CM

PSCI 601 Recall From Last Time L ecture 14

First-Order Proof Rule:

Modus Ponens (M.P.) 'Fp—>v, T'Fp
— Elim T+

First-Order Axioms:

all generalizations of the following:

0 Tautologies on at most three boolean variables

la t=1

b (t1=t A ANt =1t)) = f(te,...,t) = f(t],..., ;)
Ic (ti=thA--Atp=1t) = (R(t,...,t) = R({t,,....,t}))
2 (Vz)(p) = plz 1]

3 e — (Vx)(p), x not free in ¢

4 (Vo) =) = ((Vo)(e) = (Va)(¥))




Prop. 12.7: M.P. preserves truth, validity, and semantic
implication.

Props. 12.8, 12.9, 12.10, 12.12, 12.14, 12.15: Every
Instance of every axiom from [P] is valid.

Soundness Theorem: Every first-order theorem is
valid, i.e., for all 3, and for all ¢ € L(Y),

= o

Furthermore, first-order proofs preserve truth, and se-
mantic implication, i.e., forall " C £(3),

if TFy then T'kEop

Proof: The axioms are valid and M.P. preserves validity.

A

Prop. 13.9:

FO-THEOREMS = {¢ | F ¢} € re.
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Two Proof Systems

The proof rules of Fitch preserve not only validity but

provability in [P]’s system. That is, the existence of a
Fitch proof proves the existence of a [P] proof.

We establish this fact by proving metatheorems:

e Generalization: If I' - ¢ and x does not occur freely
iInT, then " - Vz(p)

e Deduction: IfTU {p} F 4, thenT F ¢ — ¢

e Proof By Contradiction: If " U {¢} - L, thenT I
R

e Add A Constant: If I' - Jx(p) and ', |z < ¢| F 9,
where ¢ does not occur in I, ¢, or ¢, then I' - )



Proposition 14.1

FVzyz((x=yAy=2) = = =2)

Proof:

1L {xa=yAy=2)} Fxz=y A Elim

2. {x=yANy=2)} Fy==z2 A Elim

. Fr=y >y==x Lect. 13, sl. 12
4 1 {(x=yANy=2)} Fy==x MP 1,3
SQ.|F 2=z AX la

6. {(r=yANy=2}F (y=xANz=2) |[Alntro4,5
l.F y=zAhNz=2)—>(y=2z—>x=12) |AX1C

8. {(zr=yANy=2)} F yw=2z—>x=2)|MP6,7

O {z=yAy=2)} F z==z2 MP 2, 8
10.|F (x=yAy=2) > =2 — Intro 9
11. |FVz((z=yANy=2) > == 2) V Intro. 10
12. [ FVyVz((r=yANy=2) > =2 v Intro. 11
13. |FVaVyVz((zr =y Ay =2) — = =2) |V Intro. 12




Definition 14.2 I'is consistent iff I' / L 0

[Already shown:

Soundness Th: If I' is satisfiable Then I is consistent.]

Completeness Theorem:
If " Is consistent then I is satisfiable.

Proof: LetI" C L£(3) be consistent.
We will build A such that A =T

Idea: Extend I' to a maximally consistent set of formulas
A.

A answers every guestion and thus defines a model A.



Let ¢g, c1, ¢, . .. DE new constant symbols.
Y =X U {¢ | i e N}
£<Z,> — {9007 P1, P2, - - }
c, does not occur in ¢y, ©1,. .., v,
[, =T
on 1FT,_1 U{p,} consistent

-, otherwise

U {¥(c,) | (Fv)y(v) just added}

Each new statement is either already forced to be true,
forced to be false, or not yet forced. In the last case we
make It true. If the new true statement says that an ele-
ment exists with a property v, we make c,, that element.

I, =1,1 U



Claim: Each I, Is consistent.

Proof: By induction on n.
Base case: I'_; consistent by assumption.

Inductive step: Assume I',,_; consistent.
At leastone of T',, 1 U {p,}, I'vo1 U {—=p,} is consistent.
If T, U {(3v)(xb(v))} consistent

Thensois T,y U{(Fv)(v(v)),¥(c,)} by 3 Elimination.
A



A 1s consistent and complete and has the Henkin property
(that every provable d statement has a constant witness):

Consistent: Suppose A - L
Since proofs are finite, some I'; - L

Complete: forall ¢, € L(¥), At ¢, or A F =,

Henkin: if A F (Jv)y(v) then for some constant k£, A |-
(k).



CMPSCI 601: Build A from A L ecture 14

Definition 143 ¢, =c¢,iff Ak ¢ =¢ )
Claim: = isan equivalence relation.
Proof: = C; = C;, - Ci = Cj —7 Cj = Cj,

= (c;=cjANcj=c) = ¢ =cy 3

Al = {[ei] | i €N}
xA = [CnL St. AFx=c¢,
RA — {([Cz'l]a SR [Cir(R)D | A R(cil’ T ’ciT(R))}

fA — {<[Ci1]7 SRR [Cir(f)_HD | Ak f(civ e 702}(]0)) — Cl}(f)_H}

Note:  f4 is well defined by AX1b, and R4 is well
defined by AXlc.



Claim144 AEA

Proof:
Firstshow, t' = t3' < Akt =t
by induction on [¢1] + |¢2].

base case: ¢, = ujty = v. t{ = [c1], t3' = [ca),
where A -t = ¢, ty = ¢o.

(t =t3) < (o] = [e])
< AR C1 = C9

= A"tlztg
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inductive case: t; = f(s1,...,Sq);
st=1kl,i=1,...,a; t3'=][cy

By inductive hypothesis: A - t5 = co;
AFs,=k, 1=1,...,a

(tf:t?) = (fA([kl]a"'a[ka]) — [02])
o AF Fky .. k) = ¢
s Al f(s1,...,84) =co
S ARt =1
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Now, by induction on ¢ € L£(>') show
A=y < Al

Base case: ¢ = R(t1,...,t(r))

Inductive case: ¢ = -

Inductivecase: ¢ =aV

Inductive case: ¢ = (Vv)y(v)

This completes the proof of Claim 14.4. A

This completes proof of the Completeness Theorem. &

12



Corollary 14.5
= & Thlo

Proof: Suppose I" I .

F-pl/ L

there exists 4, A | T'U {—¢}

[

FO-THEOREM = FO-VALID € re.

Notation: T F o; AE ¢

13



CMPSCI 60L: Compactness Theorem Lecture 14

Theorem 14.6 (Compactness Theorem)
Suppose every finite subset of I' has a model.
Then I" has a model

Proof: If I' is inconsistent, then some finite subset of I’
IS Inconsistent because proofs are finite.

No finite subset of I" Is inconsistent.
[" IS consistent

[" has a model
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CMPSCI 601 Compactness Applications Lecture 14

Theory(N) = {p € L(3n) | N = ¢}

[' = Theory(N) U {¢>0,c>1,¢>2,c¢>3,...

Corollary 14.7 I" has a model.

There is a countable model of Theory(N) that is not iso-
morphic to N.

L(3x) cannot uniquely characterize N.

Proof: Every finite subset of I' is satisfiable by (N, ) for
i sufficiently large.

By Compactness, I' is satisfiable. A
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Corollary 14.8 “Connectedness’ is not expressible in the
first-order language of graphs, £(%,)

Proof:
Suppose that y = “l am connected.”
I' = {x} U {DIST(s,t) >1,DIST(s,t) >2,...}

DIST(xg,z,) >n =

n—1

(Vﬂi‘l " 'ili'n—l) .VO (CI% # Tiy1 N ﬁE(fBi, ili'z'+1))

1=

Every finite subset of I Is satisfiable.
By Compactness, I' is satisfiable.

==

“Connectedness” is not expressible in the first-order lan-
guage of graphs. [
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