRt4sQ9OIxilkgE0JPpydp0rOku0ZMhvyCF3/FiwdFvHrz5t/YSeagiQ8KHu9VUVXPCQVXYJrfxsLi0vLKamotvb6xubWd2dmtqiCSlFVoIAJZd4higvusAhwEq4eSEc8RrOb0rsZ+7Z5JxQP/DgYha3qk43OXUwJaamVyt/gC264kNA5bNnQZkNyw8JAfxf3cMD8q4CG2Ffdwv5XJmkVzAjxPrIRkUYJyK/NltwMaecwHKohSDcsMoRkTCZwKNkrbkWIhoT3SYQ1NfeIx1YwnH43woVba2A2kLh/wRP09ERNPqYHn6E6PQFfNemPxP68RgXvejLkfRsB8Ol3kRgJDgMfx4DaXjIIYaEKo5PpWTLtExwM6xLQOwZp9eZ5Uj4rWafHk5jhbukziSKF9dIByyEJnqISuURlVEEWP6Bm9ojfjyXgx3o2PaeuCkczsoT8wPn8ANhmcBA==</latexit>

R =
p✓(z, x)

q(z)
, z ⇠ q



Importance Weighted Autoencoders

Input                 and    .

Find some          and     to make                    large.

Output    .

<latexit sha1_base64="ZwKkaJcdU3hHlnhMyVD4tdz55QM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0dI5JHAhswODYzMzm5mZo1kwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/Wbj6g0j+S9Gcfoh3QgeZ8zaqxUe+oWS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OQ/Oi/PufMxbc042cwh/4Hz+AOl5jQY=</latexit>x
<latexit sha1_base64="jRiUkG4Wcu8k23lcNHp6AHa8Mlc=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5gHJEmYns8mQmdl1ZlaIS37BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXEHOmjet+O0vLK6tr64WN4ubW9s5uaW+/qaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywusn81iNVmkXy3oxj6gs8kCxkBJtMeqg8nfRKZbfqToEWiZeTMuSo90pf3X5EEkGlIRxr3fHc2PgpVoYRTifFbqJpjMkID2jHUokF1X46vXWCjq3SR2GkbEmDpurviRQLrccisJ0Cm6Ge9zLxP6+TmPDKT5mME0MlmS0KE45MhLLHUZ8pSgwfW4KJYvZWRIZYYWJsPEUbgjf/8iJpnla9i+r53Vm5dp3HUYBDOIIKeHAJNbiFOjSAwBCe4RXeHOG8OO/Ox6x1yclnDuAPnM8fg3aN6A==</latexit>

q(z)

<latexit sha1_base64="tjL7Vp4mLJBfD9NMJMhmsf5Im0U=">AAAB9HicbVDLSgNBEJyNrxhfUY9eFoMQQcKu+DoGvXiMYB6QLGF20psMmZ1dZ3qDMeQ7vHhQxKsf482/cZLsQRMLGoqqbrq7/FhwjY7zbWWWlldW17LruY3Nre2d/O5eTUeJYlBlkYhUw6caBJdQRY4CGrECGvoC6n7/ZuLXB6A0j+Q9DmPwQtqVPOCMopG8uN3CHiAtPp48HbfzBafkTGEvEjclBZKi0s5/tToRS0KQyATVuuk6MXojqpAzAeNcK9EQU9anXWgaKmkI2htNjx7bR0bp2EGkTEm0p+rviRENtR6GvukMKfb0vDcR//OaCQZX3ojLOEGQbLYoSISNkT1JwO5wBQzF0BDKFDe32qxHFWVocsqZENz5lxdJ7bTkXpTO784K5es0jiw5IIekSFxyScrkllRIlTDyQJ7JK3mzBtaL9W59zFozVjqzT/7A+vwBKI+Rtg==</latexit>

p✓(x, z)
<latexit sha1_base64="RnyzIg4Iy64zhhoBANN9EcBOI5Y=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmY2Z1lplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo1hwZXUul2wAxIEUMDBUpoJxpYFEhoBaPbqd96Am2Eih9wnIAfsUEsQsEZWqnZxSEg65UrbtWdgS4TLycVkqPeK391+4qnEcTIJTOm47kJ+hnTKLiESambGkgYH7EBdCyNWQTGz2bXTuiJVfo0VNpWjHSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzEScpQszni8JUUlR0+jrtCw0c5dgSxrWwt1I+ZJpxtAGVbAje4svLpHlW9S6rF/fnldpNHkeRHJFjcko8ckVq5I7USYNw8kieySt5c5Tz4rw7H/PWgpPPHJI/cD5/AKc3jzI=</latexit>

✓
<latexit sha1_base64="RnyzIg4Iy64zhhoBANN9EcBOI5Y=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmY2Z1lplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80jUo1hwZXUul2wAxIEUMDBUpoJxpYFEhoBaPbqd96Am2Eih9wnIAfsUEsQsEZWqnZxSEg65UrbtWdgS4TLycVkqPeK391+4qnEcTIJTOm47kJ+hnTKLiESambGkgYH7EBdCyNWQTGz2bXTuiJVfo0VNpWjHSm/p7IWGTMOApsZ8RwaBa9qfif10kxvPYzEScpQszni8JUUlR0+jrtCw0c5dgSxrWwt1I+ZJpxtAGVbAje4svLpHlW9S6rF/fnldpNHkeRHJFjcko8ckVq5I7USYNw8kieySt5c5Tz4rw7H/PWgpPPHJI/cD5/AKc3jzI=</latexit>

✓

<latexit sha1_base64="2AmmhjMzEqJbbQp8P3wmTSeFIXk="></latexit>

RM =
1

M

MX

m=1

p✓(zm, x)

q(zm)
, zm ⇠ q

<latexit sha1_base64="xUmszp6sE2eZwr88wnBftxLKV9g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyIr2VRBDdCFfuAzjBk0kwbmkmGJCOUof6KGxeKuPVD3Pk3ZtpZaOuBwOGce7knJ0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC0VXudx6JVFTwBz1OiB+jAacRxUgbKbCrXoz0MAyz6wn0mBjA++A2sGtO3ZkCLhK3IDVQoBnYX15f4DQmXGOGlOq5TqL9DElNMSOTipcqkiA8QgPSM5SjmCg/m4afwEOj9GEkpHlcw6n6eyNDsVLjODSTeVQ17+Xif14v1dGFn1GepJpwPDsUpQxqAfMmYJ9KgjUbG4KwpCYrxEMkEdamr4opwZ3/8iJpH9fds/rp3UmtcVnUUQb74AAcARecgwa4AU3QAhiMwTN4BW/Wk/VivVsfs9GSVexUwR9Ynz/3PJRW</latexit>

E logRM

(Burda et al., 2015)



Wait a second...
Good old VI:

<latexit sha1_base64="wbO7q1jD6/eHlkb8RvCKD8TQ8Rk="></latexit>

log p(x) = E logR+KL(q(z)kp(z|x))
Learning:

<latexit sha1_base64="yVfXgaGkk+CUoAcHHOTsALuK2Rs=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEhlqRLEa6xASIwF0YfURJXjOq1Vxw62g6iiriz8CgsDCLHyB2z8DU6bAVqOZPnonHt17z1BzKjSjvNtzc0vLC4tF1aKq2vrG5v21nZDiURiUseCCdkKkCKMclLXVDPSiiVBUcBIMxhcZH7znkhFBb/Vw5j4EepxGlKMtJE6NvQipPtBkF6OoMdED96Yj9xNeFx+OOjYJafijAFniZuTEshR69hfXlfgJCJcY4aUartOrP0USU0xI6OilygSIzxAPdI2lKOIKD8dXzKC+0bpwlBI87iGY/V3R4oipYZRYCqzvdW0l4n/ee1Eh2d+SnmcaMLxZFCYMKgFzGKBXSoJ1mxoCMKSml0h7iOJsDbhFU0I7vTJs6RxWHFPKsfXR6XqeR5HAeyCPVAGLjgFVXAFaqAOMHgEz+AVvFlP1ov1bn1MSuesvGcH/IH1+QOcUJkB</latexit>

E logR  log p(x)

Inference:

Now:

<latexit sha1_base64="GmNp3XtoK+8sroWpIdYxQ5pXUw0=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0WoCCURXxuhVAQ3QhX7gCaUyXTSDp08mJmIJeR/3PgrLnThA7f+h5M0C209MHA451zm3uOEjAppGB9aYW5+YXGpuFxaWV1b39A3t1oiiDgmTRywgHccJAijPmlKKhnphJwgz2Gk7YwuUr99T7iggX8nxyGxPTTwqUsxkkrq6XWLBQMYVh724Tm0PCSHjhNfJjCTb3vX8GBGtVyOcJyOJLFKJD29bFSNDHCWmDkpgxyNnv5i9QMcecSXmCEhuqYRSjtGXFLMSFKyIkFChEdoQLqK+sgjwo6zWxO4p5Q+dAOuni9hpv6eiJEnxNhzVDLdW0x7qfif142ke2bH1A8jSXw8+ciNGJQBTIuDfcoJlmysCMKcql0hHiJVhVT1llQJ5vTJs6R1WDVPqsc3R+VaPa+jCHbALqgAE5yCGrgCDdAEGDyCZ/AG3rUn7VX71L4m0YKWz2yDP9C+fwByyKYP</latexit>

log p(x) = E logRM + E log
p(x)

RM
Learning:

<latexit sha1_base64="oVQC03Jb2wHPTFCMMZoqlShrynw=">AAACAnicbVDLTgIxFO3gC/E16sq4aSQmsCEzxteS6MYlJvJIYEI6pQMNnU5tOwaYEDf+ihsXGuPWr3Dn31hgFgqepMnJOefm9h5fMKq043xbmaXlldW17HpuY3Nre8fe3aupKJaYVHHEItnwkSKMclLVVDPSEJKg0Gek7vevJ379gUhFI36nh4J4IepyGlCMtJHa9oEojGDLJDQcFGELCSGjAbwvjIptO++UnCngInFTkgcpKm37q9WJcBwSrjFDSjVdR2gvQVJTzMg414oVEQj3UZc0DeUoJMpLpieM4bFROjCIpHlcw6n6eyJBoVLD0DfJEOmemvcm4n9eM9bBpZdQLmJNOJ4tCmIGdQQnfcAOlQRrNjQEYUnNXyHuIYmwNq3lTAnu/MmLpHZScs9LZ7en+fJVWkcWHIIjUAAuuABlcAMqoAoweATP4BW8WU/Wi/VufcyiGSud2Qd/YH3+AHEFljE=</latexit>

p(z|x) ⇡ q(z)

<latexit sha1_base64="F8ZbCAcNX2araK5PziVrbxfMeD0=">AAACA3icbVDLSgMxFM34rPU16k43wSLUTZkRX7sW3bisYB/QGUomzbShmUlIMtI6FNz4K25cKOLWn3Dn35i2s9DWA4HDOedyc08gGFXacb6thcWl5ZXV3Fp+fWNza9ve2a0rnkhMapgzLpsBUoTRmNQ01Yw0hSQoChhpBP3rsd+4J1JRHt/poSB+hLoxDSlG2khte18UH6BnEhoOjqGHhJB84EFYLpfbdsEpORPAeeJmpAAyVNv2l9fhOIlIrDFDSrVcR2g/RVJTzMgo7yWKCIT7qEtahsYoIspPJzeM4JFROjDk0rxYw4n6eyJFkVLDKDDJCOmemvXG4n9eK9HhpZ/SWCSaxHi6KEwY1ByOC4EdKgnWbGgIwpKav0LcQxJhbWrLmxLc2ZPnSf2k5J6Xzm5PC5WrrI4cOACHoAhccAEq4AZUQQ1g8AiewSt4s56sF+vd+phGF6xsZg/8gfX5A5meljg=</latexit>

p(z|x) ⇡ ???

<latexit sha1_base64="SqhmIEGB0eAnP7w+HQaZYOKGrI4=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHqpiTia1kUwY1QxT6gCWEynbRDJ5M4MxFL6N6Nv+LGhSJu/QF3/o2TNgttPTBw5px7ufceP2ZUKsv6NubmFxaXlgsrxdW19Y1Nc2u7KaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cJ75rXsiJI34rRrGxA1Rj9OAYqS05JklJ0Sq7/vpxQg6LOrBG+9KE3I3+cWVh33PLFtVaww4S+yclEGOumd+Od0IJyHhCjMkZce2YuWmSCiKGRkVnUSSGOEB6pGOphyFRLrp+JYR3NNKFwaR0I8rOFZ/d6QolHIY+roy21xOe5n4n9dJVHDqppTHiSIcTwYFCYMqglkwsEsFwYoNNUFYUL0rxH0kEFY6vqIOwZ4+eZY0D6r2cfXo+rBcO8vjKIBdUAIVYIMTUAOXoA4aAINH8AxewZvxZLwY78bHpHTOyHt2wB8Ynz8Cg5nB</latexit>

E logRM  log p(x)

Inference:



Self-Normalized Importance Sampling

<latexit sha1_base64="kgyGHdrLrQVOT0nGbzNNmQ7ueBc=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJIGFXfJVBGxshgnlAdllmJ5NkyOzDmbtCsuQPbPwVGwtFbG3t/BsnyRYaPXC5h3PuZeYePxZcgWV9Gbm5+YXFpfxyYWV1bX3D3NyqqyiRlNVoJCLZ9IligoesBhwEa8aSkcAXrOH3L8d+455JxaPwFgYxcwPSDXmHUwJa8sx9p0cgHY48+xA7tB2B0j2TrrGjeIDvSsMDzyxaZWsC/JfYGSmiDFXP/HTaEU0CFgIVRKmWbcXgpkQCp4KNCk6iWExon3RZS9OQBEy56eSeEd7TSht3IqkrBDxRf26kJFBqEPh6MiDQU7PeWPzPayXQOXdTHsYJsJBOH+okAkOEx+HgNpeMghhoQqjk+q+Y9ogkFHSEBR2CPXvyX1I/Ktun5ZOb42LlIosjj3bQLiohG52hCrpCVVRDFD2gJ/SCXo1H49l4M96nozkj29lGv2B8fAOHn5u1</latexit>

ẑ1, · · · , ẑM ⇠ q(z)

<latexit sha1_base64="sDKXTdtT4rhSniFb9MNLCyRf+NM=">AAAB8HicbVDLSsNAFL2pr1pfVZduBotQNyURX7gqunEjVLAPaUOYTCft0JkkzkyEGvoVblwo4tbPceffOG2z0NYDFw7n3Mu99/gxZ0rb9reVW1hcWl7JrxbW1jc2t4rbOw0VJZLQOol4JFs+VpSzkNY105y2Ykmx8Dlt+oOrsd98pFKxKLzTw5i6AvdCFjCCtZHuH7yb8pPnHF54xZJdsSdA88TJSAky1LziV6cbkUTQUBOOlWo7dqzdFEvNCKejQidRNMZkgHu0bWiIBVVuOjl4hA6M0kVBJE2FGk3U3xMpFkoNhW86BdZ9NeuNxf+8dqKDczdlYZxoGpLpoiDhSEdo/D3qMkmJ5kNDMJHM3IpIH0tMtMmoYEJwZl+eJ42jinNaObk9LlUvszjysAf7UAYHzqAK11CDOhAQ8Ayv8GZJ68V6tz6mrTkrm9mFP7A+fwB9S4+Q</latexit>

qM (z1) :

<latexit sha1_base64="wsSZWar438kP1ZklTTCHxELeaUc=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSiK9l0Y0boYJthSaUyWTaDp1HmJkIJXbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv994TJYxq43nfTmFhcWl5pbhaWlvf2Nxyt3eaWqYKkwaWTKr7CGnCqCANQw0j94kiiEeMtKLB1dhvPRClqRR3ZpiQkKOeoF2KkbFSx93jMKACBplfgQGOpdEVeBOMOm7Zq3oTwHni56QMctQ77lcQS5xyIgxmSOu27yUmzJAyFDMyKgWpJgnCA9QjbUsF4kSH2eT+ETy0Sgy7UtkSBk7U3xMZ4loPeWQ7OTJ9PeuNxf+8dmq6F2FGRZIaIvB0UTdl0Eg4DgPGVBFs2NAShBW1t0LcRwphYyMr2RD82ZfnSfO46p9VT29PyrXLPI4i2AcH4Aj44BzUwDWogwbA4BE8g1fw5jw5L8678zFtLTj5zC74A+fzB8mGlLA=</latexit>

m 2 {1, · · · ,M}
<latexit sha1_base64="cGHO52/x4UZa3Uq9KcEmjcYTNms=">AAACGnicbVBLSwMxGMzWV62vVY9egkVoQequ+DoWvXisYB/QXUo2TdvQZDcmWbEu/R1e/CtePCjiTbz4b8y2BbV1IDCZ+T6SmUAwqrTjfFmZufmFxaXscm5ldW19w97cqqkolphUccQi2QiQIoyGpKqpZqQhJEE8YKQe9C9Sv35LpKJReK0HgvgcdUPaoRhpI7Vs1+NI94IgqQwLvAg9ISOhIygKXg/p5H7Y4vt3xYObn2uxZeedkjMCnCXuhOTBBJWW/eG1IxxzEmrMkFJN1xHaT5DUFDMyzHmxIgLhPuqSpqEh4kT5ySjaEO4ZpQ07kTQn1HCk/t5IEFdqwAMzmQZR014q/uc1Y9058xMailiTEI8f6sQMmvBpT7BNJcGaDQxBWFLzV4h7SCKsTZs5U4I7HXmW1A5L7knp+OooXz6f1JEFO2AXFIALTkEZXIIKqAIMHsATeAGv1qP1bL1Z7+PRjDXZ2QZ/YH1+A75soLM=</latexit>

P(m) / p(ẑm, x)/q(ẑm)Sample                                    with 

Return
<latexit sha1_base64="Ah3VQvfLHhoigvro1e62P0si/+w=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKu+LoIQS8eI5gHJMsyO5kkQ2Zml5leIVnyJV48KOLVT/Hm3zhJ9qDRgoaiqpvurigR3IDnfTmFldW19Y3iZmlre2e37O7tN02casoaNBaxbkfEMMEVawAHwdqJZkRGgrWi0e3Mbz0ybXisHmCcsECSgeJ9TglYKXTLk9DH17g7JJBNpqEM3YpX9ebAf4mfkwrKUQ/dz24vpqlkCqggxnR8L4EgIxo4FWxa6qaGJYSOyIB1LFVEMhNk88On+NgqPdyPtS0FeK7+nMiINGYsI9spCQzNsjcT//M6KfSvgoyrJAWm6GJRPxUYYjxLAfe4ZhTE2BJCNbe3YjokmlCwWZVsCP7yy39J87TqX1TP788qtZs8jiI6REfoBPnoEtXQHaqjBqIoRU/oBb06E+fZeXPeF60FJ585QL/gfHwD9SySqQ==</latexit>

z1 = ẑm

intractable
<latexit sha1_base64="yOYBhKQ+DELnEzytH957RtYQDOw=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR0k1JxNuy6EZQoYJthSaEyXTaDp1cnJkU29A3cOOruHGhiFu37nwbJ20W2vrDwMd/zmHO+b2IUSFN81vLzc0vLC7llwsrq2vrG/rmVl2EMcekhkMW8jsPCcJoQGqSSkbuIk6Q7zHS8Hrnab3RJ1zQMLiVg4g4PuoEtE0xkspy9X3bR7LL/eTyamTcu9fGsATtOuESRsYQ2v2UHkolVy+aZXMsOAtWBkWQqerqX3YrxLFPAokZEqJpmZF0EsQlxYyMCnYsSIRwD3VIU2GAfCKcZHzPCO4ppwXbIVcvkHDs/p5IkC/EwPdUZ7q9mK6l5n+1Zizbp05CgyiWJMCTj9oxgzKEaTiwRTnBkg0UIMyp2hXiLuIISxVhQYVgTZ88C/WDsnVcPro5LFbOsjjyYAfsAgNY4ARUwAWoghrA4BE8g1fwpj1pL9q79jFpzWnZzDb4I+3zB7Eomys=</latexit>

KL(qM (z)kp(z|x))



Importance weighted VI

<latexit sha1_base64="kgyGHdrLrQVOT0nGbzNNmQ7ueBc=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJIGFXfJVBGxshgnlAdllmJ5NkyOzDmbtCsuQPbPwVGwtFbG3t/BsnyRYaPXC5h3PuZeYePxZcgWV9Gbm5+YXFpfxyYWV1bX3D3NyqqyiRlNVoJCLZ9IligoesBhwEa8aSkcAXrOH3L8d+455JxaPwFgYxcwPSDXmHUwJa8sx9p0cgHY48+xA7tB2B0j2TrrGjeIDvSsMDzyxaZWsC/JfYGSmiDFXP/HTaEU0CFgIVRKmWbcXgpkQCp4KNCk6iWExon3RZS9OQBEy56eSeEd7TSht3IqkrBDxRf26kJFBqEPh6MiDQU7PeWPzPayXQOXdTHsYJsJBOH+okAkOEx+HgNpeMghhoQqjk+q+Y9ogkFHSEBR2CPXvyX1I/Ktun5ZOb42LlIosjj3bQLiohG52hCrpCVVRDFD2gJ/SCXo1H49l4M96nozkj29lGv2B8fAOHn5u1</latexit>

ẑ1, · · · , ẑM ⇠ q(z)

<latexit sha1_base64="sDKXTdtT4rhSniFb9MNLCyRf+NM=">AAAB8HicbVDLSsNAFL2pr1pfVZduBotQNyURX7gqunEjVLAPaUOYTCft0JkkzkyEGvoVblwo4tbPceffOG2z0NYDFw7n3Mu99/gxZ0rb9reVW1hcWl7JrxbW1jc2t4rbOw0VJZLQOol4JFs+VpSzkNY105y2Ykmx8Dlt+oOrsd98pFKxKLzTw5i6AvdCFjCCtZHuH7yb8pPnHF54xZJdsSdA88TJSAky1LziV6cbkUTQUBOOlWo7dqzdFEvNCKejQidRNMZkgHu0bWiIBVVuOjl4hA6M0kVBJE2FGk3U3xMpFkoNhW86BdZ9NeuNxf+8dqKDczdlYZxoGpLpoiDhSEdo/D3qMkmJ5kNDMJHM3IpIH0tMtMmoYEJwZl+eJ42jinNaObk9LlUvszjysAf7UAYHzqAK11CDOhAQ8Ayv8GZJ68V6tz6mrTkrm9mFP7A+fwB9S4+Q</latexit>

qM (z1) :

<latexit sha1_base64="wsSZWar438kP1ZklTTCHxELeaUc=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSiK9l0Y0boYJthSaUyWTaDp1HmJkIJXbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv994TJYxq43nfTmFhcWl5pbhaWlvf2Nxyt3eaWqYKkwaWTKr7CGnCqCANQw0j94kiiEeMtKLB1dhvPRClqRR3ZpiQkKOeoF2KkbFSx93jMKACBplfgQGOpdEVeBOMOm7Zq3oTwHni56QMctQ77lcQS5xyIgxmSOu27yUmzJAyFDMyKgWpJgnCA9QjbUsF4kSH2eT+ETy0Sgy7UtkSBk7U3xMZ4loPeWQ7OTJ9PeuNxf+8dmq6F2FGRZIaIvB0UTdl0Eg4DgPGVBFs2NAShBW1t0LcRwphYyMr2RD82ZfnSfO46p9VT29PyrXLPI4i2AcH4Aj44BzUwDWogwbA4BE8g1fw5jw5L8678zFtLTj5zC74A+fzB8mGlLA=</latexit>

m 2 {1, · · · ,M}
<latexit sha1_base64="cGHO52/x4UZa3Uq9KcEmjcYTNms=">AAACGnicbVBLSwMxGMzWV62vVY9egkVoQequ+DoWvXisYB/QXUo2TdvQZDcmWbEu/R1e/CtePCjiTbz4b8y2BbV1IDCZ+T6SmUAwqrTjfFmZufmFxaXscm5ldW19w97cqqkolphUccQi2QiQIoyGpKqpZqQhJEE8YKQe9C9Sv35LpKJReK0HgvgcdUPaoRhpI7Vs1+NI94IgqQwLvAg9ISOhIygKXg/p5H7Y4vt3xYObn2uxZeedkjMCnCXuhOTBBJWW/eG1IxxzEmrMkFJN1xHaT5DUFDMyzHmxIgLhPuqSpqEh4kT5ySjaEO4ZpQ07kTQn1HCk/t5IEFdqwAMzmQZR014q/uc1Y9058xMailiTEI8f6sQMmvBpT7BNJcGaDQxBWFLzV4h7SCKsTZs5U4I7HXmW1A5L7knp+OooXz6f1JEFO2AXFIALTkEZXIIKqAIMHsATeAGv1qP1bL1Z7+PRjDXZ2QZ/YH1+A75soLM=</latexit>

P(m) / p(ẑm, x)/q(ẑm)Sample                                    with 

Return
<latexit sha1_base64="Ah3VQvfLHhoigvro1e62P0si/+w=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKu+LoIQS8eI5gHJMsyO5kkQ2Zml5leIVnyJV48KOLVT/Hm3zhJ9qDRgoaiqpvurigR3IDnfTmFldW19Y3iZmlre2e37O7tN02casoaNBaxbkfEMMEVawAHwdqJZkRGgrWi0e3Mbz0ybXisHmCcsECSgeJ9TglYKXTLk9DH17g7JJBNpqEM3YpX9ebAf4mfkwrKUQ/dz24vpqlkCqggxnR8L4EgIxo4FWxa6qaGJYSOyIB1LFVEMhNk88On+NgqPdyPtS0FeK7+nMiINGYsI9spCQzNsjcT//M6KfSvgoyrJAWm6GJRPxUYYjxLAfe4ZhTE2BJCNbe3YjokmlCwWZVsCP7yy39J87TqX1TP788qtZs8jiI6REfoBPnoEtXQHaqjBqIoRU/oBb06E+fZeXPeF60FJ585QL/gfHwD9SySqQ==</latexit>

z1 = ẑm



Importance weighted VI

<latexit sha1_base64="kgyGHdrLrQVOT0nGbzNNmQ7ueBc=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJIGFXfJVBGxshgnlAdllmJ5NkyOzDmbtCsuQPbPwVGwtFbG3t/BsnyRYaPXC5h3PuZeYePxZcgWV9Gbm5+YXFpfxyYWV1bX3D3NyqqyiRlNVoJCLZ9IligoesBhwEa8aSkcAXrOH3L8d+455JxaPwFgYxcwPSDXmHUwJa8sx9p0cgHY48+xA7tB2B0j2TrrGjeIDvSsMDzyxaZWsC/JfYGSmiDFXP/HTaEU0CFgIVRKmWbcXgpkQCp4KNCk6iWExon3RZS9OQBEy56eSeEd7TSht3IqkrBDxRf26kJFBqEPh6MiDQU7PeWPzPayXQOXdTHsYJsJBOH+okAkOEx+HgNpeMghhoQqjk+q+Y9ogkFHSEBR2CPXvyX1I/Ktun5ZOb42LlIosjj3bQLiohG52hCrpCVVRDFD2gJ/SCXo1H49l4M96nozkj29lGv2B8fAOHn5u1</latexit>

ẑ1, · · · , ẑM ⇠ q(z)
<latexit sha1_base64="wsSZWar438kP1ZklTTCHxELeaUc=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSiK9l0Y0boYJthSaUyWTaDp1HmJkIJXbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv994TJYxq43nfTmFhcWl5pbhaWlvf2Nxyt3eaWqYKkwaWTKr7CGnCqCANQw0j94kiiEeMtKLB1dhvPRClqRR3ZpiQkKOeoF2KkbFSx93jMKACBplfgQGOpdEVeBOMOm7Zq3oTwHni56QMctQ77lcQS5xyIgxmSOu27yUmzJAyFDMyKgWpJgnCA9QjbUsF4kSH2eT+ETy0Sgy7UtkSBk7U3xMZ4loPeWQ7OTJ9PeuNxf+8dmq6F2FGRZIaIvB0UTdl0Eg4DgPGVBFs2NAShBW1t0LcRwphYyMr2RD82ZfnSfO46p9VT29PyrXLPI4i2AcH4Aj44BzUwDWogwbA4BE8g1fw5jw5L8678zFtLTj5zC74A+fzB8mGlLA=</latexit>

m 2 {1, · · · ,M}
<latexit sha1_base64="cGHO52/x4UZa3Uq9KcEmjcYTNms=">AAACGnicbVBLSwMxGMzWV62vVY9egkVoQequ+DoWvXisYB/QXUo2TdvQZDcmWbEu/R1e/CtePCjiTbz4b8y2BbV1IDCZ+T6SmUAwqrTjfFmZufmFxaXscm5ldW19w97cqqkolphUccQi2QiQIoyGpKqpZqQhJEE8YKQe9C9Sv35LpKJReK0HgvgcdUPaoRhpI7Vs1+NI94IgqQwLvAg9ISOhIygKXg/p5H7Y4vt3xYObn2uxZeedkjMCnCXuhOTBBJWW/eG1IxxzEmrMkFJN1xHaT5DUFDMyzHmxIgLhPuqSpqEh4kT5ySjaEO4ZpQ07kTQn1HCk/t5IEFdqwAMzmQZR014q/uc1Y9058xMailiTEI8f6sQMmvBpT7BNJcGaDQxBWFLzV4h7SCKsTZs5U4I7HXmW1A5L7knp+OooXz6f1JEFO2AXFIALTkEZXIIKqAIMHsATeAGv1qP1bL1Z7+PRjDXZ2QZ/YH1+A75soLM=</latexit>

P(m) / p(ẑm, x)/q(ẑm)Sample                                    with 

Return
<latexit sha1_base64="Ah3VQvfLHhoigvro1e62P0si/+w=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKu+LoIQS8eI5gHJMsyO5kkQ2Zml5leIVnyJV48KOLVT/Hm3zhJ9qDRgoaiqpvurigR3IDnfTmFldW19Y3iZmlre2e37O7tN02casoaNBaxbkfEMMEVawAHwdqJZkRGgrWi0e3Mbz0ybXisHmCcsECSgeJ9TglYKXTLk9DH17g7JJBNpqEM3YpX9ebAf4mfkwrKUQ/dz24vpqlkCqggxnR8L4EgIxo4FWxa6qaGJYSOyIB1LFVEMhNk88On+NgqPdyPtS0FeK7+nMiINGYsI9spCQzNsjcT//M6KfSvgoyrJAWm6GJRPxUYYjxLAfe4ZhTE2BJCNbe3YjokmlCwWZVsCP7yy39J87TqX1TP788qtZs8jiI6REfoBPnoEtXQHaqjBqIoRU/oBb06E+fZeXPeF60FJ585QL/gfHwD9SySqQ==</latexit>

z1 = ẑm

<latexit sha1_base64="9Q5GO188QLlKO+rUx6lkZQaYCeQ=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKL3IKevESiGAekCzL7GSSDJmd3czMBuKS7/DiQRGvfow3/8ZJsgdNLGgoqrrp7vIjzpS27W9rZXVtfWMzs5Xd3tnd288dHNZVGEtCayTkoWz6WFHOBK1ppjltRpLiwOe04Q/upn5jRKVioXjU44i6Ae4J1mUEayO5Q69SePISp1SZnJW8XN4u2jOgZeKkJA8pql7uq90JSRxQoQnHSrUcO9JugqVmhNNJth0rGmEywD3aMlTggCo3mR09QadG6aBuKE0JjWbq74kEB0qNA990Blj31aI3Ff/zWrHu3rgJE1GsqSDzRd2YIx2iaQKowyQlmo8NwUQycysifSwx0SanrAnBWXx5mdTPi85V8fLhIl++TePIwDGcQAEcuIYy3EMVakBgCM/wCm/WyHqx3q2PeeuKlc4cwR9Ynz9khpE3</latexit>

qM (z1:M ) :

<latexit sha1_base64="IrQOwvi5Lggb3reUH73u+LTV+6A=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCG8tM8YUgFN24ESrYB7TDkEnTNjTJDElGaMdZ+CtuXCji1t9w59+YtrPQ1gMXDufcy733BBGjSjvOtzU3v7C4tJxbya+urW9s2lvbNRXGEpMqDlkoGwFShFFBqppqRhqRJIgHjNSD/vXIrz8QqWgo7vUgIh5HXUE7FCNtJN/eHfpJ6eI2hZew1UM6GaZ+csRT3y44RWcMOEvcjBRAhopvf7XaIY45ERozpFTTdSLtJUhqihlJ861YkQjhPuqSpqECcaK8ZHx/Cg+M0oadUJoSGo7V3xMJ4koNeGA6OdI9Ne2NxP+8Zqw7515CRRRrIvBkUSdmUIdwFAZsU0mwZgNDEJbU3ApxD0mEtYksb0Jwp1+eJbVS0T0tntwdF8pXWRw5sAf2wSFwwRkogxtQAVWAwSN4Bq/gzXqyXqx362PSOmdlMzvgD6zPHynPlZQ=</latexit>

z2:M = ẑ�mand



Importance weighted VI

<latexit sha1_base64="kgyGHdrLrQVOT0nGbzNNmQ7ueBc=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJIGFXfJVBGxshgnlAdllmJ5NkyOzDmbtCsuQPbPwVGwtFbG3t/BsnyRYaPXC5h3PuZeYePxZcgWV9Gbm5+YXFpfxyYWV1bX3D3NyqqyiRlNVoJCLZ9IligoesBhwEa8aSkcAXrOH3L8d+455JxaPwFgYxcwPSDXmHUwJa8sx9p0cgHY48+xA7tB2B0j2TrrGjeIDvSsMDzyxaZWsC/JfYGSmiDFXP/HTaEU0CFgIVRKmWbcXgpkQCp4KNCk6iWExon3RZS9OQBEy56eSeEd7TSht3IqkrBDxRf26kJFBqEPh6MiDQU7PeWPzPayXQOXdTHsYJsJBOH+okAkOEx+HgNpeMghhoQqjk+q+Y9ogkFHSEBR2CPXvyX1I/Ktun5ZOb42LlIosjj3bQLiohG52hCrpCVVRDFD2gJ/SCXo1H49l4M96nozkj29lGv2B8fAOHn5u1</latexit>

ẑ1, · · · , ẑM ⇠ q(z)
<latexit sha1_base64="wsSZWar438kP1ZklTTCHxELeaUc=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSSiK9l0Y0boYJthSaUyWTaDp1HmJkIJXbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv994TJYxq43nfTmFhcWl5pbhaWlvf2Nxyt3eaWqYKkwaWTKr7CGnCqCANQw0j94kiiEeMtKLB1dhvPRClqRR3ZpiQkKOeoF2KkbFSx93jMKACBplfgQGOpdEVeBOMOm7Zq3oTwHni56QMctQ77lcQS5xyIgxmSOu27yUmzJAyFDMyKgWpJgnCA9QjbUsF4kSH2eT+ETy0Sgy7UtkSBk7U3xMZ4loPeWQ7OTJ9PeuNxf+8dmq6F2FGRZIaIvB0UTdl0Eg4DgPGVBFs2NAShBW1t0LcRwphYyMr2RD82ZfnSfO46p9VT29PyrXLPI4i2AcH4Aj44BzUwDWogwbA4BE8g1fw5jw5L8678zFtLTj5zC74A+fzB8mGlLA=</latexit>

m 2 {1, · · · ,M}
<latexit sha1_base64="cGHO52/x4UZa3Uq9KcEmjcYTNms=">AAACGnicbVBLSwMxGMzWV62vVY9egkVoQequ+DoWvXisYB/QXUo2TdvQZDcmWbEu/R1e/CtePCjiTbz4b8y2BbV1IDCZ+T6SmUAwqrTjfFmZufmFxaXscm5ldW19w97cqqkolphUccQi2QiQIoyGpKqpZqQhJEE8YKQe9C9Sv35LpKJReK0HgvgcdUPaoRhpI7Vs1+NI94IgqQwLvAg9ISOhIygKXg/p5H7Y4vt3xYObn2uxZeedkjMCnCXuhOTBBJWW/eG1IxxzEmrMkFJN1xHaT5DUFDMyzHmxIgLhPuqSpqEh4kT5ySjaEO4ZpQ07kTQn1HCk/t5IEFdqwAMzmQZR014q/uc1Y9058xMailiTEI8f6sQMmvBpT7BNJcGaDQxBWFLzV4h7SCKsTZs5U4I7HXmW1A5L7knp+OooXz6f1JEFO2AXFIALTkEZXIIKqAIMHsATeAGv1qP1bL1Z7+PRjDXZ2QZ/YH1+A75soLM=</latexit>

P(m) / p(ẑm, x)/q(ẑm)Sample                                    with 

Return
<latexit sha1_base64="Ah3VQvfLHhoigvro1e62P0si/+w=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAInsKu+LoIQS8eI5gHJMsyO5kkQ2Zml5leIVnyJV48KOLVT/Hm3zhJ9qDRgoaiqpvurigR3IDnfTmFldW19Y3iZmlre2e37O7tN02casoaNBaxbkfEMMEVawAHwdqJZkRGgrWi0e3Mbz0ybXisHmCcsECSgeJ9TglYKXTLk9DH17g7JJBNpqEM3YpX9ebAf4mfkwrKUQ/dz24vpqlkCqggxnR8L4EgIxo4FWxa6qaGJYSOyIB1LFVEMhNk88On+NgqPdyPtS0FeK7+nMiINGYsI9spCQzNsjcT//M6KfSvgoyrJAWm6GJRPxUYYjxLAfe4ZhTE2BJCNbe3YjokmlCwWZVsCP7yy39J87TqX1TP788qtZs8jiI6REfoBPnoEtXQHaqjBqIoRU/oBb06E+fZeXPeF60FJ585QL/gfHwD9SySqQ==</latexit>

z1 = ẑm
<latexit sha1_base64="hVOemMBp2YpjDZWzu4eK1AnVMN4=">AAACF3icbZBLSwMxEMez9VXra9Wjl2ARWpCyW3xREIpevBQq2Ae0y5JN0zY0m12TrFiXfgsvfhUvHhTxqje/jWm7B20dCPzmPzNM5u+FjEplWd9GamFxaXklvZpZW9/Y3DK3d+oyiAQmNRywQDQ9JAmjnNQUVYw0Q0GQ7zHS8AaX43rjjghJA36jhiFxfNTjtEsxUlpyzULoVnIPbmyXKqPD+zwsncNQ5/aYbzUU823cCZScJJW8a2atgjUJOA92AlmQRNU1v9qdAEc+4QozJGXLtkLlxEgoihkZZdqRJCHCA9QjLY0c+UQ68eSuETzQSgd2A6EfV3Ci/p6IkS/l0Pd0p49UX87WxuJ/tVakumdOTHkYKcLxdFE3YlAFcGwS7FBBsGJDDQgLqv8KcR8JhJW2MqNNsGdPnod6sWCfFI6vj7Lli8SONNgD+yAHbHAKyuAKVEENYPAInsEreDOejBfj3fiYtqaMZGYX/Anj8wfwIJyv</latexit>

pM (z1:M , x) := p(z1, x)q(z2) · · · q(zM )

(Bachman & Precup 2015, Cremer et al., 2017, Naesseth et al. 2018, Le et al. 2018, D. & Sheldon, 2018)

<latexit sha1_base64="IrQOwvi5Lggb3reUH73u+LTV+6A=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCG8tM8YUgFN24ESrYB7TDkEnTNjTJDElGaMdZ+CtuXCji1t9w59+YtrPQ1gMXDufcy733BBGjSjvOtzU3v7C4tJxbya+urW9s2lvbNRXGEpMqDlkoGwFShFFBqppqRhqRJIgHjNSD/vXIrz8QqWgo7vUgIh5HXUE7FCNtJN/eHfpJ6eI2hZew1UM6GaZ+csRT3y44RWcMOEvcjBRAhopvf7XaIY45ERozpFTTdSLtJUhqihlJ861YkQjhPuqSpqECcaK8ZHx/Cg+M0oadUJoSGo7V3xMJ4koNeGA6OdI9Ne2NxP+8Zqw7515CRRRrIvBkUSdmUIdwFAZsU0mwZgNDEJbU3ApxD0mEtYksb0Jwp1+eJbVS0T0tntwdF8pXWRw5sAf2wSFwwRkogxtQAVWAwSN4Bq/gzXqyXqx362PSOmdlMzvgD6zPHynPlZQ=</latexit>

z2:M = ẑ�mand

<latexit sha1_base64="9Q5GO188QLlKO+rUx6lkZQaYCeQ=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKL3IKevESiGAekCzL7GSSDJmd3czMBuKS7/DiQRGvfow3/8ZJsgdNLGgoqrrp7vIjzpS27W9rZXVtfWMzs5Xd3tnd288dHNZVGEtCayTkoWz6WFHOBK1ppjltRpLiwOe04Q/upn5jRKVioXjU44i6Ae4J1mUEayO5Q69SePISp1SZnJW8XN4u2jOgZeKkJA8pql7uq90JSRxQoQnHSrUcO9JugqVmhNNJth0rGmEywD3aMlTggCo3mR09QadG6aBuKE0JjWbq74kEB0qNA990Blj31aI3Ff/zWrHu3rgJE1GsqSDzRd2YIx2iaQKowyQlmo8NwUQycysifSwx0SanrAnBWXx5mdTPi85V8fLhIl++TePIwDGcQAEcuIYy3EMVakBgCM/wCm/WyHqx3q2PeeuKlc4cwR9Ynz9khpE3</latexit>

qM (z1:M ) :

<latexit sha1_base64="TFvuigporNdESk5RGQ4vyvLEwso="></latexit>

log p(x) = E logRM +KL(qM (z1:M )kpM (z1:M |x))
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Huh?
<latexit sha1_base64="+CFUKIy5T2bZzmWDLV25iREkTbA="></latexit>

ER = p(x) =) log p(x) = E logR+ E log
p(x)

R

self-normalized
importance sampling!?

augmented
distribution?

<latexit sha1_base64="sdnkNOqU7WMckxYOfibKe7lsefo="></latexit>

R =
p(z, x)

q(z)
=) log p(x) = E logR+ E log

p(z|x)
q(z)

<latexit sha1_base64="xUvWMHujnLeEsGJMmF2QzuEqzBg="></latexit>

RM =
1

M

MX

m=1

p(zm, x)

q(zm)
=) log p(x) = E logRM + E log

pM (z1:M |x)
qM (z1:M )



Other estimators?

<latexit sha1_base64="XMOamBAao+TwI04fhoOkmz0MeWY="></latexit>

RM = 1
M

PM
m=1

p(zm,x)
q(zm)



Divide and couple

Can “Automatically” find posterior approximation via 
“estimator-coupling pairs” (D. and Sheldon 2019)



Divide and couple

Can “Automatically” find posterior approximation via 
“estimator-coupling pairs” (D. and Sheldon 2019)



Variational Particle Filtering



State-Space Models

<latexit sha1_base64="xuX6uWtD9GQVJwerZX6L1zdevc0="></latexit>

p(z1:T , x1:T ) = p(z1, x1)
TY

t=2

p(zt, xt|zt�1, xt�1)

<latexit sha1_base64="hio3/xLAsuaI4eiGmCJGDLnkkTA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlaISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfa8XrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcR/I2s</latexit>z1
<latexit sha1_base64="vjv0Fx2DhV/Op62h1FCUWa1k6LI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0eM8khgQ2aHBibMzm5mZk1wwyd48aAxXv0ib/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0M/Wbj6g0j+SDGcfoh3QgeZ8zaqx0/9StdIslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+ld+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvYuyud3Z6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AE4CNrQ==</latexit>z2

<latexit sha1_base64="V6UuNhzqlV9Jyllo1Yelp0VM6hU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePGKURwIbMjs0MGF2djMza4IbPsGLB43x6hd5828cYA8KVtJJpao73V1BLLg2rvvt5JaWV1bX8uuFjc2t7Z3i7l5dR4liWGORiFQzoBoFl1gz3AhsxgppGAhsBMObid94RKV5JB/MKEY/pH3Je5xRY6X7p85pp1hyy+4UZJF4GSlBhmqn+NXuRiwJURomqNYtz42Nn1JlOBM4LrQTjTFlQ9rHlqWShqj9dHrqmBxZpUt6kbIlDZmqvydSGmo9CgPbGVIz0PPeRPzPayWmd+WnXMaJQclmi3qJICYik79JlytkRowsoUxxeythA6ooMzadgg3Bm395kdRPyt5F+fzurFS5zuLIwwEcwjF4cAkVuIUq1IBBH57hFd4c4bw4787HrDXnZDP78AfO5w8VBI2u</latexit>z3
<latexit sha1_base64="WXrz9osY5bK8dKKnR4nDkC9qHBY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4xyiOBDZkdGpgwO7uZmTXBDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqLSPJIPZhyjH9KB5H3OqLHS/VO30i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNs7J3UT6/q5Sq11kceTiCYzgFDy6hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBFoiNrw==</latexit>z4

<latexit sha1_base64="cT3z+/LKf/DKKyfnnlxX1lOJRwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfa8XrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559ez2tFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcO8I2q</latexit>x1
<latexit sha1_base64="WQ1eUAu1DD8mx6Eo/k6Syc0haI4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0eM8khgQ2aHBibMzm5mZo1kwyd48aAxXv0ib/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0M/Wbj6g0j+SDGcfoh3QgeZ8zaqx0/9StdIslt+zOQJaJl5ESZKh1i1+dXsSSEKVhgmrd9tzY+ClVhjOBk0In0RhTNqIDbFsqaYjaT2enTsiJVXqkHylb0pCZ+nsipaHW4zCwnSE1Q73oTcX/vHZi+ld+ymWcGJRsvqifCGIiMv2b9LhCZsTYEsoUt7cSNqSKMmPTKdgQvMWXl0mjUvYuyud3Z6XqdRZHHo7gGE7Bg0uowi3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AEHSNqw==</latexit>x2

<latexit sha1_base64="YOcOH8HoNeXdJGwq+XLwL4jL1V4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePGKURwIbMjs0MGF2djMzayQbPsGLB43x6hd5828cYA8KVtJJpao73V1BLLg2rvvt5JaWV1bX8uuFjc2t7Z3i7l5dR4liWGORiFQzoBoFl1gz3AhsxgppGAhsBMObid94RKV5JB/MKEY/pH3Je5xRY6X7p85pp1hyy+4UZJF4GSlBhmqn+NXuRiwJURomqNYtz42Nn1JlOBM4LrQTjTFlQ9rHlqWShqj9dHrqmBxZpUt6kbIlDZmqvydSGmo9CgPbGVIz0PPeRPzPayWmd+WnXMaJQclmi3qJICYik79JlytkRowsoUxxeythA6ooMzadgg3Bm395kdRPyt5F+fzurFS5zuLIwwEcwjF4cAkVuIUq1IBBH57hFd4c4bw4787HrDXnZDP78AfO5w8R+I2s</latexit>x3
<latexit sha1_base64="8UpoiBKDQy1ebImR6Sofwbp1N9s=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4xyiOBDZkdGpgwO7uZmTWSDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqLSPJIPZhyjH9KB5H3OqLHS/VO30i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNs7J3UT6/q5Sq11kceTiCYzgFDy6hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBE3yNrQ==</latexit>x4



Particle Filter / Sequential Monte Carlo
<latexit sha1_base64="GnCvdXEnfM6f5Ecs0tSJK3o4shM=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68VjBtIU2ls120i7dbMLuRqilv8GLB0W8+oO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2l5ZXVtvbBR3Nza3tkt7e3XdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ5uJn7jEZXmibw3wxSDmPYkjzijxkr+04PX8TqlsltxpyCLxMtJGXLUOqWvdjdhWYzSMEG1bnluaoIRVYYzgeNiO9OYUjagPWxZKmmMOhhNjx2TY6t0SZQoW9KQqfp7YkRjrYdxaDtjavp63puI/3mtzERXwYjLNDMo2WxRlAliEjL5nHS5QmbE0BLKFLe3EtanijJj8ynaELz5lxdJ/bTiXVTO787K1es8jgIcwhGcgAeXUIVbqIEPDDg8wyu8OdJ5cd6dj1nrkpPPHMAfOJ8/NwmOTw==</latexit>

z11

<latexit sha1_base64="jromEprjHTCxuDZXj3jMpxmA/F4=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHaJX0eiF4+YuEACK+mWLjR0u5u2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q1HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbqZ+65EpzWN5b8YJ8yMykDzklBgreU8PtZ7bK1ecqjMDXiZuTiqQo9Erf3X7MU0jJg0VROuO6yTGz4gynAo2KXVTzRJCR2TAOpZKEjHtZ7NjJ/jEKn0cxsqWNHim/p7ISKT1OApsZ0TMUC96U/E/r5Oa8MrPuExSwySdLwpTgU2Mp5/jPleMGjG2hFDF7a2YDoki1Nh8SjYEd/HlZdKsVd2L6vndWaV+ncdRhCM4hlNw4RLqcAsN8IACh2d4hTck0Qt6Rx/z1gLKZw7hD9DnDziPjlA=</latexit>

z21

<latexit sha1_base64="cX4f/OH0d3UvfP9iuH3e3LokMGw=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiez6fSR68YiJCySwkm7pQkO33bRdE9zwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63U1haXlldK66XNja3tnfKu3sNLVNFqE8kl6oVYk05E9Q3zHDaShTFcchpMxzeTPzmI1WaSXFvRgkNYtwXLGIEGyv5Tw+nXa9brrhVdwq0SLycVCBHvVv+6vQkSWMqDOFY67bnJibIsDKMcDoudVJNE0yGuE/blgocUx1k02PH6MgqPRRJZUsYNFV/T2Q41noUh7Yzxmag572J+J/XTk10FWRMJKmhgswWRSlHRqLJ56jHFCWGjyzBRDF7KyIDrDAxNp+SDcGbf3mRNE6q3kX1/O6sUrvO4yjCARzCMXhwCTW4hTr4QIDBM7zCmyOcF+fd+Zi1Fpx8Zh/+wPn8AToVjlE=</latexit>

z31

<latexit sha1_base64="uc7clV9YjoXqP1MtMwayZMyK83I=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYNfhyJXjxi4gIJrKRbutDQ7W7arglu+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzgkRwbRznGxVWVtfWN4qbpa3tnd298v5BU8eposyjsYhVOyCaCS6ZZ7gRrJ0oRqJAsFYwupn6rUemNI/lvRknzI/IQPKQU2Ks5D091Hpur1xxqs4MeJm4OalAjkav/NXtxzSNmDRUEK07rpMYPyPKcCrYpNRNNUsIHZEB61gqScS0n82OneATq/RxGCtb0uCZ+nsiI5HW4yiwnRExQ73oTcX/vE5qwis/4zJJDZN0vihMBTYxnn6O+1wxasTYEkIVt7diOiSKUGPzKdkQ3MWXl0nzrOpeVM/vapX6dR5HEY7gGE7BhUuowy00wAMKHJ7hFd6QRC/oHX3MWwsonzmEP0CfPzubjlI=</latexit>

z41
<latexit sha1_base64="nodQgYoEnv4NETiqNLCkvt1/jmA=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4IrsEP45ELx4xcYEEVtItXWhou5u2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epItQnMY9VO8Saciapb5jhtJ0oikXIaSsc3Uz91iNVmsXy3owTGgg8kCxiBBsr+U8PtV61Vyq7FXcGtEy8nJQhR6NX+ur2Y5IKKg3hWOuO5yYmyLAyjHA6KXZTTRNMRnhAO5ZKLKgOstmxE3RqlT6KYmVLGjRTf09kWGg9FqHtFNgM9aI3Ff/zOqmJroKMySQ1VJL5oijlyMRo+jnqM0WJ4WNLMFHM3orIECtMjM2naEPwFl9eJs1qxbuonN/VyvXrPI4CHMMJnIEHl1CHW2iADwQYPMMrvDnSeXHenY9564qTzxzBHzifPz0fjlM=</latexit>

z42
<latexit sha1_base64="2DfwgUlVKkf44bn7Flgd0areXLc=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYVP45ELx4xcYEEVtItXWjodjdt1wQ3/AYvHjTGqz/Im//GAntQ9CWTvLw3k5l5QSK4No7zhQpLyyura8X10sbm1vZOeXevqeNUUebRWMSqHRDNBJfMM9wI1k4UI1EgWCsYXU/91gNTmsfyzowT5kdkIHnIKTFW8h7va73TXrniVJ0Z8F/i5qQCORq98me3H9M0YtJQQbTuuE5i/Iwow6lgk1I31SwhdEQGrGOpJBHTfjY7doKPrNLHYaxsSYNn6s+JjERaj6PAdkbEDPWiNxX/8zqpCS/9jMskNUzS+aIwFdjEePo57nPFqBFjSwhV3N6K6ZAoQo3Np2RDcBdf/kuaJ1X3vHp2W6vUr/I4inAAh3AMLlxAHW6gAR5Q4PAEL/CKJHpGb+h93lpA+cw+/AL6+AY+o45U</latexit>

z43
<latexit sha1_base64="Wu7YZ+rj2GNwAxx50EWLgJ6tHZY=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjExAUSWEm3dKGh7W7arglu+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4upn6rUeqNIvlvRknNBB4IFnECDZW8p8ear1ar1xxq+4MaJl4OalAjkav/NXtxyQVVBrCsdYdz01MkGFlGOF0UuqmmiaYjPCAdiyVWFAdZLNjJ+jEKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVITXQUZk0lqqCTzRVHKkYnR9HPUZ4oSw8eWYKKYvRWRIVaYGJtPyYbgLb68TJpnVe+ien5Xq9Sv8ziKcATHcAoeXEIdbqEBPhBg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwBAJ45V</latexit>

z44

<latexit sha1_base64="z2A0OicG2TP3eoVgu7tPXFkLpSI=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYVP45ELx4xcYEEVtItXWjodjdt1wQ3/AYvHjTGqz/Im//GAntQ9CWTvLw3k5l5QSK4No7zhQpLyyura8X10sbm1vZOeXevqeNUUebRWMSqHRDNBJfMM9wI1k4UI1EgWCsYXU/91gNTmsfyzowT5kdkIHnIKTFW8h7vT3u1XrniVJ0Z8F/i5qQCORq98me3H9M0YtJQQbTuuE5i/Iwow6lgk1I31SwhdEQGrGOpJBHTfjY7doKPrNLHYaxsSYNn6s+JjERaj6PAdkbEDPWiNxX/8zqpCS/9jMskNUzS+aIwFdjEePo57nPFqBFjSwhV3N6K6ZAoQo3Np2RDcBdf/kuaJ1X3vHp2W6vUr/I4inAAh3AMLlxAHW6gAR5Q4PAEL/CKJHpGb+h93lpA+cw+/AL6+AY+oY5U</latexit>

z34
<latexit sha1_base64="HGNefcAJFvuNu7dEKVnfAu3OwOg=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiez6fSR68YiJCySwkm7pQkPb3bRdE9zwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63U1haXlldK66XNja3tnfKu3sNHaeKUJ/EPFatEGvKmaS+YYbTVqIoFiGnzXB4M/Gbj1RpFst7M0poIHBfsogRbKzkPz2cdk+75YpbdadAi8TLSQVy1Lvlr04vJqmg0hCOtW57bmKCDCvDCKfjUifVNMFkiPu0banEguogmx47RkdW6aEoVrakQVP190SGhdYjEdpOgc1Az3sT8T+vnZroKsiYTFJDJZktilKOTIwmn6MeU5QYPrIEE8XsrYgMsMLE2HxKNgRv/uVF0jipehfV87uzSu06j6MIB3AIx+DBJdTgFurgAwEGz/AKb450Xpx352PWWnDymX34A+fzBz0djlM=</latexit>

z33
<latexit sha1_base64="Vtv68hYqVkKi0cIEkHuOT32JYYM=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4Irv4eSR68YiJCySwkm7pQkPb3bRdE9zwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VoT6JeaxaIdaUM0l9wwynrURRLEJOm+HwZuI3H6nSLJb3ZpTQQOC+ZBEj2FjJf3o47Va7pbJbcadAi8TLSRly1Lulr04vJqmg0hCOtW57bmKCDCvDCKfjYifVNMFkiPu0banEguogmx47RsdW6aEoVrakQVP190SGhdYjEdpOgc1Az3sT8T+vnZroKsiYTFJDJZktilKOTIwmn6MeU5QYPrIEE8XsrYgMsMLE2HyKNgRv/uVF0qhWvIvK+d1ZuXadx1GAQziCE/DgEmpwC3XwgQCDZ3iFN0c6L8678zFrXXLymQP4A+fzBzuZjlI=</latexit>

z32

<latexit sha1_base64="0Q/hv3k1DKInXc5ARwCTm8Us+9w=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHaJX0eiF4+YuEACK+mWLjR0u5u2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q1HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbqZ+65EpzWN5b8YJ8yMykDzklBgreU8PtV6tV644VWcGvEzcnFQgR6NX/ur2Y5pGTBoqiNYd10mMnxFlOBVsUuqmmiWEjsiAdSyVJGLaz2bHTvCJVfo4jJUtafBM/T2RkUjrcRTYzoiYoV70puJ/Xic14ZWfcZmkhkk6XxSmApsYTz/Hfa4YNWJsCaGK21sxHRJFqLH5lGwI7uLLy6RZq7oX1fO7s0r9Oo+jCEdwDKfgwiXU4RYa4AEFDs/wCm9Iohf0jj7mrQWUzxzCH6DPHzoTjlE=</latexit>

z22
<latexit sha1_base64="XAh3ZCb+lnpt2Ob3foVf99DvJ6I=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4Irv4eSR68YiJCySwkm7pQkPb3bRdE9zwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VoT6JeaxaIdaUM0l9wwynrURRLEJOm+HwZuI3H6nSLJb3ZpTQQOC+ZBEj2FjJf3qodk+7pbJbcadAi8TLSRly1Lulr04vJqmg0hCOtW57bmKCDCvDCKfjYifVNMFkiPu0banEguogmx47RsdW6aEoVrakQVP190SGhdYjEdpOgc1Az3sT8T+vnZroKsiYTFJDJZktilKOTIwmn6MeU5QYPrIEE8XsrYgMsMLE2HyKNgRv/uVF0qhWvIvK+d1ZuXadx1GAQziCE/DgEmpwC3XwgQCDZ3iFN0c6L8678zFrXXLymQP4A+fzBzuXjlI=</latexit>

z23
<latexit sha1_base64="NpkV878exr/w3X9wVj+Hb2/QQSw=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4IrsEP45ELx4xcYEEVtItXWhou5u2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epItQnMY9VO8Saciapb5jhtJ0oikXIaSsc3Uz91iNVmsXy3owTGgg8kCxiBBsr+U8P1V6tVyq7FXcGtEy8nJQhR6NX+ur2Y5IKKg3hWOuO5yYmyLAyjHA6KXZTTRNMRnhAO5ZKLKgOstmxE3RqlT6KYmVLGjRTf09kWGg9FqHtFNgM9aI3Ff/zOqmJroKMySQ1VJL5oijlyMRo+jnqM0WJ4WNLMFHM3orIECtMjM2naEPwFl9eJs1qxbuonN/VyvXrPI4CHMMJnIEHl1CHW2iADwQYPMMrvDnSeXHenY9564qTzxzBHzifPz0bjlM=</latexit>

z24

<latexit sha1_base64="2o+FEDFfb10vspX/5iOXt9UdAnc=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYNfhyJXjxi4gIJrKRbutDQ7W7arglu+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzgkRwbRznGxVWVtfWN4qbpa3tnd298v5BU8eposyjsYhVOyCaCS6ZZ7gRrJ0oRqJAsFYwupn6rUemNI/lvRknzI/IQPKQU2Ks5D09uL1ar1xxqs4MeJm4OalAjkav/NXtxzSNmDRUEK07rpMYPyPKcCrYpNRNNUsIHZEB61gqScS0n82OneATq/RxGCtb0uCZ+nsiI5HW4yiwnRExQ73oTcX/vE5qwis/4zJJDZN0vihMBTYxnn6O+1wxasTYEkIVt7diOiSKUGPzKdkQ3MWXl0nzrOpeVM/vapX6dR5HEY7gGE7BhUuowy00wAMKHJ7hFd6QRC/oHX3MWwsonzmEP0CfPzuVjlI=</latexit>

z14
<latexit sha1_base64="Ko+7YWmt/IHLTNWjnJFMHqvq7Kc=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiez6fSR68YiJCySwkm7pQkO33bRdE9zwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63U1haXlldK66XNja3tnfKu3sNLVNFqE8kl6oVYk05E9Q3zHDaShTFcchpMxzeTPzmI1WaSXFvRgkNYtwXLGIEGyv5Tw9e97RbrrhVdwq0SLycVCBHvVv+6vQkSWMqDOFY67bnJibIsDKMcDoudVJNE0yGuE/blgocUx1k02PH6MgqPRRJZUsYNFV/T2Q41noUh7Yzxmag572J+J/XTk10FWRMJKmhgswWRSlHRqLJ56jHFCWGjyzBRDF7KyIDrDAxNp+SDcGbf3mRNE6q3kX1/O6sUrvO4yjCARzCMXhwCTW4hTr4QIDBM7zCmyOcF+fd+Zi1Fpx8Zh/+wPn8AToRjlE=</latexit>

z13
<latexit sha1_base64="93pUYdV5EzkXNocgF6qzogDQEy8=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHaJX0eiF4+YuEACK+mWLjR0u5u2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q1HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbqZ+65EpzWN5b8YJ8yMykDzklBgreU8Pbq/WK1ecqjMDXiZuTiqQo9Erf3X7MU0jJg0VROuO6yTGz4gynAo2KXVTzRJCR2TAOpZKEjHtZ7NjJ/jEKn0cxsqWNHim/p7ISKT1OApsZ0TMUC96U/E/r5Oa8MrPuExSwySdLwpTgU2Mp5/jPleMGjG2hFDF7a2YDoki1Nh8SjYEd/HlZdKsVd2L6vndWaV+ncdRhCM4hlNw4RLqcAsN8IACh2d4hTck0Qt6Rx/z1gLKZw7hD9DnDziNjlA=</latexit>

z12

resample propose resample propose resample propose resampleinit



Particle Filter

For

For

Choose parent                                  with

Sample

Set

<latexit sha1_base64="0dj4Y2Ex9ks/cQqKvzHHkZ5Oabw=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoPgIYSZ4IYgBL14jJANkiH09PQkTXoWumuUMOZTvHhQxKtf4s2/sZPMQRMfFDzeq6KqnhsLrsCyvo3cyura+kZ+s7C1vbO7Zxb3WypKJGVNGolIdlyimOAhawIHwTqxZCRwBWu7o9up335gUvEobMA4Zk5ABiH3OSWgpb5ZBHyNq2Xco14EqowbV32zZFWsGfAysTNSQhnqffOr50U0CVgIVBClurYVg5MSCZwKNin0EsViQkdkwLqahiRgyklnp0/wsVY87EdSVwh4pv6eSEmg1DhwdWdAYKgWvan4n9dNwL90Uh7GCbCQzhf5icAQ4WkO2OOSURBjTQiVXN+K6ZBIQkGnVdAh2IsvL5NWtWKfV87uT0u1myyOPDpER+gE2egC1dAdqqMmougRPaNX9GY8GS/Gu/Exb80Z2cwB+gPj8wdVvpIh</latexit>

t = 2, · · · , T :
<latexit sha1_base64="NQd5XeXipi3Ja3N9QURrswp2ZBk=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hDAjbghC0IsXIYJZIBlCT08nadLL0N2jhDGf4sWDIl79Em/+jZ1kDpr4oODxXhVV9cKYUW0879tZWFxaXlnNreXXNza3tt3CTl3LRGFSw5JJ1QyRJowKUjPUMNKMFUE8ZKQRDq7HfuOBKE2luDfDmAQc9QTtUoyMlTpugcNL6JdgG0fS6BK8vei4Ra/sTQDniZ+RIshQ7bhf7UjihBNhMENat3wvNkGKlKGYkVG+nWgSIzxAPdKyVCBOdJBOTh/BA6tEsCuVLWHgRP09kSKu9ZCHtpMj09ez3lj8z2slpnsepFTEiSECTxd1EwaNhOMcYEQVwYYNLUFYUXsrxH2kEDY2rbwNwZ99eZ7Uj8r+afnk7rhYucriyIE9sA8OgQ/OQAXcgCqoAQwewTN4BW/Ok/PivDsf09YFJ5vZBX/gfP4APn+SEg==</latexit>

m = 1, · · · ,M :
<latexit sha1_base64="W0fQRU/47NOJ4tK736r8WbS82HU=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FBKIn4di168CBVsKzShbDbbdulmE3Y3Qok9+Fe8eFDEq3/Dm//GbZuDtj4YeLw3w8y8IOFMacf5tgoLi0vLK8XV0tr6xuaWvb3TVHEqCW2QmMfyPsCKciZoQzPN6X0iKY4CTlvB4Grstx6oVCwWd3qYUD/CPcG6jGBtpI69J5DHTGVuBXkkjLWqoBtv1LHLTtWZAM0TNydlyFHv2F9eGJM0okITjpVqu06i/QxLzQino5KXKppgMsA92jZU4IgqP5vcP0KHRglRN5amhEYT9fdEhiOlhlFgOiOs+2rWG4v/ee1Udy/8jIkk1VSQ6aJuypGO0TgMFDJJieZDQzCRzNyKSB9LTLSJrGRCcGdfnifN46p7Vj29PSnXLvM4irAPB3AELpxDDa6hDg0g8AjP8Apv1pP1Yr1bH9PWgpXP7MIfWJ8/yx+UsQ==</latexit>

n 2 {1, · · · ,M}
<latexit sha1_base64="6aLZ9i/x186SIUSOzsqqH0EOB64=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpDFQJ4jVWsDAWiT6kJkSO67RWHSeyHVAVZWThV1gYQIiVT2Djb3DaDFA4kqWjc+6V7zl+zKhUlvVllObmFxaXysuVldW19Q1zc6sto0Rg0sIRi0TXR5IwyklLUcVINxYEhT4jHX90mfudOyIkjfiNGsfEDdGA04BipLTkmbtOiNTQ99NmVuMH0IlFFKsI3t9yL1WHduaZVatuTQD/ErsgVVCg6ZmfTj/CSUi4wgxJ2bOtWLkpEopiRrKKk0gSIzxCA9LTlKOQSDedBMngvlb6MIiEflzBifpzI0WhlOPQ15P52XLWy8X/vF6ignM3pTxOFOF4+lGQMKij5q3APhUEKzbWBGFB9a0QD5FAWOnuKroEezbyX9I+qtun9ZPr42rjoqijDHbAHqgBG5yBBrgCTdACGDyAJ/ACXo1H49l4M96noyWj2NkGv2B8fAMcW5lo</latexit>

P(n) / wn
t�1

<latexit sha1_base64="0UdRVwkiFWVRlSfmRwTUcIlSi34="></latexit>

zm1 ⇠ q(z1), wm
1 = p(zm1 , x1)/q(z

m
1 )

<latexit sha1_base64="VfPP9N3RrQ8wBo8YI7w40JgC1A8=">AAACCnicbVC5TgMxFPSGK4QrQEljiJBCQbSLuMoIGsogkQQpx8rrOIkV27vYb5GSVWoafoWGAoRo+QI6/gbnKCAwkqXRzDw9vwkiwQ247peTmptfWFxKL2dWVtfWN7KbWxUTxpqyMg1FqG8DYpjgipWBg2C3kWZEBoJVg97lyK/eM214qG6gH7GGJB3F25wSsJKf3R00pQ+4brjEd/nBiNo44EFT+QkcesMDP5tzC+4Y+C/xpiSHpij52c96K6SxZAqoIMbUPDeCRkI0cCrYMFOPDYsI7ZEOq1mqiGSmkYxPGeJ9q7RwO9T2KcBj9edEQqQxfRnYpCTQNbPeSPzPq8XQPm8kXEUxMEUni9qxwBDiUS+4xTWjIPqWEKq5/SumXaIJBdtexpbgzZ78l1SOCt5p4eT6OFe8mNaRRjtoD+WRh85QEV2hEiojih7QE3pBr86j8+y8Oe+TaMqZzmyjX3A+vgEESpnX</latexit>

zmt ⇠ q(zt|znt�1)
<latexit sha1_base64="im/q5Zp7J305CtOariVjTPalSh4=">AAACJ3icbVDLSgMxFM34rPVVdekmWAQLWmfE10YpunFZwdZCW4dMmmpoJjMmd9R27N+48VfcCCqiS//E9CFo64HA4ZxzubnHCwXXYNuf1sjo2PjEZGIqOT0zOzefWlgs6iBSlBVoIAJV8ohmgktWAA6ClULFiO8Jdu41jjv++Q1TmgfyDJohq/rkUvI6pwSM5KYOby98F/ABDtdaHbaO77pCxQwBbl1IN4YNp53Bm/i6l8D3PzK0M24qbWftLvAwcfokjfrIu6mXSi2gkc8kUEG0Ljt2CNWYKOBUsHayEmkWEtogl6xsqCQ+09W4e2cbrxqlhuuBMk8C7qq/J2Lia930PZP0CVzpQa8j/ueVI6jvV2MuwwiYpL1F9UhgCHCnNFzjilEQTUMIVdz8FdMroggFU23SlOAMnjxMiltZZze7c7qdzh3160igZbSC1pCD9lAOnaA8KiCKHtATekVv1qP1bL1bH73oiNWfWUJ/YH19A2JZpHE=</latexit>

wm
t = p(zmt , xm

t |znt�1)/q(z
m
t |znt�t)



Variational Particle Filter

Maximize                      (Naesseth et al., 2018 Maddison et al., 2017, Le et al., 2018)
<latexit sha1_base64="xUmszp6sE2eZwr88wnBftxLKV9g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyIr2VRBDdCFfuAzjBk0kwbmkmGJCOUof6KGxeKuPVD3Pk3ZtpZaOuBwOGce7knJ0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC0VXudx6JVFTwBz1OiB+jAacRxUgbKbCrXoz0MAyz6wn0mBjA++A2sGtO3ZkCLhK3IDVQoBnYX15f4DQmXGOGlOq5TqL9DElNMSOTipcqkiA8QgPSM5SjmCg/m4afwEOj9GEkpHlcw6n6eyNDsVLjODSTeVQ17+Xif14v1dGFn1GepJpwPDsUpQxqAfMmYJ9KgjUbG4KwpCYrxEMkEdamr4opwZ3/8iJpH9fds/rp3UmtcVnUUQb74AAcARecgwa4AU3QAhiMwTN4BW/Wk/VivVsfs9GSVexUwR9Ynz/3PJRW</latexit>

E logRM

For

For

Choose parent                                  with

Sample

Set

<latexit sha1_base64="0dj4Y2Ex9ks/cQqKvzHHkZ5Oabw=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoPgIYSZ4IYgBL14jJANkiH09PQkTXoWumuUMOZTvHhQxKtf4s2/sZPMQRMfFDzeq6KqnhsLrsCyvo3cyura+kZ+s7C1vbO7Zxb3WypKJGVNGolIdlyimOAhawIHwTqxZCRwBWu7o9up335gUvEobMA4Zk5ABiH3OSWgpb5ZBHyNq2Xco14EqowbV32zZFWsGfAysTNSQhnqffOr50U0CVgIVBClurYVg5MSCZwKNin0EsViQkdkwLqahiRgyklnp0/wsVY87EdSVwh4pv6eSEmg1DhwdWdAYKgWvan4n9dNwL90Uh7GCbCQzhf5icAQ4WkO2OOSURBjTQiVXN+K6ZBIQkGnVdAh2IsvL5NWtWKfV87uT0u1myyOPDpER+gE2egC1dAdqqMmougRPaNX9GY8GS/Gu/Exb80Z2cwB+gPj8wdVvpIh</latexit>

t = 2, · · · , T :
<latexit sha1_base64="NQd5XeXipi3Ja3N9QURrswp2ZBk=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hDAjbghC0IsXIYJZIBlCT08nadLL0N2jhDGf4sWDIl79Em/+jZ1kDpr4oODxXhVV9cKYUW0879tZWFxaXlnNreXXNza3tt3CTl3LRGFSw5JJ1QyRJowKUjPUMNKMFUE8ZKQRDq7HfuOBKE2luDfDmAQc9QTtUoyMlTpugcNL6JdgG0fS6BK8vei4Ra/sTQDniZ+RIshQ7bhf7UjihBNhMENat3wvNkGKlKGYkVG+nWgSIzxAPdKyVCBOdJBOTh/BA6tEsCuVLWHgRP09kSKu9ZCHtpMj09ez3lj8z2slpnsepFTEiSECTxd1EwaNhOMcYEQVwYYNLUFYUXsrxH2kEDY2rbwNwZ99eZ7Uj8r+afnk7rhYucriyIE9sA8OgQ/OQAXcgCqoAQwewTN4BW/Ok/PivDsf09YFJ5vZBX/gfP4APn+SEg==</latexit>

m = 1, · · · ,M :
<latexit sha1_base64="W0fQRU/47NOJ4tK736r8WbS82HU=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FBKIn4di168CBVsKzShbDbbdulmE3Y3Qok9+Fe8eFDEq3/Dm//GbZuDtj4YeLw3w8y8IOFMacf5tgoLi0vLK8XV0tr6xuaWvb3TVHEqCW2QmMfyPsCKciZoQzPN6X0iKY4CTlvB4Grstx6oVCwWd3qYUD/CPcG6jGBtpI69J5DHTGVuBXkkjLWqoBtv1LHLTtWZAM0TNydlyFHv2F9eGJM0okITjpVqu06i/QxLzQino5KXKppgMsA92jZU4IgqP5vcP0KHRglRN5amhEYT9fdEhiOlhlFgOiOs+2rWG4v/ee1Udy/8jIkk1VSQ6aJuypGO0TgMFDJJieZDQzCRzNyKSB9LTLSJrGRCcGdfnifN46p7Vj29PSnXLvM4irAPB3AELpxDDa6hDg0g8AjP8Apv1pP1Yr1bH9PWgpXP7MIfWJ8/yx+UsQ==</latexit>

n 2 {1, · · · ,M}
<latexit sha1_base64="6aLZ9i/x186SIUSOzsqqH0EOB64=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpDFQJ4jVWsDAWiT6kJkSO67RWHSeyHVAVZWThV1gYQIiVT2Djb3DaDFA4kqWjc+6V7zl+zKhUlvVllObmFxaXysuVldW19Q1zc6sto0Rg0sIRi0TXR5IwyklLUcVINxYEhT4jHX90mfudOyIkjfiNGsfEDdGA04BipLTkmbtOiNTQ99NmVuMH0IlFFKsI3t9yL1WHduaZVatuTQD/ErsgVVCg6ZmfTj/CSUi4wgxJ2bOtWLkpEopiRrKKk0gSIzxCA9LTlKOQSDedBMngvlb6MIiEflzBifpzI0WhlOPQ15P52XLWy8X/vF6ignM3pTxOFOF4+lGQMKij5q3APhUEKzbWBGFB9a0QD5FAWOnuKroEezbyX9I+qtun9ZPr42rjoqijDHbAHqgBG5yBBrgCTdACGDyAJ/ACXo1H49l4M96noyWj2NkGv2B8fAMcW5lo</latexit>

P(n) / wn
t�1

<latexit sha1_base64="0UdRVwkiFWVRlSfmRwTUcIlSi34="></latexit>

zm1 ⇠ q(z1), wm
1 = p(zm1 , x1)/q(z

m
1 )

<latexit sha1_base64="e3TcT3gP0id2kaNSaJyg3W1d8Jo=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2AR6qbMiK+NUBTBjVDFPqAdhkyatqGZB0lGLEPBX3HjQhG3foc7/8ZMOwttPRA4nHMv9+R4EWdSWda3kZubX1hcyi8XVlbX1jfMza26DGNBaI2EPBRND0vKWUBriilOm5Gg2Pc4bXiDy9RvPFAhWRjcq2FEHR/3AtZlBCstueZO28eq73nJ1QjduTfoHEWlxwPXLFplaww0S+yMFCFD1TW/2p2QxD4NFOFYypZtRcpJsFCMcDoqtGNJI0wGuEdbmgbYp9JJxvFHaF8rHdQNhX6BQmP190aCfSmHvqcn07By2kvF/7xWrLpnTsKCKFY0IJND3ZgjFaK0C9RhghLFh5pgIpjOikgfC0yUbqygS7CnvzxL6odl+6R8fHtUrFxkdeRhF/agBDacQgWuoQo1IJDAM7zCm/FkvBjvxsdkNGdkO9vwB8bnD0ARlGI=</latexit>

ERM = p(x)
<latexit sha1_base64="elCfR5j6x0koNWmnUOKlRwkxIFA="></latexit>

RM :=
QT

t=1
1
M

PM
m=1 w

m
t

<latexit sha1_base64="VfPP9N3RrQ8wBo8YI7w40JgC1A8=">AAACCnicbVC5TgMxFPSGK4QrQEljiJBCQbSLuMoIGsogkQQpx8rrOIkV27vYb5GSVWoafoWGAoRo+QI6/gbnKCAwkqXRzDw9vwkiwQ247peTmptfWFxKL2dWVtfWN7KbWxUTxpqyMg1FqG8DYpjgipWBg2C3kWZEBoJVg97lyK/eM214qG6gH7GGJB3F25wSsJKf3R00pQ+4brjEd/nBiNo44EFT+QkcesMDP5tzC+4Y+C/xpiSHpij52c96K6SxZAqoIMbUPDeCRkI0cCrYMFOPDYsI7ZEOq1mqiGSmkYxPGeJ9q7RwO9T2KcBj9edEQqQxfRnYpCTQNbPeSPzPq8XQPm8kXEUxMEUni9qxwBDiUS+4xTWjIPqWEKq5/SumXaIJBdtexpbgzZ78l1SOCt5p4eT6OFe8mNaRRjtoD+WRh85QEV2hEiojih7QE3pBr86j8+y8Oe+TaMqZzmyjX3A+vgEESpnX</latexit>

zmt ⇠ q(zt|znt�1)
<latexit sha1_base64="im/q5Zp7J305CtOariVjTPalSh4=">AAACJ3icbVDLSgMxFM34rPVVdekmWAQLWmfE10YpunFZwdZCW4dMmmpoJjMmd9R27N+48VfcCCqiS//E9CFo64HA4ZxzubnHCwXXYNuf1sjo2PjEZGIqOT0zOzefWlgs6iBSlBVoIAJV8ohmgktWAA6ClULFiO8Jdu41jjv++Q1TmgfyDJohq/rkUvI6pwSM5KYOby98F/ABDtdaHbaO77pCxQwBbl1IN4YNp53Bm/i6l8D3PzK0M24qbWftLvAwcfokjfrIu6mXSi2gkc8kUEG0Ljt2CNWYKOBUsHayEmkWEtogl6xsqCQ+09W4e2cbrxqlhuuBMk8C7qq/J2Lia930PZP0CVzpQa8j/ueVI6jvV2MuwwiYpL1F9UhgCHCnNFzjilEQTUMIVdz8FdMroggFU23SlOAMnjxMiltZZze7c7qdzh3160igZbSC1pCD9lAOnaA8KiCKHtATekVv1qP1bL1bH73oiNWfWUJ/YH19A2JZpHE=</latexit>

wm
t = p(zmt , xm

t |znt�1)/q(z
m
t |znt�t)



Particle Filter
<latexit sha1_base64="GnCvdXEnfM6f5Ecs0tSJK3o4shM=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68VjBtIU2ls120i7dbMLuRqilv8GLB0W8+oO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2l5ZXVtvbBR3Nza3tkt7e3XdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ5uJn7jEZXmibw3wxSDmPYkjzijxkr+04PX8TqlsltxpyCLxMtJGXLUOqWvdjdhWYzSMEG1bnluaoIRVYYzgeNiO9OYUjagPWxZKmmMOhhNjx2TY6t0SZQoW9KQqfp7YkRjrYdxaDtjavp63puI/3mtzERXwYjLNDMo2WxRlAliEjL5nHS5QmbE0BLKFLe3EtanijJj8ynaELz5lxdJ/bTiXVTO787K1es8jgIcwhGcgAeXUIVbqIEPDDg8wyu8OdJ5cd6dj1nrkpPPHMAfOJ8/NwmOTw==</latexit>

z11

<latexit sha1_base64="jromEprjHTCxuDZXj3jMpxmA/F4=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHaJX0eiF4+YuEACK+mWLjR0u5u2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q1HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbqZ+65EpzWN5b8YJ8yMykDzklBgreU8PtZ7bK1ecqjMDXiZuTiqQo9Erf3X7MU0jJg0VROuO6yTGz4gynAo2KXVTzRJCR2TAOpZKEjHtZ7NjJ/jEKn0cxsqWNHim/p7ISKT1OApsZ0TMUC96U/E/r5Oa8MrPuExSwySdLwpTgU2Mp5/jPleMGjG2hFDF7a2YDoki1Nh8SjYEd/HlZdKsVd2L6vndWaV+ncdRhCM4hlNw4RLqcAsN8IACh2d4hTck0Qt6Rx/z1gLKZw7hD9DnDziPjlA=</latexit>

z21

<latexit sha1_base64="cX4f/OH0d3UvfP9iuH3e3LokMGw=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiez6fSR68YiJCySwkm7pQkO33bRdE9zwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63U1haXlldK66XNja3tnfKu3sNLVNFqE8kl6oVYk05E9Q3zHDaShTFcchpMxzeTPzmI1WaSXFvRgkNYtwXLGIEGyv5Tw+nXa9brrhVdwq0SLycVCBHvVv+6vQkSWMqDOFY67bnJibIsDKMcDoudVJNE0yGuE/blgocUx1k02PH6MgqPRRJZUsYNFV/T2Q41noUh7Yzxmag572J+J/XTk10FWRMJKmhgswWRSlHRqLJ56jHFCWGjyzBRDF7KyIDrDAxNp+SDcGbf3mRNE6q3kX1/O6sUrvO4yjCARzCMXhwCTW4hTr4QIDBM7zCmyOcF+fd+Zi1Fpx8Zh/+wPn8AToVjlE=</latexit>

z31

<latexit sha1_base64="uc7clV9YjoXqP1MtMwayZMyK83I=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYNfhyJXjxi4gIJrKRbutDQ7W7arglu+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzgkRwbRznGxVWVtfWN4qbpa3tnd298v5BU8eposyjsYhVOyCaCS6ZZ7gRrJ0oRqJAsFYwupn6rUemNI/lvRknzI/IQPKQU2Ks5D091Hpur1xxqs4MeJm4OalAjkav/NXtxzSNmDRUEK07rpMYPyPKcCrYpNRNNUsIHZEB61gqScS0n82OneATq/RxGCtb0uCZ+nsiI5HW4yiwnRExQ73oTcX/vE5qwis/4zJJDZN0vihMBTYxnn6O+1wxasTYEkIVt7diOiSKUGPzKdkQ3MWXl0nzrOpeVM/vapX6dR5HEY7gGE7BhUuowy00wAMKHJ7hFd6QRC/oHX3MWwsonzmEP0CfPzubjlI=</latexit>

z41
<latexit sha1_base64="nodQgYoEnv4NETiqNLCkvt1/jmA=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4IrsEP45ELx4xcYEEVtItXWhou5u2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epItQnMY9VO8Saciapb5jhtJ0oikXIaSsc3Uz91iNVmsXy3owTGgg8kCxiBBsr+U8PtV61Vyq7FXcGtEy8nJQhR6NX+ur2Y5IKKg3hWOuO5yYmyLAyjHA6KXZTTRNMRnhAO5ZKLKgOstmxE3RqlT6KYmVLGjRTf09kWGg9FqHtFNgM9aI3Ff/zOqmJroKMySQ1VJL5oijlyMRo+jnqM0WJ4WNLMFHM3orIECtMjM2naEPwFl9eJs1qxbuonN/VyvXrPI4CHMMJnIEHl1CHW2iADwQYPMMrvDnSeXHenY9564qTzxzBHzifPz0fjlM=</latexit>

z42
<latexit sha1_base64="2DfwgUlVKkf44bn7Flgd0areXLc=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYVP45ELx4xcYEEVtItXWjodjdt1wQ3/AYvHjTGqz/Im//GAntQ9CWTvLw3k5l5QSK4No7zhQpLyyura8X10sbm1vZOeXevqeNUUebRWMSqHRDNBJfMM9wI1k4UI1EgWCsYXU/91gNTmsfyzowT5kdkIHnIKTFW8h7va73TXrniVJ0Z8F/i5qQCORq98me3H9M0YtJQQbTuuE5i/Iwow6lgk1I31SwhdEQGrGOpJBHTfjY7doKPrNLHYaxsSYNn6s+JjERaj6PAdkbEDPWiNxX/8zqpCS/9jMskNUzS+aIwFdjEePo57nPFqBFjSwhV3N6K6ZAoQo3Np2RDcBdf/kuaJ1X3vHp2W6vUr/I4inAAh3AMLlxAHW6gAR5Q4PAEL/CKJHpGb+h93lpA+cw+/AL6+AY+o45U</latexit>

z43
<latexit sha1_base64="Wu7YZ+rj2GNwAxx50EWLgJ6tHZY=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjExAUSWEm3dKGh7W7arglu+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4upn6rUeqNIvlvRknNBB4IFnECDZW8p8ear1ar1xxq+4MaJl4OalAjkav/NXtxyQVVBrCsdYdz01MkGFlGOF0UuqmmiaYjPCAdiyVWFAdZLNjJ+jEKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVITXQUZk0lqqCTzRVHKkYnR9HPUZ4oSw8eWYKKYvRWRIVaYGJtPyYbgLb68TJpnVe+ien5Xq9Sv8ziKcATHcAoeXEIdbqEBPhBg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwBAJ45V</latexit>

z44

<latexit sha1_base64="z2A0OicG2TP3eoVgu7tPXFkLpSI=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYVP45ELx4xcYEEVtItXWjodjdt1wQ3/AYvHjTGqz/Im//GAntQ9CWTvLw3k5l5QSK4No7zhQpLyyura8X10sbm1vZOeXevqeNUUebRWMSqHRDNBJfMM9wI1k4UI1EgWCsYXU/91gNTmsfyzowT5kdkIHnIKTFW8h7vT3u1XrniVJ0Z8F/i5qQCORq98me3H9M0YtJQQbTuuE5i/Iwow6lgk1I31SwhdEQGrGOpJBHTfjY7doKPrNLHYaxsSYNn6s+JjERaj6PAdkbEDPWiNxX/8zqpCS/9jMskNUzS+aIwFdjEePo57nPFqBFjSwhV3N6K6ZAoQo3Np2RDcBdf/kuaJ1X3vHp2W6vUr/I4inAAh3AMLlxAHW6gAR5Q4PAEL/CKJHpGb+h93lpA+cw+/AL6+AY+oY5U</latexit>

z34
<latexit sha1_base64="HGNefcAJFvuNu7dEKVnfAu3OwOg=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiez6fSR68YiJCySwkm7pQkPb3bRdE9zwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63U1haXlldK66XNja3tnfKu3sNHaeKUJ/EPFatEGvKmaS+YYbTVqIoFiGnzXB4M/Gbj1RpFst7M0poIHBfsogRbKzkPz2cdk+75YpbdadAi8TLSQVy1Lvlr04vJqmg0hCOtW57bmKCDCvDCKfjUifVNMFkiPu0banEguogmx47RkdW6aEoVrakQVP190SGhdYjEdpOgc1Az3sT8T+vnZroKsiYTFJDJZktilKOTIwmn6MeU5QYPrIEE8XsrYgMsMLE2HxKNgRv/uVF0jipehfV87uzSu06j6MIB3AIx+DBJdTgFurgAwEGz/AKb450Xpx352PWWnDymX34A+fzBz0djlM=</latexit>

z33
<latexit sha1_base64="Vtv68hYqVkKi0cIEkHuOT32JYYM=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4Irv4eSR68YiJCySwkm7pQkPb3bRdE9zwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VoT6JeaxaIdaUM0l9wwynrURRLEJOm+HwZuI3H6nSLJb3ZpTQQOC+ZBEj2FjJf3o47Va7pbJbcadAi8TLSRly1Lulr04vJqmg0hCOtW57bmKCDCvDCKfjYifVNMFkiPu0banEguogmx47RsdW6aEoVrakQVP190SGhdYjEdpOgc1Az3sT8T+vnZroKsiYTFJDJZktilKOTIwmn6MeU5QYPrIEE8XsrYgMsMLE2HyKNgRv/uVF0qhWvIvK+d1ZuXadx1GAQziCE/DgEmpwC3XwgQCDZ3iFN0c6L8678zFrXXLymQP4A+fzBzuZjlI=</latexit>

z32

<latexit sha1_base64="0Q/hv3k1DKInXc5ARwCTm8Us+9w=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHaJX0eiF4+YuEACK+mWLjR0u5u2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q1HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbqZ+65EpzWN5b8YJ8yMykDzklBgreU8PtV6tV644VWcGvEzcnFQgR6NX/ur2Y5pGTBoqiNYd10mMnxFlOBVsUuqmmiWEjsiAdSyVJGLaz2bHTvCJVfo4jJUtafBM/T2RkUjrcRTYzoiYoV70puJ/Xic14ZWfcZmkhkk6XxSmApsYTz/Hfa4YNWJsCaGK21sxHRJFqLH5lGwI7uLLy6RZq7oX1fO7s0r9Oo+jCEdwDKfgwiXU4RYa4AEFDs/wCm9Iohf0jj7mrQWUzxzCH6DPHzoTjlE=</latexit>

z22
<latexit sha1_base64="XAh3ZCb+lnpt2Ob3foVf99DvJ6I=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4Irv4eSR68YiJCySwkm7pQkPb3bRdE9zwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VoT6JeaxaIdaUM0l9wwynrURRLEJOm+HwZuI3H6nSLJb3ZpTQQOC+ZBEj2FjJf3qodk+7pbJbcadAi8TLSRly1Lulr04vJqmg0hCOtW57bmKCDCvDCKfjYifVNMFkiPu0banEguogmx47RsdW6aEoVrakQVP190SGhdYjEdpOgc1Az3sT8T+vnZroKsiYTFJDJZktilKOTIwmn6MeU5QYPrIEE8XsrYgMsMLE2HyKNgRv/uVF0qhWvIvK+d1ZuXadx1GAQziCE/DgEmpwC3XwgQCDZ3iFN0c6L8678zFrXXLymQP4A+fzBzuXjlI=</latexit>

z23
<latexit sha1_base64="NpkV878exr/w3X9wVj+Hb2/QQSw=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4IrsEP45ELx4xcYEEVtItXWhou5u2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epItQnMY9VO8Saciapb5jhtJ0oikXIaSsc3Uz91iNVmsXy3owTGgg8kCxiBBsr+U8P1V6tVyq7FXcGtEy8nJQhR6NX+ur2Y5IKKg3hWOuO5yYmyLAyjHA6KXZTTRNMRnhAO5ZKLKgOstmxE3RqlT6KYmVLGjRTf09kWGg9FqHtFNgM9aI3Ff/zOqmJroKMySQ1VJL5oijlyMRo+jnqM0WJ4WNLMFHM3orIECtMjM2naEPwFl9eJs1qxbuonN/VyvXrPI4CHMMJnIEHl1CHW2iADwQYPMMrvDnSeXHenY9564qTzxzBHzifPz0bjlM=</latexit>

z24

<latexit sha1_base64="2o+FEDFfb10vspX/5iOXt9UdAnc=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYNfhyJXjxi4gIJrKRbutDQ7W7arglu+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzgkRwbRznGxVWVtfWN4qbpa3tnd298v5BU8eposyjsYhVOyCaCS6ZZ7gRrJ0oRqJAsFYwupn6rUemNI/lvRknzI/IQPKQU2Ks5D09uL1ar1xxqs4MeJm4OalAjkav/NXtxzSNmDRUEK07rpMYPyPKcCrYpNRNNUsIHZEB61gqScS0n82OneATq/RxGCtb0uCZ+nsiI5HW4yiwnRExQ73oTcX/vE5qwis/4zJJDZN0vihMBTYxnn6O+1wxasTYEkIVt7diOiSKUGPzKdkQ3MWXl0nzrOpeVM/vapX6dR5HEY7gGE7BhUuowy00wAMKHJ7hFd6QRC/oHX3MWwsonzmEP0CfPzuVjlI=</latexit>

z14
<latexit sha1_base64="Ko+7YWmt/IHLTNWjnJFMHqvq7Kc=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiez6fSR68YiJCySwkm7pQkO33bRdE9zwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63U1haXlldK66XNja3tnfKu3sNLVNFqE8kl6oVYk05E9Q3zHDaShTFcchpMxzeTPzmI1WaSXFvRgkNYtwXLGIEGyv5Tw9e97RbrrhVdwq0SLycVCBHvVv+6vQkSWMqDOFY67bnJibIsDKMcDoudVJNE0yGuE/blgocUx1k02PH6MgqPRRJZUsYNFV/T2Q41noUh7Yzxmag572J+J/XTk10FWRMJKmhgswWRSlHRqLJ56jHFCWGjyzBRDF7KyIDrDAxNp+SDcGbf3mRNE6q3kX1/O6sUrvO4yjCARzCMXhwCTW4hTr4QIDBM7zCmyOcF+fd+Zi1Fpx8Zh/+wPn8AToRjlE=</latexit>

z13
<latexit sha1_base64="93pUYdV5EzkXNocgF6qzogDQEy8=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHaJX0eiF4+YuEACK+mWLjR0u5u2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q1HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbqZ+65EpzWN5b8YJ8yMykDzklBgreU8Pbq/WK1ecqjMDXiZuTiqQo9Erf3X7MU0jJg0VROuO6yTGz4gynAo2KXVTzRJCR2TAOpZKEjHtZ7NjJ/jEKn0cxsqWNHim/p7ISKT1OApsZ0TMUC96U/E/r5Oa8MrPuExSwySdLwpTgU2Mp5/jPleMGjG2hFDF7a2YDoki1Nh8SjYEd/HlZdKsVd2L6vndWaV+ncdRhCM4hlNw4RLqcAsN8IACh2d4hTck0Qt6Rx/z1gLKZw7hD9DnDziNjlA=</latexit>

z12

resample propose resample propose resample propose resampleinit



Marginal Particle Filter
<latexit sha1_base64="GnCvdXEnfM6f5Ecs0tSJK3o4shM=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kon4dSx68VjBtIU2ls120i7dbMLuRqilv8GLB0W8+oO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2l5ZXVtvbBR3Nza3tkt7e3XdZIphj5LRKKaIdUouETfcCOwmSqkcSiwEQ5uJn7jEZXmibw3wxSDmPYkjzijxkr+04PX8TqlsltxpyCLxMtJGXLUOqWvdjdhWYzSMEG1bnluaoIRVYYzgeNiO9OYUjagPWxZKmmMOhhNjx2TY6t0SZQoW9KQqfp7YkRjrYdxaDtjavp63puI/3mtzERXwYjLNDMo2WxRlAliEjL5nHS5QmbE0BLKFLe3EtanijJj8ynaELz5lxdJ/bTiXVTO787K1es8jgIcwhGcgAeXUIVbqIEPDDg8wyu8OdJ5cd6dj1nrkpPPHMAfOJ8/NwmOTw==</latexit>

z11

<latexit sha1_base64="jromEprjHTCxuDZXj3jMpxmA/F4=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHaJX0eiF4+YuEACK+mWLjR0u5u2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q1HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbqZ+65EpzWN5b8YJ8yMykDzklBgreU8PtZ7bK1ecqjMDXiZuTiqQo9Erf3X7MU0jJg0VROuO6yTGz4gynAo2KXVTzRJCR2TAOpZKEjHtZ7NjJ/jEKn0cxsqWNHim/p7ISKT1OApsZ0TMUC96U/E/r5Oa8MrPuExSwySdLwpTgU2Mp5/jPleMGjG2hFDF7a2YDoki1Nh8SjYEd/HlZdKsVd2L6vndWaV+ncdRhCM4hlNw4RLqcAsN8IACh2d4hTck0Qt6Rx/z1gLKZw7hD9DnDziPjlA=</latexit>

z21

<latexit sha1_base64="cX4f/OH0d3UvfP9iuH3e3LokMGw=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiez6fSR68YiJCySwkm7pQkO33bRdE9zwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63U1haXlldK66XNja3tnfKu3sNLVNFqE8kl6oVYk05E9Q3zHDaShTFcchpMxzeTPzmI1WaSXFvRgkNYtwXLGIEGyv5Tw+nXa9brrhVdwq0SLycVCBHvVv+6vQkSWMqDOFY67bnJibIsDKMcDoudVJNE0yGuE/blgocUx1k02PH6MgqPRRJZUsYNFV/T2Q41noUh7Yzxmag572J+J/XTk10FWRMJKmhgswWRSlHRqLJ56jHFCWGjyzBRDF7KyIDrDAxNp+SDcGbf3mRNE6q3kX1/O6sUrvO4yjCARzCMXhwCTW4hTr4QIDBM7zCmyOcF+fd+Zi1Fpx8Zh/+wPn8AToVjlE=</latexit>

z31

<latexit sha1_base64="uc7clV9YjoXqP1MtMwayZMyK83I=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYNfhyJXjxi4gIJrKRbutDQ7W7arglu+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzgkRwbRznGxVWVtfWN4qbpa3tnd298v5BU8eposyjsYhVOyCaCS6ZZ7gRrJ0oRqJAsFYwupn6rUemNI/lvRknzI/IQPKQU2Ks5D091Hpur1xxqs4MeJm4OalAjkav/NXtxzSNmDRUEK07rpMYPyPKcCrYpNRNNUsIHZEB61gqScS0n82OneATq/RxGCtb0uCZ+nsiI5HW4yiwnRExQ73oTcX/vE5qwis/4zJJDZN0vihMBTYxnn6O+1wxasTYEkIVt7diOiSKUGPzKdkQ3MWXl0nzrOpeVM/vapX6dR5HEY7gGE7BhUuowy00wAMKHJ7hFd6QRC/oHX3MWwsonzmEP0CfPzubjlI=</latexit>

z41
<latexit sha1_base64="nodQgYoEnv4NETiqNLCkvt1/jmA=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4IrsEP45ELx4xcYEEVtItXWhou5u2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epItQnMY9VO8Saciapb5jhtJ0oikXIaSsc3Uz91iNVmsXy3owTGgg8kCxiBBsr+U8PtV61Vyq7FXcGtEy8nJQhR6NX+ur2Y5IKKg3hWOuO5yYmyLAyjHA6KXZTTRNMRnhAO5ZKLKgOstmxE3RqlT6KYmVLGjRTf09kWGg9FqHtFNgM9aI3Ff/zOqmJroKMySQ1VJL5oijlyMRo+jnqM0WJ4WNLMFHM3orIECtMjM2naEPwFl9eJs1qxbuonN/VyvXrPI4CHMMJnIEHl1CHW2iADwQYPMMrvDnSeXHenY9564qTzxzBHzifPz0fjlM=</latexit>

z42
<latexit sha1_base64="2DfwgUlVKkf44bn7Flgd0areXLc=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYVP45ELx4xcYEEVtItXWjodjdt1wQ3/AYvHjTGqz/Im//GAntQ9CWTvLw3k5l5QSK4No7zhQpLyyura8X10sbm1vZOeXevqeNUUebRWMSqHRDNBJfMM9wI1k4UI1EgWCsYXU/91gNTmsfyzowT5kdkIHnIKTFW8h7va73TXrniVJ0Z8F/i5qQCORq98me3H9M0YtJQQbTuuE5i/Iwow6lgk1I31SwhdEQGrGOpJBHTfjY7doKPrNLHYaxsSYNn6s+JjERaj6PAdkbEDPWiNxX/8zqpCS/9jMskNUzS+aIwFdjEePo57nPFqBFjSwhV3N6K6ZAoQo3Np2RDcBdf/kuaJ1X3vHp2W6vUr/I4inAAh3AMLlxAHW6gAR5Q4PAEL/CKJHpGb+h93lpA+cw+/AL6+AY+o45U</latexit>

z43
<latexit sha1_base64="Wu7YZ+rj2GNwAxx50EWLgJ6tHZY=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewa/DgSvXjExAUSWEm3dKGh7W7arglu+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4upn6rUeqNIvlvRknNBB4IFnECDZW8p8ear1ar1xxq+4MaJl4OalAjkav/NXtxyQVVBrCsdYdz01MkGFlGOF0UuqmmiaYjPCAdiyVWFAdZLNjJ+jEKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVITXQUZk0lqqCTzRVHKkYnR9HPUZ4oSw8eWYKKYvRWRIVaYGJtPyYbgLb68TJpnVe+ien5Xq9Sv8ziKcATHcAoeXEIdbqEBPhBg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwBAJ45V</latexit>

z44

<latexit sha1_base64="z2A0OicG2TP3eoVgu7tPXFkLpSI=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYVP45ELx4xcYEEVtItXWjodjdt1wQ3/AYvHjTGqz/Im//GAntQ9CWTvLw3k5l5QSK4No7zhQpLyyura8X10sbm1vZOeXevqeNUUebRWMSqHRDNBJfMM9wI1k4UI1EgWCsYXU/91gNTmsfyzowT5kdkIHnIKTFW8h7vT3u1XrniVJ0Z8F/i5qQCORq98me3H9M0YtJQQbTuuE5i/Iwow6lgk1I31SwhdEQGrGOpJBHTfjY7doKPrNLHYaxsSYNn6s+JjERaj6PAdkbEDPWiNxX/8zqpCS/9jMskNUzS+aIwFdjEePo57nPFqBFjSwhV3N6K6ZAoQo3Np2RDcBdf/kuaJ1X3vHp2W6vUr/I4inAAh3AMLlxAHW6gAR5Q4PAEL/CKJHpGb+h93lpA+cw+/AL6+AY+oY5U</latexit>

z34
<latexit sha1_base64="HGNefcAJFvuNu7dEKVnfAu3OwOg=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiez6fSR68YiJCySwkm7pQkPb3bRdE9zwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63U1haXlldK66XNja3tnfKu3sNHaeKUJ/EPFatEGvKmaS+YYbTVqIoFiGnzXB4M/Gbj1RpFst7M0poIHBfsogRbKzkPz2cdk+75YpbdadAi8TLSQVy1Lvlr04vJqmg0hCOtW57bmKCDCvDCKfjUifVNMFkiPu0banEguogmx47RkdW6aEoVrakQVP190SGhdYjEdpOgc1Az3sT8T+vnZroKsiYTFJDJZktilKOTIwmn6MeU5QYPrIEE8XsrYgMsMLE2HxKNgRv/uVF0jipehfV87uzSu06j6MIB3AIx+DBJdTgFurgAwEGz/AKb450Xpx352PWWnDymX34A+fzBz0djlM=</latexit>

z33
<latexit sha1_base64="Vtv68hYqVkKi0cIEkHuOT32JYYM=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4Irv4eSR68YiJCySwkm7pQkPb3bRdE9zwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VoT6JeaxaIdaUM0l9wwynrURRLEJOm+HwZuI3H6nSLJb3ZpTQQOC+ZBEj2FjJf3o47Va7pbJbcadAi8TLSRly1Lulr04vJqmg0hCOtW57bmKCDCvDCKfjYifVNMFkiPu0banEguogmx47RsdW6aEoVrakQVP190SGhdYjEdpOgc1Az3sT8T+vnZroKsiYTFJDJZktilKOTIwmn6MeU5QYPrIEE8XsrYgMsMLE2HyKNgRv/uVF0qhWvIvK+d1ZuXadx1GAQziCE/DgEmpwC3XwgQCDZ3iFN0c6L8678zFrXXLymQP4A+fzBzuZjlI=</latexit>

z32

<latexit sha1_base64="0Q/hv3k1DKInXc5ARwCTm8Us+9w=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHaJX0eiF4+YuEACK+mWLjR0u5u2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q1HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbqZ+65EpzWN5b8YJ8yMykDzklBgreU8PtV6tV644VWcGvEzcnFQgR6NX/ur2Y5pGTBoqiNYd10mMnxFlOBVsUuqmmiWEjsiAdSyVJGLaz2bHTvCJVfo4jJUtafBM/T2RkUjrcRTYzoiYoV70puJ/Xic14ZWfcZmkhkk6XxSmApsYTz/Hfa4YNWJsCaGK21sxHRJFqLH5lGwI7uLLy6RZq7oX1fO7s0r9Oo+jCEdwDKfgwiXU4RYa4AEFDs/wCm9Iohf0jj7mrQWUzxzCH6DPHzoTjlE=</latexit>

z22
<latexit sha1_base64="XAh3ZCb+lnpt2Ob3foVf99DvJ6I=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4Irv4eSR68YiJCySwkm7pQkPb3bRdE9zwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VoT6JeaxaIdaUM0l9wwynrURRLEJOm+HwZuI3H6nSLJb3ZpTQQOC+ZBEj2FjJf3qodk+7pbJbcadAi8TLSRly1Lulr04vJqmg0hCOtW57bmKCDCvDCKfjYifVNMFkiPu0banEguogmx47RsdW6aEoVrakQVP190SGhdYjEdpOgc1Az3sT8T+vnZroKsiYTFJDJZktilKOTIwmn6MeU5QYPrIEE8XsrYgMsMLE2HyKNgRv/uVF0qhWvIvK+d1ZuXadx1GAQziCE/DgEmpwC3XwgQCDZ3iFN0c6L8678zFrXXLymQP4A+fzBzuXjlI=</latexit>

z23
<latexit sha1_base64="NpkV878exr/w3X9wVj+Hb2/QQSw=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZh4IrsEP45ELx4xcYEEVtItXWhou5u2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epItQnMY9VO8Saciapb5jhtJ0oikXIaSsc3Uz91iNVmsXy3owTGgg8kCxiBBsr+U8P1V6tVyq7FXcGtEy8nJQhR6NX+ur2Y5IKKg3hWOuO5yYmyLAyjHA6KXZTTRNMRnhAO5ZKLKgOstmxE3RqlT6KYmVLGjRTf09kWGg9FqHtFNgM9aI3Ff/zOqmJroKMySQ1VJL5oijlyMRo+jnqM0WJ4WNLMFHM3orIECtMjM2naEPwFl9eJs1qxbuonN/VyvXrPI4CHMMJnIEHl1CHW2iADwQYPMMrvDnSeXHenY9564qTzxzBHzifPz0bjlM=</latexit>

z24

<latexit sha1_base64="2o+FEDFfb10vspX/5iOXt9UdAnc=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHYNfhyJXjxi4gIJrKRbutDQ7W7arglu+A1ePGiMV3+QN/+NBfag4EsmeXlvJjPzgkRwbRznGxVWVtfWN4qbpa3tnd298v5BU8eposyjsYhVOyCaCS6ZZ7gRrJ0oRqJAsFYwupn6rUemNI/lvRknzI/IQPKQU2Ks5D09uL1ar1xxqs4MeJm4OalAjkav/NXtxzSNmDRUEK07rpMYPyPKcCrYpNRNNUsIHZEB61gqScS0n82OneATq/RxGCtb0uCZ+nsiI5HW4yiwnRExQ73oTcX/vE5qwis/4zJJDZN0vihMBTYxnn6O+1wxasTYEkIVt7diOiSKUGPzKdkQ3MWXl0nzrOpeVM/vapX6dR5HEY7gGE7BhUuowy00wAMKHJ7hFd6QRC/oHX3MWwsonzmEP0CfPzuVjlI=</latexit>

z14
<latexit sha1_base64="Ko+7YWmt/IHLTNWjnJFMHqvq7Kc=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiez6fSR68YiJCySwkm7pQkO33bRdE9zwG7x40Biv/iBv/hsL7EHBl0zy8t5MZuaFCWfauO63U1haXlldK66XNja3tnfKu3sNLVNFqE8kl6oVYk05E9Q3zHDaShTFcchpMxzeTPzmI1WaSXFvRgkNYtwXLGIEGyv5Tw9e97RbrrhVdwq0SLycVCBHvVv+6vQkSWMqDOFY67bnJibIsDKMcDoudVJNE0yGuE/blgocUx1k02PH6MgqPRRJZUsYNFV/T2Q41noUh7Yzxmag572J+J/XTk10FWRMJKmhgswWRSlHRqLJ56jHFCWGjyzBRDF7KyIDrDAxNp+SDcGbf3mRNE6q3kX1/O6sUrvO4yjCARzCMXhwCTW4hTr4QIDBM7zCmyOcF+fd+Zi1Fpx8Zh/+wPn8AToRjlE=</latexit>

z13
<latexit sha1_base64="93pUYdV5EzkXNocgF6qzogDQEy8=">AAAB7HicbVBNTwIxEJ3iF+IX6tFLIzHxRHaJX0eiF4+YuEACK+mWLjR0u5u2a4IbfoMXDxrj1R/kzX9jgT0o+JJJXt6bycy8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q1HGqKPNoLGLVDohmgkvmGW4EayeKkSgQrBWMbqZ+65EpzWN5b8YJ8yMykDzklBgreU8Pbq/WK1ecqjMDXiZuTiqQo9Erf3X7MU0jJg0VROuO6yTGz4gynAo2KXVTzRJCR2TAOpZKEjHtZ7NjJ/jEKn0cxsqWNHim/p7ISKT1OApsZ0TMUC96U/E/r5Oa8MrPuExSwySdLwpTgU2Mp5/jPleMGjG2hFDF7a2YDoki1Nh8SjYEd/HlZdKsVd2L6vndWaV+ncdRhCM4hlNw4RLqcAsN8IACh2d4hTck0Qt6Rx/z1gLKZw7hD9DnDziNjlA=</latexit>

z12
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<latexit sha1_base64="0dj4Y2Ex9ks/cQqKvzHHkZ5Oabw=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoPgIYSZ4IYgBL14jJANkiH09PQkTXoWumuUMOZTvHhQxKtf4s2/sZPMQRMfFDzeq6KqnhsLrsCyvo3cyura+kZ+s7C1vbO7Zxb3WypKJGVNGolIdlyimOAhawIHwTqxZCRwBWu7o9up335gUvEobMA4Zk5ABiH3OSWgpb5ZBHyNq2Xco14EqowbV32zZFWsGfAysTNSQhnqffOr50U0CVgIVBClurYVg5MSCZwKNin0EsViQkdkwLqahiRgyklnp0/wsVY87EdSVwh4pv6eSEmg1DhwdWdAYKgWvan4n9dNwL90Uh7GCbCQzhf5icAQ4WkO2OOSURBjTQiVXN+K6ZBIQkGnVdAh2IsvL5NWtWKfV87uT0u1myyOPDpER+gE2egC1dAdqqMmougRPaNX9GY8GS/Gu/Exb80Z2cwB+gPj8wdVvpIh</latexit>

t = 2, · · · , T :
<latexit sha1_base64="NQd5XeXipi3Ja3N9QURrswp2ZBk=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hDAjbghC0IsXIYJZIBlCT08nadLL0N2jhDGf4sWDIl79Em/+jZ1kDpr4oODxXhVV9cKYUW0879tZWFxaXlnNreXXNza3tt3CTl3LRGFSw5JJ1QyRJowKUjPUMNKMFUE8ZKQRDq7HfuOBKE2luDfDmAQc9QTtUoyMlTpugcNL6JdgG0fS6BK8vei4Ra/sTQDniZ+RIshQ7bhf7UjihBNhMENat3wvNkGKlKGYkVG+nWgSIzxAPdKyVCBOdJBOTh/BA6tEsCuVLWHgRP09kSKu9ZCHtpMj09ez3lj8z2slpnsepFTEiSECTxd1EwaNhOMcYEQVwYYNLUFYUXsrxH2kEDY2rbwNwZ99eZ7Uj8r+afnk7rhYucriyIE9sA8OgQ/OQAXcgCqoAQwewTN4BW/Ok/PivDsf09YFJ5vZBX/gfP4APn+SEg==</latexit>

m = 1, · · · ,M :
<latexit sha1_base64="W0fQRU/47NOJ4tK736r8WbS82HU=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FBKIn4di168CBVsKzShbDbbdulmE3Y3Qok9+Fe8eFDEq3/Dm//GbZuDtj4YeLw3w8y8IOFMacf5tgoLi0vLK8XV0tr6xuaWvb3TVHEqCW2QmMfyPsCKciZoQzPN6X0iKY4CTlvB4Grstx6oVCwWd3qYUD/CPcG6jGBtpI69J5DHTGVuBXkkjLWqoBtv1LHLTtWZAM0TNydlyFHv2F9eGJM0okITjpVqu06i/QxLzQino5KXKppgMsA92jZU4IgqP5vcP0KHRglRN5amhEYT9fdEhiOlhlFgOiOs+2rWG4v/ee1Udy/8jIkk1VSQ6aJuypGO0TgMFDJJieZDQzCRzNyKSB9LTLSJrGRCcGdfnifN46p7Vj29PSnXLvM4irAPB3AELpxDDa6hDg0g8AjP8Apv1pP1Yr1bH9PWgpXP7MIfWJ8/yx+UsQ==</latexit>

n 2 {1, · · · ,M}
<latexit sha1_base64="6aLZ9i/x186SIUSOzsqqH0EOB64=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpDFQJ4jVWsDAWiT6kJkSO67RWHSeyHVAVZWThV1gYQIiVT2Djb3DaDFA4kqWjc+6V7zl+zKhUlvVllObmFxaXysuVldW19Q1zc6sto0Rg0sIRi0TXR5IwyklLUcVINxYEhT4jHX90mfudOyIkjfiNGsfEDdGA04BipLTkmbtOiNTQ99NmVuMH0IlFFKsI3t9yL1WHduaZVatuTQD/ErsgVVCg6ZmfTj/CSUi4wgxJ2bOtWLkpEopiRrKKk0gSIzxCA9LTlKOQSDedBMngvlb6MIiEflzBifpzI0WhlOPQ15P52XLWy8X/vF6ignM3pTxOFOF4+lGQMKij5q3APhUEKzbWBGFB9a0QD5FAWOnuKroEezbyX9I+qtun9ZPr42rjoqijDHbAHqgBG5yBBrgCTdACGDyAJ/ACXo1H49l4M96noyWj2NkGv2B8fAMcW5lo</latexit>

P(n) / wn
t�1

<latexit sha1_base64="0UdRVwkiFWVRlSfmRwTUcIlSi34="></latexit>

zm1 ⇠ q(z1), wm
1 = p(zm1 , x1)/q(z

m
1 )

<latexit sha1_base64="VfPP9N3RrQ8wBo8YI7w40JgC1A8=">AAACCnicbVC5TgMxFPSGK4QrQEljiJBCQbSLuMoIGsogkQQpx8rrOIkV27vYb5GSVWoafoWGAoRo+QI6/gbnKCAwkqXRzDw9vwkiwQ247peTmptfWFxKL2dWVtfWN7KbWxUTxpqyMg1FqG8DYpjgipWBg2C3kWZEBoJVg97lyK/eM214qG6gH7GGJB3F25wSsJKf3R00pQ+4brjEd/nBiNo44EFT+QkcesMDP5tzC+4Y+C/xpiSHpij52c96K6SxZAqoIMbUPDeCRkI0cCrYMFOPDYsI7ZEOq1mqiGSmkYxPGeJ9q7RwO9T2KcBj9edEQqQxfRnYpCTQNbPeSPzPq8XQPm8kXEUxMEUni9qxwBDiUS+4xTWjIPqWEKq5/SumXaIJBdtexpbgzZ78l1SOCt5p4eT6OFe8mNaRRjtoD+WRh85QEV2hEiojih7QE3pBr86j8+y8Oe+TaMqZzmyjX3A+vgEESpnX</latexit>

zmt ⇠ q(zt|znt�1)
<latexit sha1_base64="im/q5Zp7J305CtOariVjTPalSh4=">AAACJ3icbVDLSgMxFM34rPVVdekmWAQLWmfE10YpunFZwdZCW4dMmmpoJjMmd9R27N+48VfcCCqiS//E9CFo64HA4ZxzubnHCwXXYNuf1sjo2PjEZGIqOT0zOzefWlgs6iBSlBVoIAJV8ohmgktWAA6ClULFiO8Jdu41jjv++Q1TmgfyDJohq/rkUvI6pwSM5KYOby98F/ABDtdaHbaO77pCxQwBbl1IN4YNp53Bm/i6l8D3PzK0M24qbWftLvAwcfokjfrIu6mXSi2gkc8kUEG0Ljt2CNWYKOBUsHayEmkWEtogl6xsqCQ+09W4e2cbrxqlhuuBMk8C7qq/J2Lia930PZP0CVzpQa8j/ueVI6jvV2MuwwiYpL1F9UhgCHCnNFzjilEQTUMIVdz8FdMroggFU23SlOAMnjxMiltZZze7c7qdzh3160igZbSC1pCD9lAOnaA8KiCKHtATekVv1qP1bL1bH73oiNWfWUJ/YH19A2JZpHE=</latexit>

wm
t = p(zmt , xm

t |znt�1)/q(z
m
t |znt�t)
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<latexit sha1_base64="0dj4Y2Ex9ks/cQqKvzHHkZ5Oabw=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoPgIYSZ4IYgBL14jJANkiH09PQkTXoWumuUMOZTvHhQxKtf4s2/sZPMQRMfFDzeq6KqnhsLrsCyvo3cyura+kZ+s7C1vbO7Zxb3WypKJGVNGolIdlyimOAhawIHwTqxZCRwBWu7o9up335gUvEobMA4Zk5ABiH3OSWgpb5ZBHyNq2Xco14EqowbV32zZFWsGfAysTNSQhnqffOr50U0CVgIVBClurYVg5MSCZwKNin0EsViQkdkwLqahiRgyklnp0/wsVY87EdSVwh4pv6eSEmg1DhwdWdAYKgWvan4n9dNwL90Uh7GCbCQzhf5icAQ4WkO2OOSURBjTQiVXN+K6ZBIQkGnVdAh2IsvL5NWtWKfV87uT0u1myyOPDpER+gE2egC1dAdqqMmougRPaNX9GY8GS/Gu/Exb80Z2cwB+gPj8wdVvpIh</latexit>

t = 2, · · · , T :
<latexit sha1_base64="NQd5XeXipi3Ja3N9QURrswp2ZBk=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hDAjbghC0IsXIYJZIBlCT08nadLL0N2jhDGf4sWDIl79Em/+jZ1kDpr4oODxXhVV9cKYUW0879tZWFxaXlnNreXXNza3tt3CTl3LRGFSw5JJ1QyRJowKUjPUMNKMFUE8ZKQRDq7HfuOBKE2luDfDmAQc9QTtUoyMlTpugcNL6JdgG0fS6BK8vei4Ra/sTQDniZ+RIshQ7bhf7UjihBNhMENat3wvNkGKlKGYkVG+nWgSIzxAPdKyVCBOdJBOTh/BA6tEsCuVLWHgRP09kSKu9ZCHtpMj09ez3lj8z2slpnsepFTEiSECTxd1EwaNhOMcYEQVwYYNLUFYUXsrxH2kEDY2rbwNwZ99eZ7Uj8r+afnk7rhYucriyIE9sA8OgQ/OQAXcgCqoAQwewTN4BW/Ok/PivDsf09YFJ5vZBX/gfP4APn+SEg==</latexit>

m = 1, · · · ,M :
<latexit sha1_base64="W0fQRU/47NOJ4tK736r8WbS82HU=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FBKIn4di168CBVsKzShbDbbdulmE3Y3Qok9+Fe8eFDEq3/Dm//GbZuDtj4YeLw3w8y8IOFMacf5tgoLi0vLK8XV0tr6xuaWvb3TVHEqCW2QmMfyPsCKciZoQzPN6X0iKY4CTlvB4Grstx6oVCwWd3qYUD/CPcG6jGBtpI69J5DHTGVuBXkkjLWqoBtv1LHLTtWZAM0TNydlyFHv2F9eGJM0okITjpVqu06i/QxLzQino5KXKppgMsA92jZU4IgqP5vcP0KHRglRN5amhEYT9fdEhiOlhlFgOiOs+2rWG4v/ee1Udy/8jIkk1VSQ6aJuypGO0TgMFDJJieZDQzCRzNyKSB9LTLSJrGRCcGdfnifN46p7Vj29PSnXLvM4irAPB3AELpxDDa6hDg0g8AjP8Apv1pP1Yr1bH9PWgpXP7MIfWJ8/yx+UsQ==</latexit>

n 2 {1, · · · ,M}
<latexit sha1_base64="6aLZ9i/x186SIUSOzsqqH0EOB64=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqpDFQJ4jVWsDAWiT6kJkSO67RWHSeyHVAVZWThV1gYQIiVT2Djb3DaDFA4kqWjc+6V7zl+zKhUlvVllObmFxaXysuVldW19Q1zc6sto0Rg0sIRi0TXR5IwyklLUcVINxYEhT4jHX90mfudOyIkjfiNGsfEDdGA04BipLTkmbtOiNTQ99NmVuMH0IlFFKsI3t9yL1WHduaZVatuTQD/ErsgVVCg6ZmfTj/CSUi4wgxJ2bOtWLkpEopiRrKKk0gSIzxCA9LTlKOQSDedBMngvlb6MIiEflzBifpzI0WhlOPQ15P52XLWy8X/vF6ignM3pTxOFOF4+lGQMKij5q3APhUEKzbWBGFB9a0QD5FAWOnuKroEezbyX9I+qtun9ZPr42rjoqijDHbAHqgBG5yBBrgCTdACGDyAJ/ACXo1H49l4M96noyWj2NkGv2B8fAMcW5lo</latexit>

P(n) / wn
t�1

<latexit sha1_base64="0UdRVwkiFWVRlSfmRwTUcIlSi34="></latexit>

zm1 ⇠ q(z1), wm
1 = p(zm1 , x1)/q(z

m
1 )

<latexit sha1_base64="VfPP9N3RrQ8wBo8YI7w40JgC1A8=">AAACCnicbVC5TgMxFPSGK4QrQEljiJBCQbSLuMoIGsogkQQpx8rrOIkV27vYb5GSVWoafoWGAoRo+QI6/gbnKCAwkqXRzDw9vwkiwQ247peTmptfWFxKL2dWVtfWN7KbWxUTxpqyMg1FqG8DYpjgipWBg2C3kWZEBoJVg97lyK/eM214qG6gH7GGJB3F25wSsJKf3R00pQ+4brjEd/nBiNo44EFT+QkcesMDP5tzC+4Y+C/xpiSHpij52c96K6SxZAqoIMbUPDeCRkI0cCrYMFOPDYsI7ZEOq1mqiGSmkYxPGeJ9q7RwO9T2KcBj9edEQqQxfRnYpCTQNbPeSPzPq8XQPm8kXEUxMEUni9qxwBDiUS+4xTWjIPqWEKq5/SumXaIJBdtexpbgzZ78l1SOCt5p4eT6OFe8mNaRRjtoD+WRh85QEV2hEiojih7QE3pBr86j8+y8Oe+TaMqZzmyjX3A+vgEESpnX</latexit>

zmt ⇠ q(zt|znt�1)
<latexit sha1_base64="im/q5Zp7J305CtOariVjTPalSh4=">AAACJ3icbVDLSgMxFM34rPVVdekmWAQLWmfE10YpunFZwdZCW4dMmmpoJjMmd9R27N+48VfcCCqiS//E9CFo64HA4ZxzubnHCwXXYNuf1sjo2PjEZGIqOT0zOzefWlgs6iBSlBVoIAJV8ohmgktWAA6ClULFiO8Jdu41jjv++Q1TmgfyDJohq/rkUvI6pwSM5KYOby98F/ABDtdaHbaO77pCxQwBbl1IN4YNp53Bm/i6l8D3PzK0M24qbWftLvAwcfokjfrIu6mXSi2gkc8kUEG0Ljt2CNWYKOBUsHayEmkWEtogl6xsqCQ+09W4e2cbrxqlhuuBMk8C7qq/J2Lia930PZP0CVzpQa8j/ueVI6jvV2MuwwiYpL1F9UhgCHCnNFzjilEQTUMIVdz8FdMroggFU23SlOAMnjxMiltZZze7c7qdzh3160igZbSC1pCD9lAOnaA8KiCKHtATekVv1qP1bL1bH73oiNWfWUJ/YH19A2JZpHE=</latexit>

wm
t = p(zmt , xm

t |znt�1)/q(z
m
t |znt�t)



Marginal Particle Filter

For

For

Set

<latexit sha1_base64="0dj4Y2Ex9ks/cQqKvzHHkZ5Oabw=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoPgIYSZ4IYgBL14jJANkiH09PQkTXoWumuUMOZTvHhQxKtf4s2/sZPMQRMfFDzeq6KqnhsLrsCyvo3cyura+kZ+s7C1vbO7Zxb3WypKJGVNGolIdlyimOAhawIHwTqxZCRwBWu7o9up335gUvEobMA4Zk5ABiH3OSWgpb5ZBHyNq2Xco14EqowbV32zZFWsGfAysTNSQhnqffOr50U0CVgIVBClurYVg5MSCZwKNin0EsViQkdkwLqahiRgyklnp0/wsVY87EdSVwh4pv6eSEmg1DhwdWdAYKgWvan4n9dNwL90Uh7GCbCQzhf5icAQ4WkO2OOSURBjTQiVXN+K6ZBIQkGnVdAh2IsvL5NWtWKfV87uT0u1myyOPDpER+gE2egC1dAdqqMmougRPaNX9GY8GS/Gu/Exb80Z2cwB+gPj8wdVvpIh</latexit>

t = 2, · · · , T :
<latexit sha1_base64="NQd5XeXipi3Ja3N9QURrswp2ZBk=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hDAjbghC0IsXIYJZIBlCT08nadLL0N2jhDGf4sWDIl79Em/+jZ1kDpr4oODxXhVV9cKYUW0879tZWFxaXlnNreXXNza3tt3CTl3LRGFSw5JJ1QyRJowKUjPUMNKMFUE8ZKQRDq7HfuOBKE2luDfDmAQc9QTtUoyMlTpugcNL6JdgG0fS6BK8vei4Ra/sTQDniZ+RIshQ7bhf7UjihBNhMENat3wvNkGKlKGYkVG+nWgSIzxAPdKyVCBOdJBOTh/BA6tEsCuVLWHgRP09kSKu9ZCHtpMj09ez3lj8z2slpnsepFTEiSECTxd1EwaNhOMcYEQVwYYNLUFYUXsrxH2kEDY2rbwNwZ99eZ7Uj8r+afnk7rhYucriyIE9sA8OgQ/OQAXcgCqoAQwewTN4BW/Ok/PivDsf09YFJ5vZBX/gfP4APn+SEg==</latexit>

m = 1, · · · ,M :

<latexit sha1_base64="0UdRVwkiFWVRlSfmRwTUcIlSi34="></latexit>

zm1 ⇠ q(z1), wm
1 = p(zm1 , x1)/q(z

m
1 )

Sample        from mixture of 
<latexit sha1_base64="vpQ/buYxolKLyK8KYWwalxkGDD4=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lUT8Oha9eKxg2kIby2a7aZfubsLuRKilv8GLB0W8+oO8+W/ctjlo64OBx3szzMyLUsENet63s7S8srq2Xtgobm5t7+yW9vbrJsk0ZQFNRKKbETFMcMUC5ChYM9WMyEiwRjS4mfiNR6YNT9Q9DlMWStJTPOaUoJWCpwfZwU6p7FW8KdxF4uekDDlqndJXu5vQTDKFVBBjWr6XYjgiGjkVbFxsZ4alhA5Ij7UsVUQyE46mx47dY6t03TjRthS6U/X3xIhIY4Yysp2SYN/MexPxP6+VYXwVjrhKM2SKzhbFmXAxcSefu12uGUUxtIRQze2tLu0TTSjafIo2BH/+5UVSP634F5Xzu7Ny9TqPowCHcAQn4MMlVOEWahAABQ7P8ApvjnJenHfnY9a65OQzB/AHzucP9/2Ozg==</latexit>

zmt
<latexit sha1_base64="Zq5brk/F1J10nzp3EhpnC6wVX5o=">AAACHXicbVC7SgNBFJ31GeMramkzGIRYGHYlPsqgjZVEMA9I1mV2dpIMmX04c1dIlvyIjb9iY6GIhY34N06SLUzigYHDOedy5x43ElyBaf4YC4tLyyurmbXs+sbm1nZuZ7emwlhSVqWhCGXDJYoJHrAqcBCsEUlGfFewutu7Gvn1RyYVD4M76EfM9kkn4G1OCWjJyZUeCgPHwi2dATy4t5wEjq3hEW5RLwSFp92b1HVyebNojoHniZWSPEpRcXJfLS+ksc8CoIIo1bTMCOyESOBUsGG2FSsWEdojHdbUNCA+U3Yyvm6ID7Xi4XYo9QsAj9W/Ewnxler7rk76BLpq1huJ/3nNGNoXdsKDKAYW0MmidiwwhHhUFfa4ZBREXxNCJdd/xbRLJKGgC83qEqzZk+dJ7aRonRVPb0v58mVaRwbtowNUQBY6R2V0jSqoiih6Qi/oDb0bz8ar8WF8TqILRjqzh6ZgfP8CbK+gSQ==</latexit>

q(z1|z1t�1) · · · q(z1|zNt�1)

with weights
<latexit sha1_base64="BNBDiEeOkgOgYavg0AXkHhsqe54=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAbBi2FG3I5BL54kglkgmQw9PZ2kSc9Cd40hDAEv/ooXD4p49Se8+Td2kjlo4oOCx3tVVNXzYsEVWNa3kVtYXFpeya8W1tY3NrfM7Z2aihJJWZVGIpINjygmeMiqwEGwRiwZCTzB6l7/euzXH5hUPArvYRgzJyDdkHc4JaAl19wbtG03hWN7hFvUj0DhQft2Krhm0SpZE+B5YmekiDJUXPOr5Uc0CVgIVBClmrYVg5MSCZwKNiq0EsViQvuky5qahiRgykknP4zwoVZ83ImkrhDwRP09kZJAqWHg6c6AQE/NemPxP6+ZQOfSSXkYJ8BCOl3USQSGCI8DwT6XjIIYakKo5PpWTHtEEgo6toIOwZ59eZ7UTkr2eens7rRYvsriyKN9dICOkI0uUBndoAqqIooe0TN6RW/Gk/FivBsf09ackc3soj8wPn8Ar9aW7Q==</latexit>

w1
t�1 · · ·wN

t�1
<latexit sha1_base64="im/q5Zp7J305CtOariVjTPalSh4=">AAACJ3icbVDLSgMxFM34rPVVdekmWAQLWmfE10YpunFZwdZCW4dMmmpoJjMmd9R27N+48VfcCCqiS//E9CFo64HA4ZxzubnHCwXXYNuf1sjo2PjEZGIqOT0zOzefWlgs6iBSlBVoIAJV8ohmgktWAA6ClULFiO8Jdu41jjv++Q1TmgfyDJohq/rkUvI6pwSM5KYOby98F/ABDtdaHbaO77pCxQwBbl1IN4YNp53Bm/i6l8D3PzK0M24qbWftLvAwcfokjfrIu6mXSi2gkc8kUEG0Ljt2CNWYKOBUsHayEmkWEtogl6xsqCQ+09W4e2cbrxqlhuuBMk8C7qq/J2Lia930PZP0CVzpQa8j/ueVI6jvV2MuwwiYpL1F9UhgCHCnNFzjilEQTUMIVdz8FdMroggFU23SlOAMnjxMiltZZze7c7qdzh3160igZbSC1pCD9lAOnaA8KiCKHtATekVv1qP1bL1bH73oiNWfWUJ/YH19A2JZpHE=</latexit>

wm
t = p(zmt , xm

t |znt�1)/q(z
m
t |znt�t)



Marginal Particle Filter

For

For

<latexit sha1_base64="0dj4Y2Ex9ks/cQqKvzHHkZ5Oabw=">AAAB+nicbVDJSgNBEO2JW4zbRI9eGoPgIYSZ4IYgBL14jJANkiH09PQkTXoWumuUMOZTvHhQxKtf4s2/sZPMQRMfFDzeq6KqnhsLrsCyvo3cyura+kZ+s7C1vbO7Zxb3WypKJGVNGolIdlyimOAhawIHwTqxZCRwBWu7o9up335gUvEobMA4Zk5ABiH3OSWgpb5ZBHyNq2Xco14EqowbV32zZFWsGfAysTNSQhnqffOr50U0CVgIVBClurYVg5MSCZwKNin0EsViQkdkwLqahiRgyklnp0/wsVY87EdSVwh4pv6eSEmg1DhwdWdAYKgWvan4n9dNwL90Uh7GCbCQzhf5icAQ4WkO2OOSURBjTQiVXN+K6ZBIQkGnVdAh2IsvL5NWtWKfV87uT0u1myyOPDpER+gE2egC1dAdqqMmougRPaNX9GY8GS/Gu/Exb80Z2cwB+gPj8wdVvpIh</latexit>

t = 2, · · · , T :
<latexit sha1_base64="NQd5XeXipi3Ja3N9QURrswp2ZBk=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hDAjbghC0IsXIYJZIBlCT08nadLL0N2jhDGf4sWDIl79Em/+jZ1kDpr4oODxXhVV9cKYUW0879tZWFxaXlnNreXXNza3tt3CTl3LRGFSw5JJ1QyRJowKUjPUMNKMFUE8ZKQRDq7HfuOBKE2luDfDmAQc9QTtUoyMlTpugcNL6JdgG0fS6BK8vei4Ra/sTQDniZ+RIshQ7bhf7UjihBNhMENat3wvNkGKlKGYkVG+nWgSIzxAPdKyVCBOdJBOTh/BA6tEsCuVLWHgRP09kSKu9ZCHtpMj09ez3lj8z2slpnsepFTEiSECTxd1EwaNhOMcYEQVwYYNLUFYUXsrxH2kEDY2rbwNwZ99eZ7Uj8r+afnk7rhYucriyIE9sA8OgQ/OQAXcgCqoAQwewTN4BW/Ok/PivDsf09YFJ5vZBX/gfP4APn+SEg==</latexit>

m = 1, · · · ,M :

<latexit sha1_base64="0UdRVwkiFWVRlSfmRwTUcIlSi34="></latexit>

zm1 ⇠ q(z1), wm
1 = p(zm1 , x1)/q(z

m
1 )

Sample        from mixture of 
<latexit sha1_base64="vpQ/buYxolKLyK8KYWwalxkGDD4=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lUT8Oha9eKxg2kIby2a7aZfubsLuRKilv8GLB0W8+oO8+W/ctjlo64OBx3szzMyLUsENet63s7S8srq2Xtgobm5t7+yW9vbrJsk0ZQFNRKKbETFMcMUC5ChYM9WMyEiwRjS4mfiNR6YNT9Q9DlMWStJTPOaUoJWCpwfZwU6p7FW8KdxF4uekDDlqndJXu5vQTDKFVBBjWr6XYjgiGjkVbFxsZ4alhA5Ij7UsVUQyE46mx47dY6t03TjRthS6U/X3xIhIY4Yysp2SYN/MexPxP6+VYXwVjrhKM2SKzhbFmXAxcSefu12uGUUxtIRQze2tLu0TTSjafIo2BH/+5UVSP634F5Xzu7Ny9TqPowCHcAQn4MMlVOEWahAABQ7P8ApvjnJenHfnY9a65OQzB/AHzucP9/2Ozg==</latexit>

zmt
<latexit sha1_base64="Zq5brk/F1J10nzp3EhpnC6wVX5o=">AAACHXicbVC7SgNBFJ31GeMramkzGIRYGHYlPsqgjZVEMA9I1mV2dpIMmX04c1dIlvyIjb9iY6GIhY34N06SLUzigYHDOedy5x43ElyBaf4YC4tLyyurmbXs+sbm1nZuZ7emwlhSVqWhCGXDJYoJHrAqcBCsEUlGfFewutu7Gvn1RyYVD4M76EfM9kkn4G1OCWjJyZUeCgPHwi2dATy4t5wEjq3hEW5RLwSFp92b1HVyebNojoHniZWSPEpRcXJfLS+ksc8CoIIo1bTMCOyESOBUsGG2FSsWEdojHdbUNCA+U3Yyvm6ID7Xi4XYo9QsAj9W/Ewnxler7rk76BLpq1huJ/3nNGNoXdsKDKAYW0MmidiwwhHhUFfa4ZBREXxNCJdd/xbRLJKGgC83qEqzZk+dJ7aRonRVPb0v58mVaRwbtowNUQBY6R2V0jSqoiih6Qi/oDb0bz8ar8WF8TqILRjqzh6ZgfP8CbK+gSQ==</latexit>

q(z1|z1t�1) · · · q(z1|zNt�1)

with weights
<latexit sha1_base64="BNBDiEeOkgOgYavg0AXkHhsqe54=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAbBi2FG3I5BL54kglkgmQw9PZ2kSc9Cd40hDAEv/ooXD4p49Se8+Td2kjlo4oOCx3tVVNXzYsEVWNa3kVtYXFpeya8W1tY3NrfM7Z2aihJJWZVGIpINjygmeMiqwEGwRiwZCTzB6l7/euzXH5hUPArvYRgzJyDdkHc4JaAl19wbtG03hWN7hFvUj0DhQft2Krhm0SpZE+B5YmekiDJUXPOr5Uc0CVgIVBClmrYVg5MSCZwKNiq0EsViQvuky5qahiRgykknP4zwoVZ83ImkrhDwRP09kZJAqWHg6c6AQE/NemPxP6+ZQOfSSXkYJ8BCOl3USQSGCI8DwT6XjIIYakKo5PpWTHtEEgo6toIOwZ59eZ7UTkr2eens7rRYvsriyKN9dICOkI0uUBndoAqqIooe0TN6RW/Gk/FivBsf09ackc3soj8wPn8Ar9aW7Q==</latexit>

w1
t�1 · · ·wN

t�1<latexit sha1_base64="/Da0olqie5ex6dGl+7MVTl1QWoI="></latexit>

wm
t =

PM
n=1 wn

t�1p(z
m
t ,xm

t |zn
t�1)PM

n=1 wn
t�1q(z

m
t |zn

t�1)
Set

<latexit sha1_base64="e3TcT3gP0id2kaNSaJyg3W1d8Jo=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2AR6qbMiK+NUBTBjVDFPqAdhkyatqGZB0lGLEPBX3HjQhG3foc7/8ZMOwttPRA4nHMv9+R4EWdSWda3kZubX1hcyi8XVlbX1jfMza26DGNBaI2EPBRND0vKWUBriilOm5Gg2Pc4bXiDy9RvPFAhWRjcq2FEHR/3AtZlBCstueZO28eq73nJ1QjduTfoHEWlxwPXLFplaww0S+yMFCFD1TW/2p2QxD4NFOFYypZtRcpJsFCMcDoqtGNJI0wGuEdbmgbYp9JJxvFHaF8rHdQNhX6BQmP190aCfSmHvqcn07By2kvF/7xWrLpnTsKCKFY0IJND3ZgjFaK0C9RhghLFh5pgIpjOikgfC0yUbqygS7CnvzxL6odl+6R8fHtUrFxkdeRhF/agBDacQgWuoQo1IJDAM7zCm/FkvBjvxsdkNGdkO9vwB8bnD0ARlGI=</latexit>

ERM = p(x)

Maximize                    , approximate 
<latexit sha1_base64="xUmszp6sE2eZwr88wnBftxLKV9g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyIr2VRBDdCFfuAzjBk0kwbmkmGJCOUof6KGxeKuPVD3Pk3ZtpZaOuBwOGce7knJ0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC0VXudx6JVFTwBz1OiB+jAacRxUgbKbCrXoz0MAyz6wn0mBjA++A2sGtO3ZkCLhK3IDVQoBnYX15f4DQmXGOGlOq5TqL9DElNMSOTipcqkiA8QgPSM5SjmCg/m4afwEOj9GEkpHlcw6n6eyNDsVLjODSTeVQ17+Xif14v1dGFn1GepJpwPDsUpQxqAfMmYJ9KgjUbG4KwpCYrxEMkEdamr4opwZ3/8iJpH9fds/rp3UmtcVnUUQb74AAcARecgwa4AU3QAhiMwTN4BW/Wk/VivVsfs9GSVexUwR9Ynz/3PJRW</latexit>

E logRM
(Lai, D., Sheldon, 2022)

<latexit sha1_base64="0SqB1GBPmI010Q/iaZNn4brtK48=">AAAB9XicbVDJTgJBFHyDG+KGevTSkZjghcwYtyPRi0dM2BIYSU/TQIeeJd1vVJzwH148aIxX/8Wbf2MDc1Cwkk4qVfXyXpcXSaHRtr+tzNLyyupadj23sbm1vZPf3avrMFaM11goQ9X0qOZSBLyGAiVvRopT35O84Q2vJ37jnistwqCKo4i7Pu0HoicYRSPdRcWnTpW0TQLJ43EnX7BL9hRkkTgpKUCKSif/1e6GLPZ5gExSrVuOHaGbUIWCST7OtWPNI8qGtM9bhgbU59pNplePyZFRuqQXKvMCJFP190RCfa1HvmeSPsWBnvcm4n9eK8bepZuIIIqRB2y2qBdLgiGZVEC6QnGGcmQIZUqYWwkbUEUZmqJypgRn/suLpH5Scs5LZ7enhfJVWkcWDuAQiuDABZThBipQAwYKnuEV3qwH68V6tz5m0YyVzuzDH1ifP2txkdM=</latexit>

p(zT |x)

<latexit sha1_base64="elCfR5j6x0koNWmnUOKlRwkxIFA="></latexit>

RM :=
QT

t=1
1
M

PM
m=1 w

m
t



Better... sometimes
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Weighting

VSMC (recent method)

VMPF Variational Marginal 
Particle Filter 
(proposed)



Variational Annealing



MCMC

(Figure from Lan et al., 2012)

Idea: Find     such that                      ,
optimize                    

<latexit sha1_base64="xUmszp6sE2eZwr88wnBftxLKV9g=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyIr2VRBDdCFfuAzjBk0kwbmkmGJCOUof6KGxeKuPVD3Pk3ZtpZaOuBwOGce7knJ0wYVdpxvq3S0vLK6lp5vbKxubW9Y+/utZVIJSYtLJiQ3RApwignLU01I91EEhSHjHTC0VXudx6JVFTwBz1OiB+jAacRxUgbKbCrXoz0MAyz6wn0mBjA++A2sGtO3ZkCLhK3IDVQoBnYX15f4DQmXGOGlOq5TqL9DElNMSOTipcqkiA8QgPSM5SjmCg/m4afwEOj9GEkpHlcw6n6eyNDsVLjODSTeVQ17+Xif14v1dGFn1GepJpwPDsUpQxqAfMmYJ9KgjUbG4KwpCYrxEMkEdamr4opwZ3/8iJpH9fds/rp3UmtcVnUUQb74AAcARecgwa4AU3QAhiMwTN4BW/Wk/VivVsfs9GSVexUwR9Ynz/3PJRW</latexit>

E logRM

1. Initial dist, mass matrix, step size, 
annealing schedule

<latexit sha1_base64="GPH2TYt1EGKekkbFk7x+twU+C1c=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLUTUnE10YoiuCyin1AG8pkOmmHTh7MTMQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmuBFnUlnWt7GwuLS8slpYK65vbG5tmzu7TRnGgtAGCXko2i6WlLOANhRTnLYjQbHvctpyR1eZ33qgQrIwuFdJRB0fDwLmMYKVlnpmqetjNXTd9HqM7tAFiiqPhz2zbFWtCdA8sXNShhz1nvnV7Yck9mmgCMdSdmwrUk6KhWKE03GxG0saYTLCA9rRNMA+lU46CT9GB1rpIy8U+gUKTdTfGyn2pUx8V09mUeWsl4n/eZ1YeedOyoIoVjQg00NezJEKUdYE6jNBieKJJpgIprMiMsQCE6X7KuoS7Nkvz5PmUdU+rZ7cHpdrl3kdBdiDfaiADWdQgxuoQwMIJPAMr/BmPBkvxrvxMR1dMPKdEvyB8fkD4u6Tog==</latexit>

ER = p(x)
<latexit sha1_base64="vfR8Ei+JKCvm0xvUnoQ8DXdY8+4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0cw8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AK/hjOA=</latexit>

R

2. Use MCMC to support maximum-
likelihood learning
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MCMC
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2. For 𝑘 = 1,2,⋯𝐾 − 1, sample 𝑧"#!~𝑇(/ |𝑧") where 𝑇 is one 
iteration of MCMC



Augmentation

Instead: Use full trace 𝑞$ 𝑧!, ⋯ , 𝑧%
• Augment 𝑝 into 𝑝′(𝑧!, ⋯ , 𝑧% , 𝑥)
• Solve min&∈()*+,- KL (𝑞′(𝑧!, ⋯ , 𝑧%)||𝑝′(𝑧!, ⋯ , 𝑧%|𝑥))

Problem: Intractable to compute 𝑞′(𝑧%)



Bridging the Gap  

𝑞′ 𝑧+, ⋯ , 𝑧, = 𝑞 𝑧+ '
-.+

,/+
𝑞 (𝑧-0+|𝑧-)

𝑝′ 𝑧+, ⋯ , 𝑧,, 𝑥 = 𝑝 𝑧,, 𝑥 '
-.+

,/+
𝑝 (𝑧-|𝑧-0+)

one iteration
of MCMC

learned 
starting dist

original
target

learned inverse 
dynamics

Good: Can optimize “end to end” (dropping accept/reject) 
Bad: Learning inverse dynamics is hard.

(Salimans et al. 2015)



Annealed Importance Sampling

Good: 𝑝′ 𝑧!, ⋯ , 𝑧% , 𝑥 /𝑞′ 𝑧!, ⋯ , 𝑧% has simple closed form.
Good: No need to learn inverse dynamics.
Bad: Must use accept/reject steps. Hard to optimize.

Bridging 
densities 𝜋!⋯𝜋"
go from 𝑞(𝑧!) to 

𝑝(𝑧#|𝑥).

“reversal” of
𝑞 (𝑧!"#|𝑧!) w.r.t. 𝜋!

𝑞′ 𝑧+, ⋯ , 𝑧, = 𝑞 𝑧+ '
-.+

,/+
𝑞 (𝑧-0+|𝑧-)

𝑝′ 𝑧+, ⋯ , 𝑧,, 𝑥 = 𝑝 𝑧,, 𝑥 '
-.+

,/+
𝑝 (𝑧-|𝑧-0+)

learned 
starting dist

one iteration
of MCMC on 𝜋!

original
target

(Jarzynski 1997, Neal 2001)



Uncorrected Hamiltonian Annealing

“run HMC backwards” 
for one iteration

Good: 𝑝′ 𝑧!, ⋯ , 𝑧% , 𝑥 /𝑞′ 𝑧!, ⋯ , 𝑧% has simple closed form.
Good: No need to learn inverse dynamics.
Good: Fully differentiable, can optimize “end to end”.

with NO CORRECTION

Bridging 
densities 𝜋!⋯𝜋"
go from 𝑞(𝑧!) to 

𝑝(𝑧#|𝑥).

𝑞′ 𝑧+, ⋯ , 𝑧, = 𝑞 𝑧+ '
-.+

,/+
𝑞 (𝑧-0+|𝑧-)

𝑝′ 𝑧+, ⋯ , 𝑧,, 𝑥 = 𝑝 𝑧,, 𝑥 '
-.+

,/+
𝑝 (𝑧-|𝑧-0+)

learned 
starting dist

one iteration
of HMC on 𝜋!

original
target

(Geffner & D. 2021, Zhang et al. 2021)



Algorithm

Sample state 𝑧!~𝑞 and momentum 𝜌!~𝑆.

Initialize ELBO estimator as ℒ ← − log 𝑞 𝑧! .
For 𝑘 = 1,2,⋯ , 𝐾 − 1:

Sample new momentum 𝜌1.
𝑧-0+, 𝜌-0+ ← HMC with target 𝜋- and starting point (𝑧-, 𝜌′).

Update estimator as ℒ ← ℒ + log 𝑆 𝜌-0+ − log 𝑆 𝜌1

Update estimator as ℒ ← ℒ + log 𝑝(𝑧% , 𝑥)

Can compute gradients for initial distribution 𝑞, bridging 
schedule, HMC hyperparameters, etc. 



Tuning stuff is good

ε – step size of HMC dynamics
η – damping coefficient
Σ – moment covariance
β – temperature schedule
ψ – “full rank” temperature schedule
q – initial distribution (K = total # of evaluations of 𝑝 𝑧, 𝑥 per ELBO est.)



Tuning more stuff is good

ε – step size of HMC dynamics
η – damping coefficient
Σ – moment covariance
β – temperature schedule
ψ – “full rank” temperature schedule
q – initial distribution

Figure 2: UHA tuning all parameters leads to better performance than other methods.

that tuning the bridging parameters � and the initial approximation q(z) leads to the largest gains in
performance, and that tuning all parameters always outperforms tuning smaller subsets of parameters.
We show a more thorough analysis, including more subsets and values of K in Appendix B.

Figure 3: Tuning all parameters leads to better results than tuning subsets of them. Largest
gains are obtained by tuning bridging coefficients � and initial distribution q. ELBO achieved
as a function of parameters tuned (x-axis), for K = 64. The subsets are ordered in terms of increasing
performance (same ordering is used for all four models). Parameters are step-size ✏, damping
coefficient ⌘, moment covariance ⌃, bridging densities parameters � and  , initial distribution q.

Finally, Appendix E shows results comparing UHA (tuning several parameters) against HMC, mean
field VI and IW in terms of the approximation accuracy achieved on a logistic regression model with
a fixed computational budget.

5.3 VAE training

Our method can be used to train latent variable models, such as Variational Auto-encoders (VAE)
[24, 31]. In this case the initial approximation q(z|x) and the model p(x, z) are parameterized by
two neural networks (encoder and decoder), whose parameters are trained by maximizing the ELBO.
UHA can be used to train VAEs by augmenting these two distributions as described in Section 3.

Datasets. We use three datasets: mnist [25] (numbers 1-9), emnist-letters [11] (letters A-Z), and
kmnist [10] (cursive Kuzushiji). All consist on greyscale images of 28⇥28 pixels. In all cases we use
stochastic binarization [33] and a training set of 50000 samples, a validation set of 10000 samples,
and a test set of 10000 samples. All datasets are available in tensorflow-datasets [1].

Baselines. We compare against Importance Weighted Auto-encoders [6] and plain VAE training [24].

Architecture details. We set q(z|x) to a diagonal Gaussian, p(z) to a standard Normal, and p(x|z)
to a Bernoulli. We consider two architectures for the encoder and decoder: (1) Feed forward networks
with one hidden layer of size 450 and Relu non-linearities, with a latent space dimensionality of 64;
(2) Architecture used by Burda et al. [6], feed forward networks with two hidden layers of size 200

with tanh non-linearities, with a latent space dimensionality of 50.

Training details. In all cases the encoder and decoder are initialized to parameters that maximize
the ELBO. For IW we tune the encoder and decoder parameters (using the doubly-reparameterized
estimator [40]), and for UHA we tune the integration step-size ✏, damping coefficient ⌘, bridging
parameters �, momentum covariance ⌃ (diagonal), and the decoder parameters. Following Caterini
et al. [7] we constrain ✏ 2 (0, 0.05) to avoid unstable behavior of the leapfrog discretization. We use
Adam with a step-size of 10�4 to train for 100 epochs and use the validation set for early stopping.
We repeated all simulations for three different random seeds. In all cases the standard deviation of
the results was less than 0.1 nats (not shown in tables).

9
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Compares well to baselines

UHA Our algorithm

HAIS Annealed 
Importance 
Sampling using 
HMC dynamics

IW Importance 
Weighting

HVI “Bridging the 
gap” using HMC 
dynamics

HVAE (Recent 
algorithm)



VAE training

All methods achieved better results using the architecture with one hidden layer. These results
are shown in Tables 2 and 3. The first one shows the ELBO on the test set achieved for different
values of K, and the second one the log-likelihood on the test set estimated with AIS [44]. It can
be observed that UHA leads to higher ELBOs, higher log-likelihoods, and smaller variational gaps
(difference between ELBO and log-likelihood) than IW for all datasets, with the difference between
both methods’ performance increasing for increasing K. Notably, for K = 64, the variational gap
for UHA becomes quite small, ranging from 0.8 to 1.4 nats depending on the dataset.

Results for the architecture from Burda et al. [6] (two hidden layers) are shown in Tables 4 and
5 (Appendix C). Again, we observe that UHA consistently leads to higher ELBOs and the best
test log-likelihood was consistently achieved by UHA with K = 64. However, for smaller K, IW
sometimes had better log-likelihoods than UHA (despite worse ELBOs).

Table 2: ELBO on the test set (higher is better). For K = 1 both methods reduce to plain VI.

K = 1 K = 8 K = 16 K = 32 K = 64

mnist UHA �93.4 �89.8 �88.8 �88.1 �87.6
IW �93.4 �90.5 �89.9 �89.4 �89.0

letters UHA �137.9 �133.5 �132.3 �131.5 �130.9
IW �137.9 �134.6 �133.9 �133.2 �132.7

kmnist UHA �184.2 �176.6 �174.6 �173.2 �171.6
IW �184.2 �179.7 �178.7 �177.8 �177.0

Table 3: Log-likelihood on the test set (higher is better). This is estimated using AIS with under-
damped HMC using 2000 bridging densities, 1 HMC iteration with 16 leapfrog steps per bridging
density, integration step-size ✏ = 0.06, and damping coefficient ⌘ = 0.8.

K = 1 K = 8 K = 16 K = 32 K = 64

mnist UHA �88.5 �87.5 �87.2 �87.0 �86.9
IW �88.5 �87.6 �87.5 �87.3 �87.2

letters UHA �131.9 �130.7 �130.3 �130.1 �129.9
IW �131.9 �130.9 �130.7 �130.6 �130.4

kmnist UHA �174.3 �172.2 �171.6 �171.2 �170.2
IW �174.3 �173.0 �172.6 �172.4 �172.2

6 Discussion

Since UHA yields a differentiable lower bound, one could tune other parameters not considered in
this work. For instance, a different momentum distribution per bridging density could be used, that
is, ⇡̄m(z, ⇢) = ⇡̄m(z)Sm(⇢). We believe additions such as this may yield further gains. Also, our
method can be used to get tight and differentiable upper bounds on logZ using the reversed AIS
procedure described by Grosse et al. [18].

Finally, removing accept-reject steps might sometimes lead to instabilities during optimization if
the step-size ✏ becomes large. We observed this effect when training VAEs on some datasets for the
larger values of K. We solved this by constraining the range of ✏ (previously done by Caterini et al.
[7]). While this simple solution works well, we believe that other approaches (e.g. regularization,
automatic adaptation) could work even better. We leave the study of such alternatives for future work.
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