Diffusion-based variational inference

Justin Domke, University of Massachusetts Amherst

these slides: t.ly/9vZvk or people.cs.umass.edu/domke/diffusion.pdf

do probabilistic inference
There are only two ways | know to make-money-in-business:
bundling and unbundling-
augmenting  integrating Jim Barksdale
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This talk

@ What's the relationship?

@ A unified view of these inference methods.
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Diffusion models

Brownian motion Q

data z9

Gaussian z7
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learned approximate inverse diffusion P

Q: sample zo from data, add noise until z7

P: sample z7 from Gaussian, denoise until zg

minimize KL (Q||P)

Vlogg,(z) defines ideal denoising




Diffusion models

Brownian motion Q

/’
\

data z9 Gaussian z7

\
/

learned approximate inverse diffusion P

Q: sample zg from data, add noise until z7 dz; = —Bizidt + /2B, dw;

P: sample z7 from Gaussian, denoise until zo  dz; = —Bizidt — 2Bssg(z;,1)dt + \/2Brd;

minimize KL (Q||P) KL(Q|IP) = KL(gr||pr) + Ez g, KL(Q(|21)|P(z1))

Vlogg,(z) defines ideal denoising if s(z,1) = Vlogg,(z) then KL(Q||P) = KL(qr|pr)



Diffusion-esque inference

MCMC bridging Gaussian to posterior O

Gaussian z

‘\ /

approximate inverse MCMC diffusion P

Q: sample 7o from Gaussian, do Langevin on 7
where my = (Gaussian) and 7wy = (posterior).
P: sample z7 from posterior, do inverse MCMC.

minimize KL (Q||P)

Vlogg:(z) defines optimal inverse dynamics



Diffusion-esque inference

MCMC bridging Gaussian to posterior O

/'
\

Gaussian z

\
posterior z7
/

approximate inverse MCMC diffusion P

Q: sample 7o from Gaussian, do Langevin on 7, dz, = Viogm (z;)dt + /2 dw,
where my = (Gaussian) and 7wy = (posterior).
P: sample z7 from posterior, do inverse MCMC. dz, = Vlog (z,)dt — 2sg(z;,t)dt +/2dvy,

minimize KL (Q||P) KL(Q|IP) = KL(gr||pr) + Ez g, KL(Q(|21)|P(z1))

Vlogg,(z) defines optimal inverse dynamics if 56 (z,¢) = Vlogg;(z) then KL(Q||P) = KL (qr||pT)
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Comparison

Diffusion models

Diffusion-based VI

20

2r
Q
P
goal

marginals g(z|zo) tractable
scores Vlogg(z) tractable

data (samples)

Gaussian

noising

learned denoising
good P to model z

yes

no

Gaussian

posterior (distribution)

MCMC on bridging densities
inverse MCMC

good Q to model zr

no ®

no, but can approximate using
bridging densities ©®



Variational Inference

p(2)=p(2)/Z

min KL (q(z)|p(z))
g€Family

max ELBO(q(2)[|p(2)) := E log(p(2)/q(2))

g€Family q(2)



Diffusion-based variational inference

e 0: 79~ qo, run MCMC diffusion on m; (go = mp ~» @y = pr) until zz.
@ P: zr ~ pr, run reverse diffusion on 7, until zo.

@ Convert O and P to discrete time.

e Optimize KL(Q||P) > KL(qr||pr).
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e 0: 79~ qo, run MCMC diffusion on m; (go = mp ~» @y = pr) until zz.
@ P: zr ~ pr, run reverse diffusion on 7, until zo.

@ Convert O and P to discrete time.

e Optimize KL(Q||P) > KL (qr||pr)-

Many instances (Wu et al 2020; Thin et al 2021; Geffner & D 2021, 2023; Zhang et al 2021; Doucet et al 2022).



Diffusion-based variational inference

e 0: 79~ qo, run MCMC diffusion on m; (go = mp ~» @y = pr) until zz.
@ P: zr ~ pr, run reverse diffusion on 7, until zo.

@ Convert Q and P to discrete time.

e Optimize KL(Q||P) > KL(qr||pr)-

Many instances (Wu et al 2020; Thin et al 2021; Geffner & D 2021, 2023; Zhang et al 2021; Doucet et al 2022).

Design choices:

@ Starting distribution gq (Standard Gaussian? Learned Gaussian?)
@ Bridging distributions (Fixed? Learned?)

o Forward process O (Langevin? Underdamped Langevin?)

@ Backward process P (Fixed? Learned score network?)

@ Numerical simulation of Q and P (Splitting? Euler-Maruyama?)

e Optimizer (SGD? Adam? Step sizes?)



Starting distribution

qo closer to pr = less distance for 7, to travel




Starting distribution

qo closer to pr = less distance for m; to travel

q0
q0
q90
q90

A(0,1)

N (u,diag(c?)), (u,0?) from Gaussian VI

N (%), (u,X) from Gaussian VI

N (u,X), (u,X) optimized as part of O



Starting distribution

qo closer to pr = less distance for m; to travel

Normalizing flows?

q0
q0
q0
q90

(u,X) from Gaussian VI
(u,X) optimized as part of Q




Bridging distributions

better path 7; between go and pr = g, closer to 7;




Bridging distributions

better path m; between g9 and py = ¢ closer to

= q0(2)" PP, B fixed
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Bridging distributions

better path m; between g9 and py = ¢ closer to

(z) = QO(Z)I_ﬁ’ﬁ(Z)B’, By fixed
= qo(2)" P p(2)P, B optimized

RS
~

Something with more parameters?




Forward Process Q

better diffusion = ¢; closer to

overdamped Langevin dz; = Vlogm(z)dt+ V2 dw,
q1(2) 7 (2)

Q



Forward Process Q

better diffusion = ¢; closer to

overdamped Langevin dz; = Vlogm(z)dt+ V2 dw,
a(z) ~ m(z)
underdamped Langevin dz, = pdt
dp, = Vlogm(z)dt— yp.dt + \/ﬂl dw;

q,(Z,p) ~ n,(z,p):n,(z)JV(p|O,I)



Forward Process Q

better diffusion = ¢; closer to

overdamped Langevin dz; = Vlogn,(z,)dt—i—\/idw,
a(z) ~ m(z)
underdamped Langevin dz, = pdt
dp, = Vlogm/(z)dt —yp,dt + /2y dw,
a(zp) ~ m(z,p)=m(z)A(p[0,])
...with mass-matrix dz; = M_]ptdt
dp, = Vlogm/(z)dt —yM ™ pdt + /2y dw,
a(z.p) ~ m(z,p)=m(z)A(p|0,M)



Forward Process Q

better diffusion = ¢; closer to

overdamped Langevin dz; = Vlogn,(z,)dt—i—\/idw,
a(z) ~ m(z)
underdamped Langevin dz, = pdt
dp, = Vlogm(z)dt— yp.dt + \/ﬂl dw;
a(zp) ~ m(z,p)=m(z)A(p[0,])
...with mass-matrix dz; = M_]ptdt
dp, = Vlogm/(z)dt —yM ™ pdt + /2y dw,
a(z,p) = m(z,p)=m(z)A (p|0,M)

Higher-order Langevin? Time-dependent momentum distribution?




Backward Process P (overdamped Langevin)

better P = KL(Q||P) closer to KL (qr|pr)

dz, = Vlogm/(z;)dt + V2 dw,



Backward Process P (overdamped Langevin)

better P = KL(Q||P) closer to KL (qr|pr)

dz, = Vlogﬂt(z,)dt—I—\/_dwt

Ideal reversal P:
dz, = Vlogm(z;)dt — 2V log g, (z;)dt + /2 dw,



Backward Process P (overdamped Langevin)

better P = KL(Q||P) closer to KL (qr|pr)

dz, = Vlog i, (z,)dt +V/2 dw,

Ideal reversal P:
dz, = Vlogm(z;)dt — 2V log g, (z;)dt + /2 dw,

Simplest option:

dz; = —Vlogm(z,)dt + V2 dw, (Tight if g; = m;)



Backward Process P (overdamped Langevin)

better P = KL(Q||P) closer to KL (qr|pr)

dz, = Vlog i, (z,)dt +V/2 dw,

Ideal reversal P:
dz; = Viog m;(z;)dt — 2V 1ogq,(z,)dt + V2 dw,

Simplest option:

dz; = —Vlogm(z,)dt + V2 dw, (Tight if g; = m;)

Corrective score network:

dz; = —Vlog 7 (z;)dt + 256 (z;,1) + V2 dWw, (Tight if s = Viog 7-)



Backward Process P (underdamped Langevin)

dZ; = ptd[
dp; = [Vlegm(z)—yp]dt+ /2y dw,



Backward Process P (underdamped Langevin)

dzt = ptdt

dp; = [Vlegm(z)—yp]dt+ /2y dw,
Ideal reversal P:

dZt = P dt

dp; = [Vlogm(z:) —yp: —2YVplogq,(ps,z:)] dr +/2ydvw



Backward Process P (underdamped Langevin)

dzt = P;dl‘

dp. = [Vlegm(z)—yp]dt+ /2y dw,
Ideal reversal P:

dz, = p,dt

dp, = [Vlogm(z)—1p: —2YVplogqi(pi,z:)] di ++/2ydw,
Simplest option

dzy = p;dt (Tight if ¢, = m, so Vplogg: = —p)

dp, = [Viegm (z)+ yp.dt +/2ydw,



Backward Process P (underdamped Langevin)

dz; = pdt
dp. = [Viogm (z)—ypi]dt + /27 dw,
Ideal reversal P:
dz, = p,dt
dpi = [Vlogm(z)—vp: —2YVplogq:(pr,2:)] dt + /2ydvw,
Simplest option
dz; = pdt (Tight if ¢, = m, so Vplogg: = —p)
dp, = [Viegm (z)+ yp.dt +/2ydw,

Corrective score network:

dz; = p,dt (Tight if 5 =V, log%)
dp, = [Vlogm(z;)+vp:+2yse(t,z:,p,)] dt 4+ /2ydw,



Discretization

K—1
q(zix) = q(z1) || Fa(zastlze)
~ k=l
Gaussian
K—1
plak) = plzx) [ Br(zelzirn)

Target

minKL (q(z1:x)||p(z1x))



Splitting
Forward SDE

dZt o p[dt
dp: | | Viegm(z)dt —ypidt + /2y dw;
Backward SDE

i - o |
dp; [Viog m(p;)dt — yp,dt — 2¥sg(t,2:, p1)] dt +/2ydW,



Splitting
Forward SDE

dZ, . ptdt + 0
do, | | O Viog 7, (z;)dt — yp,dt + /27 dw,
U v

Backward SDE

dp; 0 [Viogm (p:) — vPr — 2Yse(t, 2, pr )] dt +/2yd W,
——

u’ v




Splitting
Forward SDE

dZ, . ptdt + 0
do, | | O Viog 7, (z;)dt — yp,dt + /27 dw,

~—— ~~
U v

Backward SDE

dp; 0 [Viogm (p:) — vPr — 2Yse(t, 2, pr )] dt +/2yd W,
——

u’ v

Fr, =VU (U exact, V Euler-Maruyama, both for time §)
By =U'V’ (U exact, V' Euler-Maruyama, both for time J)



Better Splitting
Forward SDE

dZ[ . ptdt + 0 + 0
do, | | O Vlog m;(z,)dt —ypdt + /2y dw;
A B 0

Backward SDE

dp; 0 Viog m;(p;)dr [—vp: —2ys6(t, 21, p,)] dt +/2Ydw;
——

A B’ o’




Better Splitting
Forward SDE

dZ[ . ptdt + 0 + 0
do, | | O Vlog m;(z,)dt —ypdt + /2y dw;
A B 0

Backward SDE

dp; 0 Viog m;(p;)dr [—vp: —2ys6(t, 21, p,)] dt +/2Ydw;
——

A B’ o’

Fr, = 0B AB (A exact, B Euler-Maruyama, 0 exact, B for §/2, others for §)
By =B/A’'B'0’ (A" exact, B Euler-Maruyama, 0’ Euler-Maruyama)



Algorithm

Algorithm 3 Generating the augmented ELBO (eq. (5)).

Sample (217 pl) ~ q(zh pl)
Initialize estimator as £ < — log ¢(z1, p1).

Algorithm 1 Forward transition F (211, pr+1|2k, pk)
Require: zj, py, step-size §

Re-sample momentum pj, ~ mF(pupk, v,0)
Update p}, = pj, + 3V log m* ()

Update z41 = 25 + 6p];

Update pi11 = pf + 5V log 7 (2441)
return (zi41, Pk+1)

Leapfrog step
TP (2K P),)

fork=1,2,--- K —1do
Run F}, (alg. 1) on (2, pi), Store pf, 241, Ph+1-

m 5 (pk| P2k ,0)

Update £ <+ L +log p(zk, px)-
return £




Results

ULA (Wu et al 2020; Thin

et al 2021)

underdamped dynamics

score network

A,

MCD (Doucet et al 2022)

\

UHA (Zhang et al 2021;

Geffner & D 2021)

score network

A,

[

|

underdamped dynamics

l

LDVI (Geffner & D 2021)




Results

@ Tune:
» Initial distribution go (diagonal Gaussian)
> Discretization step-size
» Bridging densities’ parameters 3
» Damping coefficient
» Score network (two hidden layers with residual connections)

e Train with K € {8,16,32,64,128,256} bridging distributions.
o Optimize with Adam for 150k iters w/ learning rates of 1073, 107*, 107>, keep best.



Logistic Regression (1)

Logistic regression (lonosphere)
ULA MCD UHA LDVI UHAgm LDVIgm

K =28 -116.4 —-114.6 —-115.6 —-1144 -—117.7 —115.5
K=16 -1154 -113.6 -1144 -113.1 -—-115.9 —113.8
K =32 —-1145 -1129 -1134 -1124 —-114.6 —112.9
K=64 -1138 -1125 -1128 -1121 —-113.6 —112.4
K=128 -113.1 -112.2 -1123 -111.9 -—-113.1 —112.1
K =256 -112.7 -112.1 -—-112.1 —-111.7 —1125 —111.9

Plain VI: —124.1
ULA - Overdamped / MCD - Overdamped+score net / UHA - Underdamped / LDVI - Underdamped+-score net



Logistic Regression (2)

Logistic regression (Sonar)
ULA MCD UHA LDVI UHAgMm LDVIgum

K =28 -1224 -117.2 —-120.1 -116.3 —124.1 —118.5
K =16 -1199 -1144 -116.8 -—-112.6 —119.9 —114.4
K =32 -1174 -1124 -1139 -110.6 —116.4 —111.7
K =64 -115.3 -111.1 -111.9 -109.7 —113.8 —110.3
K =128 -113,5 -110.2 -1106 —-109.1 —111.9 —109.6
K =256 -112.1 -109.7 -109.7 -108.9 —-110.7 —109.1

Plain VI: —138.6
ULA - Overdamped / MCD - Overdamped+score net / UHA - Underdamped / LDVI - Underdamped+-score net



Time Series (1)

Brownian motion

ULA MCD UHA LDVI UHAgym LDVIgwm

K = -19 -14 -16 -11 —2.8 —2.8
K =16 -15 -08 —-11 -0.5 —-2.2 —-14
K =32 -11 -04 -05 0.1 —-1.6 -0.5
K=64 -07 -0.1 0.1 0.5 -0.9 0.1
K=128 -03 0.2 0.4 0.7 —-0.4 0.4
K =25 -0.1 0.5 0.6 0.9 0.1 0.6

Plain VI: —4.4

ULA - Overdamped / MCD - Overdamped+score net / UHA - Underdamped / LDVI - Underdamped+-score net



Time Series (2)

Lorenz system
ULA MCD UHA LDVI UHAgMm  LDVIgm

K =38 —-1168.2 —1168.1 -1166.3 —-1166.1 —1170.5 —1170.5
K =16 —1165.7 —1165.6 —1163.1 —-1162.2 —-1169.8 —1166.8
K =32 -1163.2 -1163.3 -1160.3 —-1157.6 —1167.9 —1162.9
K =64 -1160.9 -—-1161.1 —-1157.7 —-1153.7 -1161.3 —1161.4
K =128 —1158.9 —-1158.9 —11554 —-1153.1 —1158.1 —1163.4
K =256 —-1157.2 —1157.1 —-1153.3 —-1151.1 —-1163.1 —1154.6

Plain VI: —1187.8

ULA - Overdamped / MCD - Overdamped+score net / UHA - Underdamped / LDVI - Underdamped+-score net



Hierarchical

Random effect regression (seeds)

ULA MCD UHA LDVI UHAgMm LDVIem

K = —-755 =751 =749 -749 —75.9 —75.5

K =16 —752 =746 —-74.6 —T4.5 —75.1 —75.1

K =32 —749 —-743 -—-74.2 742 —74.8 —74.8

K =64 —-746 -—-741 -741 -73.9 —74.4 —74.4

K=128 -74.3 -739 -738 -73.7 —-74.1 —-74.1

K =256 -741 -—-737 -—-737 -—-73.6 —-73.9 —73.7
Plain VI: —77.1

ULA - Overdamped / MCD - Overdamped+score net / UHA - Underdamped / LDVI - Underdamped+-score net



Conclusions

Compared to diffusion models...
@ Harder since marginals of Q not tractable

@ Easier because have a good guess for
score network

Experimentally...
@ Underdamped dynamics help
@ Learning a score network helps
o Better discretization helps

@ Tuning more stuff helps

There's a lot we still don't understand...



Conclusions
Thank you!

Compared to diffusion models... _ _
@ Harder since marginals of Q not tractable Joint work with Tomas Geffner

@ Easier because have a good guess for
score network

Experimentally...

@ Underdamped dynamics help

Learning a score network helps

Langevin Diffusion Variational Inference

]
o Better discretization helps
o Tuning more stuff helps AISTATS 2023, arXiv:2208.07743

There's a lot we still don’t understand... these slides: t.1y/9vZvk or
people.cs.umass.edu/domke/diffusion.pdf



Optimizing more stuff helps

Brownian motion Lorenz convection

Log reg (a1a)

Log reg (madelon)

02 -1159.00 B
0.1 -1159.25 -688 2408
o 00 -1159.50 690 oa10
-1159.75
E o1 -1160.00 -692 2412
0.2 -1160.25 ~
-0.3 -1160.50 694 -2414
-0.4 -1160.75 -696 a6
-1161.00 » e e e e e 3 —
DO AR Z D O EN 7, o e & e o 2 o s o o o© .
2% 02 22 7 %) 55055 0 7 & %y v2 s e RN
“» e e o ) ;e e 7o "5 > Te Co 5 rPe e %o
(K =64)

€ — step size of HMC dynamics

n - damping coefficient

I - moment covariance

B —temperature schedule

Y — “full rank” temperature schedule
g - initial distribution



Better than importance-weighted VI

Lorenz convection

Brownian motion

0 +— UHA (ours)

—— HAIS -1160
L W

——= HvI -1165

—+— HVAE

-1170

-1175

-1180

Logistic regression (madelon)

Logistic regression (a1a)

-2410

-2420

-2430

-2440

-2450

-2460

UHA

HAIS

HVAE

Our algorithm

Annealed
Importance
Sampling using
HMC dynamics
Importance
Weighting
“Bridging the
gap” using HMC
dynamics

(Recent
algorithm)



VAEs

ELBO on test set

log-likelihood on test set

K=1 K=8 K=16 K=32 K=64 K=1 K=8 K=16 K=32 K=64
[mnist UHA -934 —89.8 —88.8 —88.1 —87.6 mnist UHA 885 —87.5 —87.2 —87.0 —86.9
w -93.4 —90.5 —89.9 —89.4 —89.0 ) w —88.5 —87.6 —87.5 —87.3 —87.2
letters UHA -1379 -133.5 -1323 -131.5 —130.9 letters UHA -131.9 -130.7 -130.3 —130.1 —129.9
IW —137.9 —-134.6 -1339 —-133.2 —132.7 e 1w -131.9 -1309 -130.7 -130.6 —130.4
Kmnist UHA —-184.2 -176.6 —1746 —173.2 —171.6 Kmnist UHA 1743 —-1722 1716 —171.2 —170.2
’ W —184.2 —-179.7 1787 1778 —177.0 w —-174.3 -173.0 -—-172.6 1724 1722




Looseness
Finite time decomposition:

KL(q(z1:x)llp(z21:x)) = KL(q(zx)lp(zx)) + KL (q(z1:x-1]2K) || P(21:-1]2K))

what you optimize what you care about looseness

Analogous to continuous time decomposition:

KL(Q|P) = KL(qrllpr) +_ E KL(Q(:|zr)||P(-|zr))
—_—— —_——— zr~qr
what you optimize ~ what you care about N~

looseness

Ideal (intractable) transitions

q(zk)
q(zks1)

By (zk|zis1) = Fi(zrs1]2x)

would give KL(q(z1:x)||p(z1:x)) = KL (q(zx)||p(2x))-

Approximating these transitions analogous to approximating score function



SDEs

dz;

dZ;

= f(z,t)dt +g(t)dw,

= flz,0)dt +g(t)dw,

z+38f(z)+g(t)e
N(0,8)

= 7z, -8f(z)+g()
~ A4(0,8)



