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Formal Language Theory
Midterm Spring 2026

D. A. M. Barrington

DIRECTIONS:

e Answer the problems on the exam pages.

e There are seven problems on pages 2-9, some with mul-
tiple parts, for 100 total points plus 5 extra credit. Final
scale will be determined after the exam.

e The supplemental page 10 has definitions for your use
and should not be handed in.

e If you need extra space use the back of a page — both
sides will be scanned.

e No books, notes, calculators, or collaboration.
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Question 1 (20): These are ten true/false statements, with no justification needed or wanted (2
points each):

e (a, 2) Every infinite language has a neutral letter. (See the definition in Question 3 or
on the supplemental sheet.)

e (b, 2) A linear grammar is a context-free grammar such that every rule has at most
one non-terminal in its right-hand side. Given this definition, the language of every
linear grammar is a regular language.

e (c, 2) If G is any context-free grammar, there exists a natural number p such that for
any string w € L(G), there exists strings u, v, z, y, and z such that |vzy| < p, |vy| > 0,
and for all natural numbers i, uv'zy'z € L(G).

e (d, 2) If L is a context-free language and R is a regular language, the symmetric difference
LAR may fail to be a context-free language.

e (e, 2) Let X, Xy, and X3 be any three TR languages. Let Y be the language of strings
that are in exactly two of these three languages. Then Y must also be TR.

e (f, 2) Let M be a Turing machine taking two arguments which we will view as natural
numbers. Then we know that the language {j : 3i : M accepts (i,7)} is TR because we
can build a single Turing machine that takes its input and sequentially runs M on each
input (4,7) and accepts if any of these computations accept.

e (g, 2) The language {(M,w,n) : M accepts w within n steps } is undecidable.

o (h, 2) The following is a valid proof of Rice’s Theorem using the Recursion Theorem.
Let P be a property of Turing machine descriptions such that if L(M;) = L(Ms) then
P(M;) <» P(My), there exists a machine Y with P(Y’) true, and there exists a machine
N with P(N) false. Then if we could decide P, we could build a machine R that on
input w, obtains its description, decides whether P(R) is true, runs N on w if P(R) is
true, and runs Y on w if P(R) is false. This is a contradiction and thus P cannot be

decidable.

e (i, 2) Because the language ALLyp)s satisfies the rule (M) € ALLpy, if and only if
Vw :w € L(M), this language is in the II; level of the Arithmetic Hierarchy.

e (j, 2) If M is a Turing machine and w is a binary string, we say that a string z is
quadratic-time described by (M, w) if M, on input w, halts with  on its tape in at
most |w|? steps. The quadratic-time Kolmogorov complexity QK () of x is the
length of the shortest pair (M, w) that quadratic-time describes . Then the function
from z to QK (x) is not a Turing-computable function.



Question 2 (30): These are five true-false questions, with brief justification required. Three
points for each correct boolean answer, and up to three points per question for the justification:

e (a, 6) Consider the set REPFEAT of strings that ever repeat a five-letter word, that is,
the set of strings w that can be written as zuyuz, where |u| = 5 and z, y, and z are
arbitrary strings. Then REPFEAT is not a regular language.

e (b, 6) Consider the following language COINCHECK, consisting of strings over the
alphabet {#, N, D, Q} of the form u#v, where v and v are each strings without #, and
the numerical values of u and v are the same, where each N counts five cents, each D
counts ten cents, and each @) counts 25 cents. Then COINCH ECK is not a context-free

language.



e (c, 6) Define the language THISSIZ Ecp¢g to be the set of pairs (G,n) such that G is
a grammar, n is a natural, and there exists some string of length n in L(G). Then the
language THISSIZ Ecrg is not Turing decidable.

e (d,6) Let DECIDER be the set of Turing machines that are deciders, that is {(M) : Vw :
M accepts w or M rejects w}. Then the languages DECIDER and ALLp); are m-
equivalent (meaning that each is <,,-reducible to the other).

e (e, 6) An insert-delete TM or IDTM is like a Turing machine, except that on each
step, rather than overwriting the character on the current cell, either (1) inserts a new
tape cell (with content given by the transition function), (2) deletes the current cell,
or (3) moves left or right without altering the tape. Then the language A;pras is not
Turing decidable.



Question 3 (10): Recall that a formal language X has a neutral letter if there is a letter a such
that for any strings v and v, (wv € X) < (uav € X), and NEUTpra is the set of DFAs
M such that L(M) has a neutral letter. In this problem, you must prove that the language
NEUTpp4 is TD. In particular, first prove that L(M) has a neutral letter if and only if M’s
minimal DFA M’ has the property that its transition function ¢ satisfies Ja : Vq : 6(g,a) = q.
Then describe a decision procedure for NEUTpra that could be implemented on a Turing
machine that always halts.



Question 4 (10): Let X and A be any two finite alphabets. A homomorphism from ¥* to A*
is a function defined by letting f(a), for any letter a in 3, be any string in A*, and defining
f(w) so that f(e) =€ and f(wa) = f(w)f(a) for any string w and any letter a.

e (a) Prove that if f is any homomorphism from ¥* to A*, and X C ¥* is any regular

language, the language f(X) = {f(w) : w € X} is a regular language over the alphabet
A.

e (b) With f as above, prove that if Y is any regular language over the alphabet A, the
language f~1(Y) = {w: f(w) € Y} is a regular language over the alphabet .



Question 5 (10): A homomorphism from strings to strings is defined in Question 4 above.

e (a) Prove that if X is any context-free language over the alphabet ¥, and f is any
homomorphism from ¥* to A*, then the language f(X) = {f(w) : w € X} is also
context-free.

e (b) Prove that if Y is any context-free language over the alphabet A, and f is any
homomorphism from ¥* to A*, then the language f~1(Y) = {w : f(w) € Y} is also
context-free.



Question 6 (10): In Question 2(e) we defined an insert-delete TM which, instead of rewriting
an existing tape letter, can insert a new tape cell with given content, delete a tape cell, or
move one space on the tape. In this problem we use an insert TIM or ITM, which can insert
cells and move, but not delete cells. Prove that Aypys is not Turing decidable. You may refer
to any arguments you have already made in Question 2(e) without repeating them.



Question 7 (10+5): In Question 3 (and on the supplemental sheet) we defined what it means
for a formal language to have a neutral letter. In this problem we consider the language
NEUTcrg, the set of all grammars whose languages have a neutral letter. But for the
regular portion of this problem, we ask you to prove a related language to be undecidable.
In particular, we define NEUT. ;. to be the set of pairs (G,a) where a is an input letter of
the grammar G and a is a neutral letter for L(G).

It is possible to solve both of these problems without going into the proof that ALLcpg is
undecidable, but it may be useful to consider how it works. In the homework, we constructed
a reduction from ALLcpg to COFINITEcrg, building a new grammar G’ so that L(G’)
lacked an infinite number of strings if L(G) lacked even one. What happens to neutral letters
in the new grammar’s language?

e (a, 10) Prove that ALLcrg <m NEUT -

e (b, 5XC) Prove that NEUT¢pg is not TD.
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Language Ar); (similarly Agga, etc.) Set of pairs (M, w) such that M accepts w

Language ALLyys: (similarly ALLrpq, etc.) Set of machines that accept all possible strings over
their alphabet

Computable Function: Function f from strings to strings such that some Turing machine, on
any input w, always halts with f(w) on its tape

Countable Set: Any set that is either finite or has a bijection with the set of natural numbers

Context-Free Grammar (CFG): Grammar where rules allow single non-terminals to be re-
placed by strings

Context-Free Language (CFL): Definable by a context-free grammar or a PDA
co-TR: A language A is co-TR if and only if its complement A is TR.

Homomorphism: A homomorphism from ¥* to A* is defined by letting f(a), for any letter a € X,
be some string in A*| and defining f(w) in general by the rules f(¢) = ¢ and f(wa) = f(w)f(a)
for any string w and any letter a.

Language Ep): (similarly Erpg, etc.) Set of machines with empty languages

Linear Bounded Automaton (LBA): A machine like a one-tape Turing machine, but with no
additional space to the right of its input.

Mapping Reduction (<,,): A <,, B means that there exists a computable function f such that
Vw:we A+ f(w)€B

Myhill-Nerode Equivalent for X: Two strings u and v are equivalent for X if for any string z,
uz and vz are either both in X or both not in X.

Neutral Letter: A language X has a neutral letter if there exists a letter a such that for any
strings u and v, the strings uv and uwav are either both in X or both not in X.

Pushdown Automaton (PDA): Nondeterministic finite-state machine with an added stack

Language REGr): (similarly REGRrEq, etc.) Set of machines M such that L(M) is a regular
language

Regular Language: Can be defined by a DFA, NFA, or regular expression

Symmetric Difference: Called XAY', the set {w: (w € X) @ (w € Y)}, where @ is the boolean
exclusive OR operator

TR-Complete: X is TR-complete if both X is TR and for every TR language YV, Y <, X
Turing Decidable (TD): Is the language of a TM that always halts

Turing Equivalent: Called X =,, Y, it means “X <,, Y and Y <,,, X”

Turing Recognizable (TR): Is the language of any TM

Two-Sided Equivalent for X: Two strings v and v are two-sided equivalent for X if for any
strings w and z, the strings wuz and wvz are either both in X or both not in X.
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