Monte Carlo
Variational Inference

Justin Domke, Computer Science, University of
Massachusetts Amherst

Sample state z;~qg and momentum p;~S.
Initialize estimator as £ « — logq(z;).

Form=1,2,---,K—1:
Sample new momentum p’.
(Zx+1, Pr+1) < HMC with target m, and starting point (z, p").
Update estimator as £ « £ + log S(pj+1) — log S(p") -3

Update estimator as £ « L + logp(zk, x)
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Calibration

Markov chain Monte Carlo
varlational inference
sequential Monte Carlo
importance sampling
stratified sampling
KL-divergence

ELBO

Annealed 1mportance sampling
Hamiltonian Monte Carlo
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Bayesian inference

domain latent z observed x

epidemiology infections, transmission rate, recovery time  cases

political science candidate popularity, pollster biases polls

astrophysics 14 parameters of the universe 2677 statistical measurements
from galaxy survey

ecology # animals in different locations over time surveys

phylogenetics evolutionary history genomic data

1. Write down prior p(z).

2. Write down likelihood p(x|z).

3. Observe data x.

4. Use posterior p(z|x).



Posterior

p(z,x)
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Markov chain Monte Carlo (MCMC)




Variational Inference (VI)
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Variational Inference (VI)
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Variational Inference (VI)

min ~KL(¢[|p)

geFamily



Variational Inference (VI)

/
o

min ~KL(¢[|p)

geFamily



Folk Wisdom

MCMC
More

Accurate

Vi

Less
Accurate

Slower Faster



This Talk

MCMC

More

Accurate
“Put some Monte Carlo
inside of VI”
Vi

Less

Accurate

Slower Faster



Outline

Importance Weighted VI

Variational Particle Filters

Variational MCMC



Importance Weighted VI

(Plus {Antithetic, Stratified, Quasi-Monte Carlo, Latin hypercube} VI)



The inference problem

Target distribution: p(z, x)
data: T (seen)

latent variables: 2 (unseen)

Goals:
Bayesian inference: Approximate p(z|x)

Learning: Maximize log p(x)



lan regression

Bayes
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Learning: Variational auto-encoder

pe(z,x) = p(z)pe(x|2)

Decoderg(2)

Use VI to bound log pg(z)



The “ELBO”" - |
IS p high? IS q spread?

\

ELBO(ql||p) = qé) logp(z,z) —logq(z)
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The “ELBO”" - |
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The “ELBO”" - |
IS p high? IS q spread?

\

ELBO(ql||p) = qé) logp(z,z) —logq(z)

3.0
0.35 0.6 —q(z)logq(z) — ELBO(Q)
. q(z)logp(z, x) 25 _Eq(z)IOQQ(Z)
0.30 0.4 Eq(z)logp(z, x)
2.0
0.25 0.2
1.5
0.20 0.0 * 1.0
0.15
-0.2 0.5
0.10 —
-04 0.0 |
0.05
-0.5
0.00 -0.6
-7.5 -50 -25 0.0 2.5 5.0 7.5 -7.5 -50 -25 0.0 25 5.0 7.5 do a1 a2



The “ELBO”" - |
IS p high? IS q spread?

\

ELBO(ql||p) = qé) logp(z,z) —logq(z)

3.0

035 0.6 —q(z)logqg(z) — ELBO(q)
. q(z)logp(z, x) 25 _Eq(z)IOQQ(Z)
0.30 0.4 Eq(z)logp(z, x)
2.0
0.25 0.2
1.5
0.20 0.0 * 1.0
0.15
—0.2 o5 logp(x)
0.10 ——
-04 0.0 |
0.05
-0.5
0.00 -0.6
-75 =50 =25 0.0 25 50 7.5 -75 -50 -25 0.0 25 5.0 7.5 do a1 a2



The “ELBO”" - |
IS p high? IS q spread?
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ELBO decomposition

logp(x) = E llogp(z,z) —logq(2)] +KL{g(2)l[p(2]2))
~—_—¥
ELBO(ql|p)

Lower bound: ELBO(q||p) < log p(x)
Looseness: KL(q(2)|p(z|x))




Thought experiment

f ER = p(z) and R > 0,

logp(z) = Elog R+ Elog M

~— R
bound v

looseness

If R = pé?;)@) , 2 ~ (, becomes ELBO decomposition.

But you can use any R....



Variational Autoencoders

- pelz, ) -
T ) 7T

R

Input pe(x, z) and .

Find some ¢(z) and # to make Elog R large.

Output 6.



Importance Welghted Autoencoders

1 < po(2m, @)

O\ <m
RM:_ y Zm ™~ (
Mﬂ; q(2m)

Input pe(x, z) and .

Find some ¢(z) and § to make Elog R,y large.

Output 6.

(Burda et al., 2015)



Walit a second...

Good old VI: logp(x) = Elog R+ KL(q(2)||p(z]|x))

Learning: Elog R < log p(x)
Inference: p(z|z) =~ q(2)
Now: logp(x) = Elog Ry + Elog Zg
. M
Learning: Elog Ry < log p(x)

Inference: p(z|x) ~ 777



Self-Normalized Importance Sampling

qn(21) :
é\J17°°° 72M NQ(Z)
Sample m € {1, -+, M} with P(m) < p(Zm, x)/q(Zm)

Return z1 = Z,,

KL(qn (2)||p(2])) - intractable



Importance weighted VI

qum (#t) :
é\J17°°° 72M NQ(Z)
Sample m € {1, -+, M} with P(m) < p(Zm, x)/q(Zm)

A

Return z—=m




Importance weighted VI

C]M(leM) :
é\J17°°° 72M NQ(Z)
Sample m € {1, -+, M} with P(m) < p(Zm, x)/q(Zm)

Return 21 = Z,, and 2Zo.p = Z_m



Importance weighted VI

qnm(21:M)
21,00 5 2m ~ q(2)
Sample m € {1, -+, M} with P(m) < p(Zm, x)/q(Zm)
Return 21 = Z,, and 2Zo.p = Z_m

pM(ZLM, ZC) = p(»’«’l; IB)C](Zz) T (](ZM)

log p(z) = Elog Ry + KL(gar (21:0) [[pv (21:01 ) )

(Bachman & Precup 2015, Cremer et al., 2017, Naesseth et al. 2018, Le et al. 2018, D. & Sheldon, 2018)




Dirichlet
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Clutter

estimated KL, d=2,n=15 estimated KL, d =10, n =20
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Huh?

LR = p(x) = logp(z) = Elog R 4+ Elog pg)
p(z; ) p(z|z)

R

— logp(x) = Elog R + Elog

q(2)

M
1 P(Zm, ) .
Ry = — — Jo ) = Elog Ry + E log=
YN e ) gM/%ijM)

augmented

distribution?  self-normalized
Importance sampling!?



Other estimators??

iid base samples antithetic base samples stratified base samples
uz L.
ui
ZzT
21—

gmc base samples

latin base samples



Divide and couple

iid base samples antithetic base samples stratified base samples gmc base samples latin base samples

UzL

Uy

) . * . L] o . 2 - « * . ¢ .. . ’ . S . 3 '
L d L[] ..... . ® . ® - . . . - - : . .. N : .' .' .. . ‘
22 . . - - [ ° . ~ ; -

2] —p

Can "Automatically” find posterior approximation via
‘estimator-coupling pairs” (D. and Sheldon 2019)



Divide and couple

mesquite

—235.56 1 —
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F logR
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iid
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——_qmc
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5

Can "Automatically” find posterior approximation via

‘estimator-coupling pairs”

(D. and Sheldon 2019)



Variational Particle Filtering



State-Space Models




Particle Filter / Sequential Monte Carlo
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Particle Filter

21 ~q(z1), wi" =p(="21)/q(%")
For t =2,---.,1":
For m=1,---, M :
Choose parent n € {1,--- , M} with P(n) < w;" ,
Sample z;" ~ q(z¢|2;" 1)

Set wy" = p(z; w4 [2-1)/q(%" |21~



Variational Particle Filter

21 ~q(z1), wi =p(z1",21)/q(%1")
For t =2,---.,1":
For m=1,---, M :
Choose parent n € {1,--- , M} with P(n) < w;" ,
Sample ;" ~ q(2¢|2;_1)
Set wy" = p(2; " [2-1)/q(%" |2~
Rar = [Timy 37 St wi* ERa = p(2)

Maximize {, log RM (Naesseth et al., 2018 Maddison et al., 2017, Le et al., 2018)
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CRECY

Particle Filter

resample propose

resample

propose
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Marginal Particle Filter

CRECY

&

iNit

sample from
mixture

sample from
mixture

&

sample from
mixture



Particle Filter

21 ~q(z1), wi" =p(="21)/q(%")
For t =2,---.,1":
For m=1,---, M :
Choose parent n € {1,--- , M} with P(n) < w;" ,
Sample z;" ~ q(z¢|2;" 1)

Set wy" = p(z; w4 [2-1)/q(%" |21~



Marginal Particle Filter

21 ~q(z1), wy =p(z" 1) /q(2")
For t =2,---,1":
For m=1,---, M :




Marginal Particle Filter

210 ~q(z1), wit =pla",21)/q(2")
For t =2,---.,1":
For m=1,---, M :

Sample z{” from mixture of q(zl\ztl_l) i q(Zl |Z,§7\i1)

1 N

with weights w, ;- w;’ 4

Set—tty pler e e =)




Marginal Particle Filter

210 ~q(z1), wit =pla",21)/q(2")
For t =2,---.,1":
For m=1,---, M :

Sample z;f” from mixture of q(zl\ztl_l) i q(Zl |Z,§7\i1)

1 N

with weights w, -« -w;’ 4

M
Zn:l wy_1p(z Ty |2{_1)

wm — mn ™m mn
SetT t szzl wi 1q(z¢" |20 1)
. 1 m
Ry = 1121 37 2om=1 wi" ERy = p(x)

MaXimize 4: log RM' approximate p(ZT‘Qj) (Lai, D., Sheldon, 2022)




Better... sometimes

d,=10, d,=3, C dense dx=25, d,=25, C sparse
—901 —444
—100-
O —446
—110-
M
—1 _—120- —448 1
LLd
_1 4
30 —450+
—1404 5 10 15 20 0 5 10 15 20
iteration (k) iteration (k)
dx=10, d,=3, C dense dy=25, d,=25, C sparse
101 — IWVI 8 — WV
VSMC (biased) VSMC (biased)
E’ 8 81 —— biased-VMPF 6 —— biased-VMPF
—— unbiased-VMPF —— unbiased-VMPF
0L C 4
O O .0
~ & =
oz \L¥ & —
2 0 —— =
0 5 10 15 20 0 5 10 15 20

iteration (k) iteration (k)

IWVI

VSMC

VMPF

Importance
Weighting

(recent method)
Variational Marginal

Particle Filter
(proposed)



Variational Annealing



MCMC

Sampling Path of HMC

Idea: Find R such that ER = p(x),
optimize K log Ry

1. Initial dist, mass matrix, step size,
annealing schedule

2. Use MCMC to support maximume-
likelihood learning

(Figure from Lan et al., 2012)



MCMC

1. Draw z;~q(2)

2.Fork=12,---K —1,sample z;,,1~T(- |z;) where T is one
iteration of MCMC




MCMC

1. Draw z;~q(2)

2.Fork=12,---K —1,sample z;,,1~T(- |z;) where T is one
iteration of MCMC




MCMC

1. Draw z;~q(2)

2.Fork=12,---K —1,sample z;,,1~T(- |z;) where T is one
iteration of MCMC




MCMC

1. Draw z;~q(2)

!
2.Fork=12,---K —1,sample z;,,1~T(- |z;) where T is one ] q
iteration of MCMC

a\



Augmentation
Problem: Intractable to compute q'(zx)
Instead: Use full trace q'(z¢, **+, zx)

« Augment p into p'(zq, :**, Zg, X)
* Solve rrlirlqEFamily KL (q’(Zb Y ZK) | |p,(le Y Zle))



Bridging the Gap

learned one iteration
starting dist K—1 of MCMC
q,(le "'iZK) = (q (Zl) et q (Zk+1|Zk)

K-1
p,(Z]J "y ZK, x) =D (ZK) x) 1_[](—1 p (Zk|Zk+1)

original learned inverse
target dynamics

Good: Can optimize “end to end” (dropping accept/reject)
Bad: Learning inverse dynamics is hard.

(Salimans et al. 2015)



Annealed Importance Sampling

learned one iteration
starting dist K—1 of MCMC on m,,
/ . .
q (le "'iZK) = q (Zl) q (Zk+1|Zk) B.I’I.dglﬂg
k=1 densities my -+ gk
go from q(z,) to
p(zk|x).

K-1
p,(Z]J "y ZK, x) =D (ZK) x) 1_[](—1 p (Zk|Zk+1)

original “reversal” of
target q (Zms1|Zm) W.rt.m,

Good: p'(zy,::, 2k, x)/q (21, ++, zx) has simple closed form.
Good: No need to learn inverse dynamics.

Bad: Must use accept/reject steps. Hard to optimize.
(Jarzynski 1997, Neal 2001)



Uncorrected Hamiltonian Annealing

learned one iteration
starting dist K—1 of HMC on m,, with NO CORRECTION
(21, 2k) = q (z1) Bridgi
q\Z1,"",2x) = 4 \Z1 q (Zie+1lzk) raging
k=1 densities my - g
go from q(z,) to
, . k-1 p(zk|x).
p (Z]J "y ZEK) x) =D (ZK) x) , p (Zk|Zk+1)
original ~ T“run HMC backwards”

target for one iteration

Good: p'(z4,:*, 2k, x)/q (24, -+, zx) has simple closed form.
Good: No need to learn inverse dynamics.

Good: Fully differentiable, can optimize “end to end”.
(CGeffner & D. 2021, Zhang et al. 2021)



Algorithm

Sample state z;~qg and momentum p;~S.

Initialize ELBO estimator as £ « — logq(z;).
Fork=12,---,K —1:
Sample new momentum p’.

(Zk+1, Pr+1) < HMC with target m, and starting point (zg, p").
Update estimator as L « L+ log S(py4+1) —logS(p’)

Update estimator as £ « L + logp(zg, x)

Can compute gradients for initial distribution g, bridging
schedule, HMC hyperparameters, etc.



Tuning stuff Is good

Brownian motion Lorenz convection

08 - -1154
' — -1155 -
06 f// e
@) 8‘; / S -1157 /
m o -1158 ’
o 00 —— UHA (tune all) -1159
-0.2 UHA (tune €, n) -1160
-04 HAIS -1161| |
-0.6 |
-1162
0 100 200 300 400 500 0 100 200 300 400 500
K K

g — step size of HMC dynamics

n— damping coefficient

> — moment covariance

B — temperature schedule

g — “full rank™ temperature schedule
g — initial distribution
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Tuning more stuff is good

Brownian motion Lorenz convection Log reg (a1a) Log reg (madelon)

0.2 -1159.00 2408
01 -1159.25 ~688
-1159.50 690 ~2410
8 0.0 -1159.75
— 041 -1160.00 -692 -2412
Ll —0.2 -1160.25 _
-0.3 -1160.50 694 —2414
04 -1160.75 -696 o416
-1161.00
OIS S/ DI SN e S &g & & & <& 27 SIS NSNS SR /7
2% 20 0 7 AT 2 7 2% "p 2 "o 4 26 "p 20 o 7
‘L P e T T o ‘5P e "o ‘s " T2 T ‘TP e e
(K =64)

g — step size of HMC dynamics

n— damping coefficient
> — moment covariance

B — temperature schedule
g — “full rank™ temperature schedule

g — initial distribution



Compares well to baselines

Brownian motion Lorenz convection

0 UHA (ours) ,
HAIS -1160

L w ' - HAIS Annealed
o —— HVI ’ -1165 , Importance
9 —+— HVAE ' _
| ‘ .

UHA Our algorithm

1170 Sampling using
HMC dynamics

-3 1175
 — ———— . IW Importance
4 1180 | Weighting
Logistic regression (a1a Logistic regression (madelon Cy
gisticreg lon (afa) gisticreg lon ( ) HVI “Bridging the
2410 gap” using HMC
~2420 dynamics
-2430
HVAE (Recent
2440 algorithm)
-2450
-2460
10° 10" 10° 10° 10" 10°



ELBO on test set

VAE training

log-likelihood on test set

K=1 K=8 K=16 K=32 K=6064 K=1 K=8 K=16 K=32 K=6064
mnist UHA -934  —89.8 —&88.8 —88.1 —87.6 mnist UHA —88.5 —87.5 —87.2 —87.0 —86.9
Iw —-934  —=90.5 —89.9 —89.4 —&89.0 Iw —88.95 —87.6 —87.5 —87.3 —87.2
letters UHA -1379 -133.5 -—-1323 —-131.5 —130.9 letters UHA -131.9 -130.7 -130.3 —-130.1 —129.9
Iw 1379 —-1346 —-133.9 —-133.2 —132.7 Iw -131.9 -130.9 -130.7 —-130.6 —130.4
Kmmnist UHA —-184.2 —-176.6 —174.6 —173.2 —171.6 kmnist UHA 1743 -172.2 —-171.6 —171.2 —170.2
w —184.2 —-17v9.7 —-1787 —-177.8 —177.0 Iw —-174.3 —-173.0 —-172.6 —1724 —172.2




Thank you!

......
--------------

Dan Sheldon Jinlin Lal Tomas Geffner

Publications

Importance Weighted Variational Inference, NeurlPS, 2018

Divide and Couple: Using Monte Carlo VVariational Objectives for Posterior Approximation,
NeurlPS 2018

Variational Marginal Particle Filters, AISTATS 2022

MCMC Variational Inference via Uncorrected Hamiltonian Annealing, NeurlPS 2021



