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- Problem Set 4 is due 11/25.

- See Piazza for some updates/clarifications on Problem 1.
e e P

- No class or quiz next week.

- Additional office hours Friday 10am.




Last Few Classes: Spectral Graph Partitioning
Focus on separating graphs with small but relatively balanced
cuts.
- Connection to second smallest eigenvector of graph Laplacian.
Erovable guarantees for stochastic block model.

. ExpeWs Quick sketch of full analysis.
This Class: Computing the SVD/eigendecomposition.

- Efficient algorithms for SVD/eigendecomposition.

- Iterative methods:lpower methoé, Krylov subspace methods.

_

- High level: a glimpse into fast methods for linear algebraic
computation, which are workhorses behind data science.



Quiz Review

Consider X € R Let Uy, € R™* and V;, € R conjm its top k left and right singular vectors respectively.
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Quiz Review

V) T
§ R K=UaV
Multiple Choice 1 point X = U S\/T
Under what conditions is the SVD of X equal to the eigendecomposition of )&
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X has integer entries. |
[ |
X is symmetric and has non-negative eigemv@ -)

X is square and has non-negative entries.
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Quiz Review
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Efficient Eigendecomposition and SVD

We have talked about the eigendecomposition and SVD as ways to
compress data, to embed entities like words and documents, to
compress/cluster non-linearly separable data.

How efficient are these techniques? Can they be run on large

datasets?
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Computing the SVD

Basig Alggrithm: To compute the SVD of full-rank X € R"*7, nl X
X=UxV"
Jiw and

. T 2) AN 6-=>vn|—\ At )
Compute X'X - O(nd?) rurJUéne 5(\1}* ki x lm/(};hw
- Find eigendecomposition X'X = VI\VT O(d?®) runtime. X : Ui\/l

. _ _ 2 i —
Compute L = XV - O(nd”) runtime. Note that L = UX. )= sy,

- Set g; = ||Li[; and U; = L;/||Li|l>. - O(nd) runtime. “u4
Total runtime: O(nd” + d®) = O(nd”) (assume w.Lo.g. n > d)




Computing the SVD

Basic Algorithm: To compute the SVD of full-rank X € R"*9,
X=UxV"
- Compute XX - O(nd?) runtime.
- Find eigendecomposition X'X = VAV’ - O(d?) runtime.
- Compute L = XV - O(nd?) runtime. Note that L = UX.
- Set g = ||Lj||> and U; = Lj/||Lj||2- = O(nd) runtime.
Total runtime: O(nd? + d®) = O(nd?) (assume w.Lo.g. n > d)

—_—

- If we have n =10 million images with 200 x 200 x 3 = 120,000
pixel values each, runtime is 1.5 x 10" operations!

—_—



Computing the SVD

Basic Algorithm: To compute the SVD of full-rank X € R"*9,
X=UxV":

- Compute XX - O(nd?) runtime.

- Find eigendecomposition X'X = VAV’ - O(d?) runtime.

- Compute L = XV - O(nd?) runtime. Note that L = UX.

- Set g = ||Lj||> and U; = Lj/||Lj||2- = O(nd) runtime.

Total runtime: O(nd? + d®) = O(nd?) (assume w.Lo.g. n > d)

- If we have n =10 million images with 200 x 200 x 3 = 120,000
pixel values each, runtime is 1.5 x 10" operations!

- The worlds fastest super computers compute at ~ 100
petaFLOPS = 10" FLOPS (floating point operations per second).
S PR VPEC

- This is a relatively easy task for them - but no one else.



Faster Algorithms

Yor o

To speed up SVD computation we will take advantage of the fact that
we typically only care about computing the top (or bottom) k

smgular vectors of a matrix X € R"%? for k < d.
-

- Suffices to compute V, € R9** and then compute U, X, = XV,.
< ____ __ ——— —_—

- Use an iterative algorithm to compute an approximation to the
top k singular vectors V, (the top k eigenvectors of X'X.)

- Runtime will be roughly O(ndk) instead of O(nd?).
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Faster Algorithms

owﬂ“
To speed up SVD computation we will take advantage of the fact that

we typically only care about computing the top (or bottom) k
singular vectors of a matrix X € R™? for k < d.

- Suffices to compute V, € R9** and then compute U, X, = XV,.

- Use an_iterative algorithm to compute an approximation to the
top k singular vectors V, (the top k eigenvectors of X'X.)

- Runtime will be roughly O(ndk) instead of O(nd?).

Sparse (iterative) vs. Direct Method. svd vs/svds. \AV\/ ')0\'\“
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Power Method

/'\L% ey sle YR (f'\{BY)’

Power Method: The most fundamental iterative method for
approximate SVD/eigendecomposition| Applies to computing k = 1
eigenvectors, but can_be generalized to larger k.

Goﬁ symmetric A € R with eigendecomposition A = VAV,
find Z~ vy | l.e, the top ei tor of A. -
nd 7~ v, l.e, the top eigenvector o A\/| - )\\\,}



Power Method

Power Method: The most fundamental iterative method for
approximate SVD/eigendecomposition. Applies to computing k = 1
eigenvectors, but can be generalized to larger k.

Goal: Given symmetric A € R9*? with eigendecomposition A = VAV,
find Z~ ;. l.e, the top eigenvector of A.

- Initialize: Choose 29 randomly. E.g. ZO(i) ~ N(0,1).

- Fori=1,...,t
2D = AL
LA

4= 07
L
- Return z



Power Method
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Power Method

+ unit circle
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Power Method

+ unit circle
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Power Method Analysis

Power method:

- Initialize: Choose Z°) randomly. E.g. Z(i) ~ N(0,1).

- Fori=1,...,t
- Z0 = A 20D
C 7= 20
200,
- Return Z.
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Power Method Analysis

Power method:

- Initialize: Choose Z°) randomly. E.g. Z(i) ~ N(0,1).

- Fori=1,...,t
7 )= AL 0T
- 7
00
- Return Z.

Theoretically equivalent to:

- Fori=1 ,t

.‘Zﬂ_(i) :.:.A,z(/q) \\/\ O\/L(H (2 XAY Qo

7= B Q\w Lo b ron) #]
- Return Z. d\x&/ﬁ%\/
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Power Met Analysis

Write Z in A's eigenvector basis:

2(0) = C1\71 + C2\72 + ...+ Cd\?d-

A € RY%9: input matrix with eigendecomposition A = VAV'. ¥;: top eigenvec-
tor, being computed, Z0): iterate at step i, converging to .

13



Power Method Analysis

Write 29 in A’s eigenvector basis:

2(0) = C1\71 + C2\72 + ...+ Cd\?d-

Update step: 20 = A . Z0-") = VAVT . =" (then normalize)
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A € RY%9: input matrix with eigendecomposition A = VAV'. ¥;: top eigenvec-
tor, being computed, Z0): iterate at step i, converging to .
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Power Met Analysis

Claim1: Writing 2(0) = C‘\\?] + C2\72 + ...+ CdVdr

2(1):&'/\1\71+C2'/\2\72+...+Cd')\d\7d.

A € R9%9: input matrix with eigendecomposition A = VAV'. ¥;: top eigenvec-
tor, being computed, Z(): iterate at step i, converging to v;.
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Power Method Analysis

Claim1: Writing 2(0) = C‘\\?] + C2\72 + ...+ CdVdr

2(1):&'/\1\71+C2'/\2\72+...+Cd')\d\7d.

1
2(2) = AZ(W) = VAVTEU) - C, )\\ \j| + CL)\}VL% )

A € R9%9: input matrix with eigendecomposition A = VAV'. ¥;: top eigenvec-
tor, being computed, Z(): iterate at step i, converging to v;.

14



Power Method Analysis

Claim1: Writing 2(0) = C‘\\?] + C2\72 + ...+ CdVdr N \/I
'8
ﬁ[%}n\ 2(1):&'/\1\71+C2'/\2\72+...+Cd')\d\7d.
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A € R9%9: input matrix with eigendecomposition A = VAV'. ¥;: top eigenvec-
tor, being computed, Z(): iterate at step i, converging to v;.

Claim 2:
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Power Method Convergence

After t iterations, we have ‘powered’ up the eigenvalues, making the

component in the direction of v; much larger, relative to the other
components.

70 = GVi+CVy 4+ ...+ Cd\7d = 70 = C1A%V1 + Cz/\g\_/} + ...+ Cd/\[dvd

15



Power Method Convergence

After t iterations, we have ‘powered’ up the eigenvalues, making the

component in the direction of v; much larger, relative to the other
components.

70 = GVi+CVy 4+ ...+ Cd\7d = 70 = C1A%V1 + Cz/\g\_/} + ...+ Cd/\[dvd

Iteration 0
04 T T T

15



Power Method Convergence

After t iterations, we have ‘powered’ up the eigenvalues, making the

component in the direction of v; much larger, relative to the other
components.

70 = GVi+CVy 4+ ...+ Cd\7d = 70 = C1A%V1 + Cz/\g\_/} + ...+ Cd/\[dvd

Iteration 1
08 T T T
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Power Method Convergence

After t iterations, we have ‘powered’ up the eigenvalues, making the

component in the direction of v; much larger, relative to the other
components.

70 = GVi+CVy 4+ ...+ Cd\7d = 70 = C1A%V1 + Cz/\g\_/} + ...+ Cd/\[dvd
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Power Method Convergence

After t iterations, we have ‘powered’ up the eigenvalues, making the

component in the direction of v; much larger, relative to the other
components.

70 = GVi+CVy 4+ ...+ Cd\7d = 70 = C1A%V1 + Cz/\g\_/} + ...+ Cd/\[dvd

E Iteration 3
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Power Method Convergence

After t iterations, we have ‘powered’ up the eigenvalues, making the

component in the direction of v; much larger, relative to the other
components.

70 = GVi+CVy 4+ ...+ Cd\7d = 70 = C1A%V1 + Cz/\g\_/} + ...+ Cd/\[dvd

Iteration 4
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Power Method Convergence

After t iterations, we have ‘powered’ up the eigenvalues, making the

component in the direction of v; much larger, relative to the other
components.

70 = GVi+CVy 4+ ...+ Cd\7d = 70 = C1A%V1 + Cz/\g\_/} + ...+ Cd/\[dvd

Iteration 5
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Power Method Convergence

After t iterations, we have ‘powered’ up the eigenvalues, making the
component in the direction of v; much larger, relative to the other
components.

70 =i+ o+ ...+ cgly = 29 =\ + AV + .+ gy

Iteration 6
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Power Method Convergence

After t iterations, we have ‘powered’ up the eigenvalues, making the
component in the direction of v; much larger, relative to the other
components.

70 =i+ o+ ...+ cgly = 29 =\ + AV + .+ gy

Iteration 7
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Power Method Convergence

After t iterations, we have ‘powered’ up the eigenvalues, making the
component in the direction of v; much larger, relative to the other
components.

70 =i+ o+ ...+ cgly = 29 =\ + AV + .+ gy

Iteration 8
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Power Method Convergence

After t iterations, we have ‘powered’ up the eigenvalues, making the
component in the direction of v; much larger, relative to the other
components.

70 =i+ o+ ...+ cgly = 29 =\ + AV + .+ gy
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Power Method Convergence

After t iterations, we have ‘powered’ up the eigenvalues, making the
component in the direction of v; much larger, relative to the other
components.

70 =i+ o+ ...+ cgly = 29 =\ + AV + .+ gy

E Iteration 10

09t
08t
07t
06
05t
04t
03t
02t

01t

0
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wen will convergence be stovﬂ )\l " /\1 5




Power Method Slow Convergence

Slow Case: A has eigenvalues: A =1,\, =.99,\3 = .9\, = .8, ...

70 = Vi + GV + ...+ C4Vy = 70 = C1/\€\71 + Cz/\g\72 + ...+ Cd/\ng
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Power Method Slow Convergence

Slow Case: A has eigenvalues: A =1,\, =.99,\3 = .9\, = .8, ...

70 = Vi + GV + ...+ C4Vy = 70 = C1/\€\71 + Cz/\g\72 + ...+ Cd/\ng

Iteration 0
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Power Method Slow Convergence

Slow Case: A has eigenvalues: A =1,\, =.99,\3 = .9\, = .8, ...

70 = Vi + GV + ...+ C4Vy = 70 = C1/\€\71 + Cz/\g\72 + ...+ Cd/\ng
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Power Method Slow Convergence

Slow Case: A has eigenvalues: A =1,\, =.99,\3 = .9\, = .8, ...

70 = Vi + GV + ...+ C4Vy = 70 = C1/\€\71 + Cz/\g\72 + ...+ Cd/\ng

Iteration 2
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Power Method Slow Convergence

Slow Case: A has eigenvalues: A =1,\, =.99,\3 = .9\, = .8, ...

70 = Vi + GV + ...+ C4Vy = 70 = C1/\€\71 + Cz/\g\72 + ...+ Cd/\ng

Iteration 3
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Power Method Slow Convergence

Slow Case: A has eigenvalues: A =1,\, =.99,\3 = .9\, = .8, ...

70 = Vi + GV + ...+ C4Vy = 70 = C1/\€\71 + Cz/\g\72 + ...+ Cd/\ng
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Power Method Slow Convergence
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Power Method Slow Convergence
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Power Method Slow Convergence

Slow Case: A has eigenvalues: A =1,\, =.99,\3 = .9\, = .8, ...
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Power Method Slow Convergence

Slow Case: A has eigenvalues: A =1,\, =.99,\3 = .9\, = .8, ...

70 = Vi + GV + ...+ C4Vy = 70 = C1/\€\71 + Cz/\g\72 + ...+ Cd/\ng
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Power Method Slow Convergence

Slow Case: A has eigenvalues: A =1,\, =.99,\3 = .9\, = .8, ...

70 = Vi + GV + ...+ C4Vy = 70 = C1/\€\71 + Cz/\g\72 + ...+ Cd/\ng

Iteration 12
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Power Method Slow Convergence

Slow Case: A has eigenvalues: A =1,\, =.99,\3 = .9\, = .8, ...

70 = Vi + GV + ...+ C4Vy = 70 = C1/\€\71 + Cz/\g\72 + ...+ Cd/\ng

Iteration 13
08 T T T
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Power Method Convergence Rate

Z(O) = C1\_/'q + C2\72 + ...+ Cdvd — Z(t) = C1)\g\71 + Cz)\g\_/} + ...+ Cd)\b\_/'d

M= [N

Write [Az = (1 — )| M| for 'gap’ v = [l

How many iterations t does it take to have |A\|F < & - |\|f for § > 07

V1: top eigenvector, being computed, Z1): iterate at step i, converging to V.
A1, A2, ... An: eigenvalues of A, v = W: eigengap controlling conver-
gence rate
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