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- Quiz this week due Monday at 8pm.

- Several survey style questions. Due to Canvas limitations,
some options may be marked incorrect but still will
receive full credit.

- So just ignore the grading on the survey style questions.



Last Class:
- Intro to dimensionality reduction.

- Low-distortion embeddings and the Johnson-Lindenstrauss (JL)
Lemma.

- Most of the proof of the JL lemma.

This Class:

- Finish JL Lemma proof.
- Example application to clustering.

- Start on data dependent dimensionality reduction.
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The Johnson-Lindenstrauss Lemma

Johnson-Lindenstrauss Lemma: For any set of points

X1,...,X, € R9and e > 0 there exists a linear map M : RY — R™
such thatm =0 ('°g”) and letting %; = NX;:
< d

Foralli,j: (1= e)lIX —Xilla < 1% — Xjlla < (1+ &) IX — Xjll2-

_—

Further, if M e R™*? has each entry chosen iid. from
N(0,1/m), it satisfies the guarantee with high probability.
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Distributional JL

The Johnson-Lindenstrauss Lemma is a direct consequence of a
closely related lemma:

Distributional JL Lemma: Let M € R™*¢ have each entry cho-
sen i.id. as A(0,1/m). If we set m = O ("’ﬁ%) then for any
y € RY with probability >1—6

(1= 9l < M7l < (1 + )72
—_— ——

—_

Applying a random matrix I to any vector y preserves y's norm with
high probability.

Distributional JL Lemma = JL Lemma: Apply Distributional-JL to
yvij = Xx; — x; for all (g) pairs x;, ;. Then take a union bound to say
distance is preserved between all pairs with high probability.



Distributional JL Proof

Letting M € RY*™ have each entry chosen i.i.d. as A'(0,1/m), for any
y e RY lettingy = Ny

L) “../ L
) ~ N, 7 /my and mpigE = 173 131 =k

19112 = >, ¥i(j)? a Chi-Squared random variable with m degrees of
freedom (a sum of m squared indepeﬂndent Gaussians).
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¥ € RY: arbitrary vector, § € R™: compressed vector, M € R™*9: random
projection mapping ¥ — ¥. d: original dimension. m: compressed dimension,
e: embedding error, 6: embedding failure prob. 6




Distributional JL Proof

Letting M € RY*™ have each entry chosen i.i.d. as A'(0,1/m), for any
y e RY lettingy = Ny

y(j) ~ N (0, [I¥1I3/m) and E[|[§[I3] = IV]l3
19112 = >, ¥i(j)? a Chi-Squared random variable with m degrees of
freedom (a sum of m squared independent Gaussians).

Lemma: (Chi-Squared Concentration) Letting Z be a Chi-
Squared random variable with m degrees of freedom,

Pr[|Z ~ EZ| > €EZ] < pEmti]

AT /Omllu))
WENRIT <(rllgt [“3“”‘3"1/ thw do AT
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¥ € RY: arbitrary vector, § € R™: compressed vector, M € R™*9: random
projection mapping ¥ — ¥. d: original dimension. m: compressed dimension,
e: embedding error, 6: embedding failure prob. 6




Distributional JL Proof

Letting M € RY*™ have each entry chosen i.i.d. as A'(0,1/m), for any
y e RY lettingy = Ny

y(j) ~ N (0, [I¥1I3/m) and E[|[§[I3] = IV]l3
19112 = >, ¥i(j)? a Chi-Squared random variable with m degrees of
freedom (a sum of m squared independent Gaussians).

Lemma: (Chi-Squared Concentration) Letting Z be a Chi-
Squared random variable with m degrees of freedom,

Pr[|Z — EZ| > EZ] < 20~ "</8,

If we setm =0 <'°g(1/° ) with probability 1 — O(e~'o&(1/9)) > 1 — 4

(1=l < I¥llz < (1 + VI3

¥ € RY: arbitrary vector, § € R™: compressed vector, M € R™*9: random
projection mapping ¥ — ¥. d: original dimension. m: compressed dimension,
e: embedding error, 6: embedding failure prob.




Distributional JL Proof

Letting M € RY*™ have each entry chosen i.i.d. as A'(0,1/m), for any
y e RY lettingy = Ny

y(j) ~ N (0, [I¥1I3/m) and E[|[§[I3] = IV]l3
19112 = >, ¥i(j)? a Chi-Squared random variable with m degrees of
freedom (a sum of m squared independent Gaussians).

Lemma: (Chi-Squared Concentration) Letting Z be a Chi-
Squared random variable with m degrees of freedom,

Pr[|Z — EZ| > EZ] < 20~ "</8,

Ifwesetm=0 ('°g(1/5 ) with probability 1— O(e~'°8(1/9)) > 1 — 4

(1= ¥z < I9ll2 < (0 + )lIYIl3-

Gives the distributional JL Lemma and thus the classic JL Lemma.



Example Application: k-means clustering

Goal: Separate n points in d dimensional space into k groups.



Example Application: k-means clustering

Goal: Separate n points in d dimensional space into k groups.

R
cmeans ObjectivesCos(C....C) = iy, 3 17~ il
T =1 Ree,



Example Application: k-means clustering

Goal: Separate n points in d dimensional space into k groups.
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k-means Objective: Cost(Cy, ... = min Z > UK = 3.
1 1 XeCy,
Write in terms of distances: (Z

Cost(Cy,...,Cr) = mm Z Z X7 — Xa |3

=1 %, X2 €Ck 7



Example Application: k-means clustering

k
k-means Objective: Cost(C,...,C) = min, S K -%l?
1,..-Cp

J=1 X1,%€C,



Example Application: k-means clustering

k-means Objective: Cost(Cy,...,Cy) = Jmin Z > IK =%l

I =1 X%,%€Cy,

If we randomly projecttom = O ( ) dimensions;for all pairs X1, X,

(1= )Xy = Xal5 < [I% = Rall5 < (V+ €)% — XI5




Example Application: k-means clustering

k-means Objective: Cost(Cy,...,Cy) = Jmin Z > IK =%l

I =1 X%,%€Cy,

If we randomly projecttom =0 ('°g”) dimensions, for #ll pairs X, X,

(1= lI% =Rl < 1% —%[3 < (1 + )l - H; =

Letting Cost(Cy, ..., C) = m.nckz > IK = %o
J=1 X1, %2 €Ck

(1= €)Cost(Cy,...,Cx) < Cost(Cy,...,Ck) < (14 €)Cost(Ca,...,Ck).



Example Application: k-means clustering

k-means Objective: Cost(Cy,...,Cy) = Jmin Z > IK =%l

I =1 X%,%€Cy,

If we randomly projecttom =0 ('°g”) dimensions, for all pairs X, X,

(1= 9% =Rl < 1% — %[ < (1 + )l — R} =

Letting Cost(Cy, ..., C) = Zmin, Z > IK = %o

J 1 X1, %€Cy
(1= €)Cost(Cy,...,Cx) < Cost(Cy,...,Ck) < (14 €)Cost(Ca,...,Ck).

Upshot: Can cluster in m dimensional space (much more
efficiently) and minimize Cost(Cs, ..., Ck). The optimal set of clusters

will have true cost within 1€ ~ 1+ 2¢ times the true optimal. Good
exercise to prove this. s’f JL conien T praprsy itng oF et dnp
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Data Dependent Dimensionality Reduction



Data Dependent Dimensionality Reduction

- The JL Lemma is very general - it applies to any input data set.

- The compression M is linear and data-oblivious. This is very
useful for computational efficiency, and leads to applications in
streaming and distributed settings.

- However, often we can exploit properties about the underlying
input data to get more accurate compressions than what JL
gives.

- Leads to a variety of data dependent dimensionality reduction
methods.
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Embedding with Assumptions

Assume that data points X, ..., X, lie in any k-dimensional subspace

d
V of RY. d-dimensional space (_\J |Q

k-dim. subspace V



Embedding with Assumptions

Assume that data points X, ..., X, lie in any k-dimensional subspace
V of RY.

d-dimensional space

k k-dim. subspace V

N
Claim: Let ¥, ...,V be an orthgnarmal basis for V and V € R9** be
the matrix with these vectors as its columns. For all X;, X;:
d VIR = VTXll2 = 1% = X2
At T
e[ JiME .
[

e o] - [V o



Embedding with Assumptions

Assume that data points X, ..., X, lie in any k-dimensional subspace
Y of RY. _—
d-dimensional space
1]
vy V2
9 .
k-dim. subspace V)|
Claim: Let Vi, ...,V be an orthonormal basis for V and V € R¥*F pe

the matrix with these vectors as its columns. For all X;, X;:

VX = VX[l = 1% = X[l

- VI e Rf*9 is a linear embedding of X;, ..., X, into k dimensions
with no distortion.



Very Simple Example
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Another Example
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Dot Product Transformation

Claim: Let Vi, ..., Vi be an orthonormal basis for V and V € R9** pe
the matrix with these vectors as its columns. For all X;,X; € V:
HV "Xill2 = 1% — Xill2-
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Dot Product Transformation

Claim: Let Vi, ..., Vi be an orthonormal basis for V and V € R9** pe
the matrix with these vectors as its columns. For all X, X; € V:

V%~V = I =Rl Iyl =2y
lei- I = -l gy
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Embedding with Assumptions

Main Focus of Upcoming Classes: Assume that data points Xi,..., X,

lie close to any k-dimensional subspace V of R
d-dimensional space

k-dim. subspace V

15



Embedding with Assumptions

Main Focus of Upcoming Classes: Assume that data points Xi,..., X,

lie close to any k-dimensional subspace V of R
d-dimensional space

k-dim. subspace V

15



Embedding with Assumptions

Main Focus of Upcoming Classes: Assume that data points Xi,..., X,

lie close to any k-dimensional subspace V of R
d-dimensional space

k-dim. subspace V

Letting Vi, ..., Vx be an orthonormal basis for V and V € R9*k be the
matrix with these vectors as its columns, V'X; € R* is still a good
embedding for x; € RY,
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Embedding with Assumptions

Main Focus of Upcoming Classes: Assume that data points Xi,..., X,

lie close to any k-dimensional subspace V of R
d-dimensional space

k-dim. subspace V

Letting Vi, ..., Vx be an orthonormal basis for V and V € R9*k be the
matrix with these vectors as its columns, V'X; € R* is still a good
embedding for x; € RY. The key idea behind low-rank approximation
and principal component analysis (PCA).

15



Embedding with Assumptions

Main Focus of Upcoming Classes: Assume that data points Xi,..., X,

lie close to any k-dimensional subspace V of R
d-dimensional space

k-dim. subspace V

Letting Vi, ..., Vx be an orthonormal basis for V and V € R9*k be the
matrix with these vectors as its columns, V'X; € R¥ is still a good
embedding for x; € RY. The key idea behind@
and principal component analysis (PCA).

- How do we find V and V?

- How good is the embedding? 15



Low-Rank Factorization

Claim: Xi,...,X, lie in a k-dimensional subspace V « the data
matrix X € R4 has rank < k.

¢
X!
Xy
X
T
X
X,..., % € RY: data points, X € R"*?: data matrix, ¥, . .., V, € R orthogo-
nal basis for subspace V. V € RY*k: matrix with columns ¥, . . . , V.
16




Low-Rank Factorization

Claim: Xi,...,X, lie in a k-dimensional subspace V < the data
matrix X € R4 has rank < k.

Letting Vi, ..., V, be an orthonormal basis for V, can write X; as:

)?,':V(?,':C,'J~\71+C,'72-\72+...+Cu?-\7k.

r d dimensions

T -
X; =Ci1+ vy’ +

n data points— X Cio+ v, +

Ci,k * VkT

X,..., % € RY: data points, X € R"*?: data matrix, ¥, . .., V, € R orthogo-
nal basis for subspace V. V € RY*k: matrix with columns ¥, . . . , V.

16




Low-Rank Factorization

Claim: Xi,...,X, lie in a k-dimensional subspace V < the data

matrix X € R4 has rank < k.

- Letting Vi, ...,V be an orthonormal basis for V, can write X; as:
)?,':V(?,':C,'J ~\71+C,'72-\72+...+Cu?-\7k.

- So V,..., Vg span the rows of X and thus rank(X) < k.

r d dimensions

X' =Ciq~ v, +
n data points— X Cio+ v, +
: +
Ci,k" VkT

X,..., % € RY: data points, X € R"*?: data matrix, ¥, . .., V, € R orthogo-
nal basis for subspace V. V € RY*k: matrix with columns ¥, . . . , V.

16



Claim: X;,..., X, € R? lie in a k-dimensional subspace V < the data
matrix X € R™9 has rank < k.

- Every data point X; (row of X) can be written as
)_(',‘ZVE,‘IC,'J -\71+...+c,<7k'\7k.




Claim: X;,..., X, € R? lie in a k-dimensional subspace V < the data
matrix X € R™9 has rank < k.

- Every data point X; (row of X) can be written as
)_(',‘ZVE,‘IC,'J -\71+...+c,<7k'\7k.

_ k parameters | .
P ddlmlenS|ons

|
[ \
o I I

X, = Ve
x; = CET VY

17



Claim: X;,..., X, € R? lie in a k-dimensional subspace V < the data
matrix X € R™9 has rank < k.

- Every data point X; (row of X) can be written as
)_(',‘ZVE,‘IC,'J -\71+...+c,<7k'\7k.

k arameters
P d dlmenS|ons

o . I

- X can be represented by (n + d) - k parameters vs. n - d.

17



Claim: X;,..., %X, € R? lie in a k-dimensional subspace V < the data
matrix X € R"™9 has rank < k.

- Every data point X; (row of X) can be written as
)_(’,':V(__",':C,‘J-\7'1+...+Ci7h-\7;?.
k parameters

d dimensions
— ——

VT

T T
X; =] ¢

n data points X C

- X can be represented by (n + d) - k parameters vs. n - d.

- The rows of X are spanned by k vectors: the columns of V. —
the columns of X are spanned by k vectors: the columns of C.

Xi,...,%;: data points (in R9), V: k-dimensional subspace of R?, ¥, ...,V, €
RY: orthogonal basis for V. V € R¥*k: matrix with columns V4, . .. , V.

17



Low-Rank Factorization

Claim: If X;,..., X, lie in a k-dimensional subspace with orthonormal
basis V € RY** the data matrix can be written as X = CV'.

k parameters

d dimensions
{_Jl_\ —

vT
XiT - ciT
n data points X C
X1,...,%, € RY: data points, X € R"%%: data matrix, ¥, ..., V, € R%: orthogo-
nal basis for subspace V. V e RY*k: matrix with columns ¥4, .. ., V.

18



Low-Rank Factorization

Claim: If X;,..., X, lie in a k-dimensional subspace with orthonormal
basis V € RY** the data matrix can be written as X = CV'.

7< \J k parameters d dimensions
\ — ———
vT
xT =| T
n data points X C

Exercise: What is this coefficient matrix C? Hint: Use that VIV = 1.
- T
C X3y S
XV : V'V \V~=C
X1,...,%, € RY: data points, X € R"%%: data matrix, ¥, ..., V, € R%: orthogo-
nal basis for subspace V. V e RY*k: matrix with columns ¥4, .. ., V.

18



Low-Rank Factorization

Claim: If X;,..., X, lie in a k-dimensional subspace with orthonormal
basis V € RY** the data matrix can be written as X = CV'.

k parameters

d dimensions
{_Jl_\ —

\i

X! =

n data points X C

Exercise: What is this coefficient matrix C? Hint: Use that VIV = I.

cX=0V = Xv=CV'v

X1,...,%, € RY: data points, X € R"%%: data matrix, ¥, ..., V, € R%: orthogo-
nal basis for subspace V. V e RY*k: matrix with columns ¥4, .. ., V.

18



Low-Rank Factorization

Claim: If X;,..., X, lie in a k-dimensional subspace with orthonormal
basis V € RY** the data matrix can be written as X = CV'.

k parameters

d dimensions
{_Jl_\ —

\i

X! =

n data points X C

Exercise: What is this coefficient matrix C? Hint: Use that VIV = I.

cX=CV =— XV=CVV — XV-=C

X1,...,%, € RY: data points, X € R"%%: data matrix, ¥, ..., V, € R%: orthogo-
nal basis for subspace V. V e RY*k: matrix with columns ¥4, .. ., V.

18



Low-Rank Factorization

Claim: If X;,..., X, lie in a k-dimensional subspace with orthonormal
basis V € RY** the data matrix can be written as X = CV'.

—
XiT CiT
n data points X (o

k parameters

Exercise: What is this coefficient matrix C? Hint: Use that VIV = I.

cX=CV = XV=CV'V = XV-=_C

X1,...,% € RY: data points, X € R"*?: data matrix, v1, . .., v, € R orthogo-
nal basis for subspace V. V € RY%k: matrix with columns ¥, . . . , V.

18



Projection View

Claim: If X;,..., X, lie in a k-dimensional subspace V with
orthonormal basis V € R9*<* the data matrix can be written as
X=Cv".

/|
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o ‘/\U\ ( Q.“LA J l’
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X1,..., % € R%: data points, X € R"*9: data matrix, Vi, . .., ¥, € R9: orthogo-
nal basis for subspace V. V e R9><*: matrix with columns V4, .. ., V. 19




Projection View

Claim: If X;,..., X, lie in a k-dimensional subspace V with
orthonormal basis V € R9*<* the data matrix can be written as

X = X',

X1,..., % € R%: data points, X € R"*9: data matrix, Vi, . .., ¥, € R9: orthogo-
nal basis for subspace V. V e R9><*: matrix with columns V4, .. ., V.

19



Projection View

Claim: If X;,..., X, lie in a k-dimensional subspace V with
orthonormal baS|s V € Rk the data matrix can be written as
X = XW'. k[\/\q Wé[ }
l¢
- W/ is a projection matrix, which projects vectors onto the

subspace V.

X1,..., % € R%: data points, X € R"*9: data matrix, Vi, . .., ¥, € R9: orthogo-
nal basis for subspace V. V e R9><*: matrix with columns V4, .. ., V. 19




Projection View

Claim: If X;,..., X, lie in a k-dimensional subspace V with
orthonormal basis V € R9*<* the data matrix can be written as
X = XwW'.

- W/ is a projection matrix, which projects vectors onto the

subspace V.
d-dimensional space
12 V2
9
k-dim. subspace V
X1,..., % € R%: data points, X € R"*9: data matrix, Vi, . .., ¥, € R9: orthogo-

nal basis for subspace V. V e R9><*: matrix with columns V4, .. ., V. 19




Projection View

Claim: If X;,..., X, lie in a k-dimensional subspace V with
orthonormal basis V € R9*<* the data matrix can be written as
X = XwW'.

- W/ is a projection matrix, which projects vectors onto the

subspace V.
d-dimensional space
k-dim. subspace V
d
b G[/{
X1,..., % € R%: data points, X € R"*9: data matrix, Vi, . .., ¥, € R9: orthogo-
nal basis for subspace V. V e R9><*: matrix with columns V4, .. ., V.
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Projection View

Claim: If X;,..., X, lie in a k-dimensional subspace V with
orthonormal basis V € R9*<* the data matrix can be written as
X = XwW'.

- W/ is a projection matrix, which projects vectors onto the

subspace V.
d-dimensional space
k-dim. subspace V
X1,..., % € R%: data points, X € R"*9: data matrix, Vi, . .., ¥, € R9: orthogo-

nal basis for subspace V. V e R9><*: matrix with columns V4, .. ., V. 19




Low-Rank Approximation

Claim: If X;,..., X, lie close to a k-dimensional subspace V with
orthonormal basis V € R9** the data matrix can be approximated as:

X ~ XV’

d-dimensional space

k-dim. subspace V

X1,...,% € RY: data points, X € R"%%: data matrix, v1, ..., v, € R%: orthogo-
nal basis for subspace V. V e RY*k: matrix with columns V4, ..., V.

20




Low-Rank Approximation

Claim: If X;,..., X, lie close to a k-dimensional subspace V with

orthonormal basis V € R9** the data matrix can be approximated as:

ko~
X ~ XV HL,\'TK
NN

d-dimensional space

k-dim. subspace V

Note: XVVT has rank k. It is a low-rank approximation of X.

X1,...,% € RY: data points, X € R"%%: data matrix, v1, ..., v, € R%: orthogo-
nal basis for subspace V. V e RY*k: matrix with columns V4, ..., V.

20



Low-Rank Approximation

Claim: If X;,..., X, lie close to a k-dimensional subspace V with

orthonormal basis V € R9** the data matrix can be approximated as:

X ~ XV’

d-dimensional space

k-dim. subspace V

Note: XVVT has rank k. It is a low-rank approximation of X.

XW' = argmin [[X— B[z =) (X —Bj)".

B with rows in V i

X1,...,% € RY: data points, X € R"%%: data matrix, v1, ..., v, € R%: orthogo-
nal basis for subspace V. V e RY*k: matrix with columns V4, ..., V.

20



Low-Rank Approximation

So Far: If X4,...,X, lie close to a k-dimensional subspace V with
orthonormal basis V € R9** the data matrix can be approximated as:

X =~ XWW'.

This is the closest approximation to X with rows in V (i.e,, in the
column span of V).

X1,...,% € RY: data points, X € R"%%: data matrix, ¥1, . .., v, € R orthogo-
nal basis for subspace V. V e RY*k: matrix with columns V4, ..., V.

21



Low-Rank Approximation

So Far: If X4,...,X, lie close to a k-dimensional subspace V with
orthonormal basis V € R9** the data matrix can be approximated as:

X &~ X',
This is the closest approximation to X with rows in V (i.e., in the
column span of V).
+ Letting (XW');, (XW7); be the it" and ji" projected data points,
XV = (AWl = [ITXV); = (V)Y = [[T(XV)i = (XV),]]12-

X1,...,% € RY: data points, X € R"%%: data matrix, ¥1, . .., v, € R orthogo-
nal basis for subspace V. V e RY*k: matrix with columns V4, ..., V.
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Low-Rank Approximation

So Far: If X4,...,X, lie close to a k-dimensional subspace V with
orthonormal basis V € R9** the data matrix can be approximated as:

X =~ XWW'.

This is the closest approximation to X with rows in V (i.e,, in the
column span of V).

+ Letting (XW');, (XW7); be the it" and ji" projected data points,
XV = (AWl = [ITXV); = (V)Y = [[T(XV)i = (XV),]]12-

- Can use XV € R"** as a compressed approximate data set.

X1,...,% € RY: data points, X € R"%%: data matrix, ¥1, . .., v, € R orthogo-
nal basis for subspace V. V e RY*k: matrix with columns V4, ..., V.

21



Low-Rank Approximation

So Far: If X4,...,X, lie close to a k-dimensional subspace V with
orthonormal basis V € R9** the data matrix Qn be approximated as:

" r[ xjm XV, ﬁhﬁd(\/]
This is the closest approxirration to X with rows’in V (i.e,, in the
column span of V).

+ Letting (XW');, (XW7); be the it" and ji" projected data points,
XV = (AWl = [ITXV); = (V)Y = [[T(XV)i = (XV),]]12-

- Can use XV € R"** as a compressed approximate data set.

( Key question is how to find the subspace V and correspondingly V.

X1,...,% € RY: data points, X € R"%%: data matrix, ¥1, . .., v, € R orthogo-
nal basis for subspace V. V e RY*k: matrix with columns V4, ..., V.

21



Properties of Projection Matrices

e _
W (1%
Quick Exercise: Show that W/ is idempotent.’l.e,,
(W) (WT)y = (WT)y for any y € RY.
Why does this make sense intuitively?

Less Quick Exercise: (Pythagorean Theorem) Show that:

e, 7112 = W2 + 1Y = (W2

22



