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DisclaimerDisclaimer

• I’m not covering everything in 17 1‐17 3I m not covering everything in 17.1 17.3



Sequential Decision ProblemsSequential Decision Problems

• Chapter 16 was “one shot”p
– Where should the airport be placed?
– Should I accept a certain bet?
Wh b bl h k• What about problems where an agent must make 
a sequence of decisions?

• We assume that a decision will influence theWe assume that a decision will influence the 
future decisions that must be made.
– Robot control (helicopter / balancing)
– Elevator scheduling
– Anesthesia administration, DRAM schedulers, 
Backgammon…Backgammon…



Black Sheep WallBlack Sheep Wall

Chess Poker

Checkers Blackjack

Tag Marco Polo

Fully Observable Partially Observable

For now, we assume the problem is fully 
b blobservable.



A Simple ExampleA Simple Example

• “Gridworld” with 2 Goal statesGridworld  with 2 Goal states
• Actions: Up, Down, Left, Right

ll b bl k h i i• Fully observable: Agent knows where it is
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Transition ModelTransition Model
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Markov AssumptionMarkov Assumption
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Markov AssumptionMarkov Assumption

• is it reasonable?… is it reasonable?
• Real world problems where it applies?

l ld bl h i d ’ l ?• Real world problems where it doesn’t apply?



Agent’s Utility FunctionAgent s Utility Function

• Performance depends on the entire sequencePerformance depends on the entire sequence 
of states and actions.
– “Environment history”y

• In each state, the agent receives a reward 
R(s).( )
– The reward is real‐valued. It may be positive or 
negative.

• Utility of environment history = sum of reward 
received.



Reward functionReward function
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Decision RulesDecision Rules

• Decision rules say what to do in each stateDecision rules say what to do in each state.
• Often called policies, π.

i f i i b ( )• Action for state s is given by π(s).
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Our GoalOur Goal

• Find the policy that maximizes the expectedFind the policy that maximizes the expected 
sum of rewards.

• Called an optimal policy• Called an optimal policy.
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Markov Decision Process (MDP)Markov Decision Process (MDP)

• M=(S A PR)M=(S,A,P,R)
• S = set of possible states

f ibl i• A = set of possible actions
• P(s’|s,a) gives transition probabilities
• R = reward function

• Goal, find an optimal policy, π*.



Break from the bookBreak from the book

• Let’s talk about why MDPs are awesomeLet s talk about why MDPs are awesome.



MDPs in LiteratureMDPs in Literature



MDPs in LiteratureMDPs in Literature



MDPs in the Real WorldMDPs in the Real World





MDPs in the Real WorldMDPs in the Real World



MDPs in the Real WorldMDPs in the Real World



MDPs in the Real WorldMDPs in the Real World

• http://heli stanford edu/http://heli.stanford.edu/



MDPs in the Real WorldMDPs in the Real World

ElbElbow 
Angle

Shoulder 
Angle



MDPs in the Real WorldMDPs in the Real World

Pictures removed for online versionPictures removed for online version

Planar, frictionless movementOptotrak Certus System for detecting arm position

3D arm model = 5 degrees of freedom, 102 muscles



MDPs in the Real WorldMDPs in the Real World

• Elevator SchedulingElevator Scheduling
• DRAM Scheduling

f l d i i i• Propofol Administration
• Operations research
• Games (e.g. Tetris, Mario)
• …



MDPs‐RL‐NeuroscienceMDPs RL Neuroscience



Back to the bookBack to the book
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Finite/Infinite HorizonFinite/Infinite Horizon

• Finite horizon: the “game” ends after N stepsFinite horizon: the  game  ends after N steps.
• Infinite horizon: the “game” never ends
“ i h fi i h i h i l i i• “With a finite horizon, the optimal action in a 
given state could change over time.”
– The optimal policy is nonstationary.

• With infinite horizon, the optimal policy is 
stationary.



Utilities over timeUtilities over time

• Additive rewards:Additive rewards:

0 1 2 0 1 2([ , , ,...]) ( ) ( ) ( ) ...hU s s s R s R s R s   

• Discounted rewards:
2

0 1 2 0 1 2([ , , ,...]) ( ) ( ) ( ) ...hU s s s R s R s R s    

• Discount factor: [0,1] 



GammaGamma



Discounted RewardsDiscounted Rewards

• Would you rather have a marshmallow nowWould you rather have a marshmallow now, 
or two in 20 minutes?

• Infinite sums!• Infinite sums!

([ ]) ( ) ( ) ( )U R R R0 1 2 0 1 2([ , , ,...]) ( ) ( ) ( ) ...hU s s s R s R s R s   

2([ ]) ( ) ( ) ( )U R R R20 1 2 0 1 2([ , , ,...]) ( ) ( ) ( ) ...hU s s s R s R s R s    



Proper PolicyProper Policy

• A proper policy is a policy that is guaranteedA proper policy is a policy that is guaranteed 
to reach a terminal state.
– Which of the policies for the gridworld are– Which of the policies for the gridworld are 
proper?



Average RewardAverage Reward

h if k h ?

0 1 2 0 1 2([ , , ,...]) ( ) ( ) ( ) ...hU s s s R s R s R s   

• What if we took the average?

 0 1 2 0 1 2
1([ , , ,...]) ( ) ( ) ( ) ...hU s s s R s R s R s   

• Can be applied to infinite horizon problems

 0 1 2 0 1 2([ , , , ]) ( ) ( ) ( )h n

Can be applied to infinite horizon problems
– “beyond the scope of this book”



Utility of StatesUtility of States

• Given a policy we can define the utility of aGiven a policy, we can define the utility of a 
state:
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• Optimal policy (for state s)
** argmax ( )s U s


 



Utility and RewardsUtility and Rewards

• Shorthand *( ) ( )U s U s Shorthand
• Utility = long term total reward from s 
onwards

( ) ( )U s U s

onwards
• Reward = short term reward from s



UtilityUtility

3 + 10.812 0.9180.868
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1 0.6110.6550.705  0.388
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Optimal PolicyOptimal Policy

• Optimal policy doesn’t depend on what stateOptimal policy doesn t depend on what state 
you start in:

* argmax ( )s U s


 

*

( ) '
( ) arg max ( ' | , ) ( ')

a A s s
s P s s a U s


 



Searching for Optimal PoliciesSearching for Optimal Policies

• Bellman EquationBellman Equation

( )
( ) ( ) max ( ' | , ) ( ')

a A s
U s R s P s s a U s


  

• If we write out the bellman equation for all n

( ) 'a A s s


states, we get n equations, with n unknowns: 
U(s).

• We can solve this system of equations to 
determine the Utility of every state.y y



Value IterationValue Iteration

• The equations are non‐linear so we can’t useThe equations are non linear, so we can t use 
standard linear algebra methods.

( ) '
( ) ( ) max ( ' | , ) ( ')

a A s s
U s R s P s s a U s


  

• Value iteration: start with random initial 
values for each U(s), iteratively update each 
value to fit the fight‐hand side of the 
equation:

1 ( ) '
( ) max ( ' | , ) ( ')i ia A s s

U R s P s s a U s 
  



Value IterationValue Iteration

• The update is applied simultaneously to everyThe update is applied simultaneously to every 
state.

• If this update is applied infinitely often we are• If this update is applied infinitely often, we are 
guaranteed to find the true U(s) values.

Th i i l ti– There is one unique solution

• Given the true U(s) values, how can we select 
( l )actions? (Maximum expected utility – MEU)

arg max ( ' | , ) ( ')ia P s s a U s ( ) '
arg max ( | , ) ( )t t ia A s s

a P s s a U s






QuestionQuestion

• If the value function is approximate (hasIf the value function is approximate (has 
error), can you still get an optimal policy?

arg max ( ' | , ) ( ')t t ia P s s a U s ( ) '
arg max ( | , ) ( )t t ia A s s

a P s s a U s






Policy IterationPolicy Iteration

• If one action is clearly better than all others, then o e act o s c ea y bette t a a ot e s, t e
the exact magnitude of state utilities need not be 
precise.

• Policy iteration interleaves two steps:
– Policy evaluation: Given a policy, compute the utility 

f h t t f th t liof each state for that policy
– Policy improvement: Calculate a new MEU policy

• Terminate when the policy doesn’t change the• Terminate when the policy doesn t change the 
utilities.

• Guaranteed to converge to an optimal policyGuaranteed to converge to an optimal policy



Policy IterationPolicy Iteration

• In what ways is it better?at ays s t bette ?
• Policy evaluation is for a fixed policy – no arg
max. We don’t need to solve a set of nonlinear 
equations.

• The Bellman equation simplifies to:

'
( ) ( ) ( ' | , ( )) ( ')

s
U s R s P s s s U s   

• These equations are linear (the max has been 
removed)



Policy IterationPolicy Iteration

• The n linear equations can be solved in O(n3)The n linear equations can be solved in O(n ) 
with standard linear algebra methods.

• So the benefit of policy iteration is that the• So, the benefit of policy iteration is that the 
policy evaluation step is much easier (and 
policy improvement is trivial)policy improvement is trivial).

• If O(n3) is still too much, we can perform a few 
f h i lifi d l i iof the simplified value‐iteration steps:

( ) ( ' | ( )) ( ')U R s P s s s U s   1
'

( ) ( | , ( )) ( )i i
s

U R s P s s s U s    



Asynchronous Policy IterationAsynchronous Policy Iteration

• We said the utility of every state is updatedWe said the utility of every state is updated 
simultaneously. This isn’t necessary.

• You can pick and subset of the states and• You can pick and subset of the states and 
apply either policy improvement or value 
iteration to that subsetiteration to that subset.

• Given certain conditions, this is also 
d i l liguaranteed to converge to an optimal policy.


