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DIRECTIONS:

• Answer the problems on the exam pages.

• There are seven problems on pages 2-11, some with multiple parts, for
125 total ordinary points and 5 extra credit points. The final scale will
be determined after the exam.

• Pages 12 and 13 contains useful definitions and is given to you sepa-
rately – do not put answers on it!

• If you need extra space use the back of a page – both sides are scanned.

• If absolutely necessary, you may attach additional pages to be graded,
but this is a big nuisance to us.

• No books, notes, calculators, or collaboration.

• Arithmetic expressions, such as “23 + (417 · (35%3))”, do not need to
be evaluated as single numbers for full credit.

• Scrap paper during the exam may be used, if it starts out blank. Please
transfer any answers to the exam pages.
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Recently, while their humans were away, Blaze and Rhonda stayed with a dog sitter, along with
the sitter’s dog Hawkeye. Three times during the visit (Friday, Saturday, and Sunday), the sitter
emailed to report what the three dogs were doing. Let D be the set {B,H,R} of the three dogs,
T be the set {Fri, Sat, Sun} of the reporting times, and A be a set {ba, di, lo, re} of activities:
barking, digging, lounging, and retrieving. Your goal is to determine all the values of the function
f from D × T to A given by the three reports. You may assume that f is a function, so that each
dog at each time is engaged in exactly one of the four possible activities in A.

We also define four propositions to be used in some of the statements:

p1 means “f(H,Fri) = re”
p2 means “f(H,Sat) = re”
p3 means “f(R,Fri) = re”
p4 means “f(R,Sat) = re”

Question 1 (Dog Proof: Translations) Translate each statement as according to the direc-
tions:

• (a, 2) (to symbols) (Statement I)

If Hawkeye did not retrieve on Friday, then Hawkeye retrieved on Saturday and Rhonda
retrieved on Friday.

• (b, 2) (to English) (Statement II)

[(f(H,Fri) = re) ∨ (f(R,Sat) = re)] ↔ (f(H,Sat) = re) ∧ ¬((f(R,Fri) = re) →
(f(H,Sat) = re))

• (c, 2) (to symbols) (Statement III)

No activity was done by all three dogs, and if any activity was ever done by two different
dogs, then that activity was retrieving.

• (d, 2) (to English) (Statement IV)

∀a : [(a 6= re)→ ∃d : ∃t : ∃t′ : (f(d, t) = f(d, t′) = a) ∧ (t 6= t′)]

• (e, 2) (to symbols) (Statement V)

On Sunday, Hawkeye barked and Rhonda lounged.
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Question 2 (Boolean Dog Proof) (10): Both Questions 2 and 3 use the definitions, predicates,
and statements above.

Using Statements I and II only, determine the truth values of the four propositions p1 (mean-
ing f(H,Fri) = re), p2 (meaning f(H,Sat) = re), p3 (meaning f(R,Fri) = re), and p4
(meaning f(R,Sat) = re).

You may use a truth table or a deductive sequence proof. Don’t forget that if you use a
deductive sequence proof, your argument must show both that your solution satisfies all of
the statements, and that there is no other solution.
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Question 3 (Predicate Dog Proof) (15):]

This question also uses the definitions, predicates, and statements above. Now assume that
all of Statements I-V are true. (If you proved any results from Question 2, you may quote
them here without further proof.) Determine all nine values of the function f . That
is, determine which dog performed which activity on each of the three days. Prove
your answer, making clear when you are using each of the quantifier rules.
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Question 4 (10): (Induction 1) Let S(n) be the sum of the first n + 1 odd squares minus the
sum of the first n+ 1 even squares. Mathematically, this is defined by

S(n) =
n∑

i=0

(2i+ 1)2 −
n∑

i=0

(2i)2.

Prove by induction that for all naturals n, S(n) = 2n2 + 3n+ 1.

i) First write your induction hypothesis in the box below. This should be in the form P (x),
where you must explicitly explain what x is and write an unambiguous statement of P (x).

(ii) Next, write your base case(s) in the box below.

(iii) Finally, provide your induction step. This step will be marked on how clear and mathe-
matically precise your proof is. Ambiguous explanations will have points deducted.
You must use the mathematical notation we provided when writing the proof.
If your proof has multiple pieces, place each piece in a separate paragraph with space be-
tween the paragraphs. Be sure to clearly describe your induction goal. If you run out of
space, continue the proof on the back page (with a note stating that you are writing on the
back).
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Question 5 (20): (Induction 2) Define the language B on Σ = {a, b} as follows.

String w ∈ Σ∗ is in B if

R1: w = λ (the empty string) or

R2: w = avb where v ∈ B or

R3: w = aavb where v ∈ B or

R4: w = uv where u ∈ B, u 6= λ, v ∈ B, and v 6= λ.

No other strings are in B.

Define Na(w) to be the number of a’s in w and Nb(w) to be the number of b’s in w.

Also define |w| = Na(w) +Nb(w) to be the total number of characters in w.

Examples: Set w1 = abab, w2 = abaabb, w3 = baba, w4 = aba, w5 = aaabb.
Then w1,w2,w5 ∈ B, w3,w4 6∈ B
Na(w1) = Na(w3) = Na(w4) = 2. Na(w2) = Na(w5) = 3.
Nb(w1) = Nb(w3) = Nb(w3)2. Nb(w2) = 3. Nb(w4) = 1.

A derivation that w ∈ B is a listing of the rules that show that w ∈ B, one item per line.
Here is a derivation that aababbab ∈ B.
1. v1 = λ ∈ B. (R1)
2. v2 = ab = av1b ∈ B. (R2 and line 1)
3. v3 = ab ab = v2v2 ∈ B. (R4 and line 2)
4. v4 = aa abab b = aav3b ∈ B. (R3 and line 3)
5. w = aaababb ab = v4v2 ∈ B. (R4 and lines 2 and 4)

For each of part (a), (b), (c) write your answer on the page it was given. If you
run out of space, continue the solution on the back of that page (with a note
stating that you are writing on the back).

Question 5a (4):

(i) Give a derivation that shows that the string aabaabbaab is in B.

(ii) Of the two strings abbaabab and aaabbaab, one is in B and the other is not. For the one
that is not, given an argument as to why you know that it is not.
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Question 5b (8): Prove by induction that for all w ∈ B, Nb(w) ≤ Na(w).

(i) First write your induction hypothesis in the box below. This should be in the form P (x),
where you must explicitly explain what x is and write an unambiguous statement of P (x).

(ii) Next, write your base case(s) in the box below.

(iii) Finally, provide your induction step. This step will be marked on how clear and mathe-
matically precise your proof is. Ambiguous explanations will have points deducted.
You must use the mathematical notation we provided when writing the proof.
If your proof has multiple pieces, place each piece in a separate paragraph with space between
the paragraphs. Be sure to clearly describe your induction goal.
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Question 5c (8): Prove by induction that for all w ∈ B, Na(w) ≤ 2Nb(w).

(i) First write your induction hypothesis in the box below. This should be in the form P (x),
where you must explicitly explain what x is and write an unambiguous statement of P (x).

(ii) Next, write your base case(s) in the box below.

(iii) Finally, provide your induction step. This step will be marked on how clear and mathe-
matically precise your proof is. Ambiguous explanations will have points deducted.
You must use the mathematical notation we provided when writing the proof.
If your proof has multiple pieces, place each piece in a separate paragraph with space between
the paragraphs. Be sure to clearly describe your induction goal.
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Question 6 (Kleene Constructions) (40+5): The following ordinary NFA N will be used for
parts (a)-(d) of this question. A separate λ-NFA M will be used for part (e).

N has state set {1, 2, 3}, with 1 the start state and 2 the only final state. The transitions are
(1, a, 2), (1, a, 3), (2, b, 1), and (2, b, 3). There is a diagram for N on the supplemental sheet.

• Question 6a (10): Using the Subset Construction, build an ordinary DFA D such that
L(D) = L(N).

• Question 6b (5XC): Find a minimal DFA D′ such that L(D′) = L(D). If D is already
minimal, prove that fact, either directly or by carrying out the State Minimization
algorithm.
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• Question 6c (10): Using eitherD from Question 6a orD′ from Question 6b, construct a
regular expression R with that L(R) = L(D). If you use the State Elimination algorithm
as given in lecture, you do not need to prove your result to be correct. But if you use
any other method, you must prove that whatever you do gives the correct result.

• Question 6d (10): Construct a new λ-NFA Z from your regular expression R, such
that L(Z) = L(R). Since you are not going to be working further with Z, we want to
come from the algorithm we described in lecture, without any simplifications.

• Question 6e (10): Let M be the λ-NFA with state set {p, q, r, s}, with p as the start
state and q as the only final state, and transitions (p, a, q), (p, λ, r), (q, a, s), (r, λ, q),
(s, λ, q), and (s, b, r). There is a figure for M on the supplemental sheet. Build an
ordinary NFA M ′, such that L(M ′) = L(M). If you use the construction from lecture,
you do not need to prove correctness of the algorithm. But if you use any other method,
you must prove that whatever you do gives the correct result.
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Question 7 (20): The following are ten true/false questions, with no explanation needed or
wanted, no partial credit for wrong answers, and no penalty for guessing.

• (a) Recall that the in-degree of a node in a directed graph is the number of arcs into it.
Then the total number of arcs in a directed graph is equal to the sum of the in-degrees
of the nodes.

• (b) Let G be a directed graph with n vertices where n > 1. Then if G has a path with
n edges, it cannot contain a directed cycle.

• (c) The language B (from Question 5) is regular.

• (d) If L is a language, and two strings u and v are L-distinguishable, then it is possible
that there exists a string w such that uw and vw are both in L.

• (e) If N is an NFA, and D is the DFA made from it by the Subset Construction, then
D must have a death state (a non-final state with all arrows to itself).

• (f) If a language is a Turing Decidable language, then we cannot conclude that it can
be represented by a regular expression.

• (g) If R is any regular expression, the regular languages (RR∗)∗, R∗R∗, and R∗ are all
equivalent.

• (h) If two positive naturals n and m are relatively prime, one must be odd and the other
even.

• (i) If a DFA has no final states, then its language could possibly be infinite.

• (j) Recall that the start configuration for a Turing machine M for input aba is i�aba,
where i is the start state and � is the blank character. Then if δ(i,�) = (p, a,R),
δ(p, a) = (p, b, L), and δ(p, b) = (h, a,R), then aba ∈ L(M).
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Supplemental Sheet for COMPSCI 250 Final Exam, 13 May 2024

Recently, while their humans were away, Blaze and Rhonda stayed with a dog sitter, along with
the sitter’s dog Hawkeye. Three times during the visit (Friday, Saturday, and Sunday), the sitter
emailed to report what the three dogs were doing. Let D be the set {B,H,R} of the three dogs,
T be the set {Fri, Sat, Sun} of the reporting times, and A be a set {ba, di, lo, re} of activities:
barking, digging, lounging, and retrieving. Your goal is to determine all the values of the function
f from D × T to A given by the three reports. You may assume that f is a function, so that each
dog at each time is engaged in exactly one of the four possible activities in A.

We also define four propositions to be used in some of the statements:

p1 means “f(H,Fri) = re”
p2 means “f(H,Sat) = re”
p3 means “f(R,Fri) = re”
p4 means “f(R,Sat) = re”

Translate each statement as according to the directions:

• (Statement I) If Hawkeye did not retrieve on Friday, then Hawkeye retrieved on Saturday and
Rhonda retrieved on Friday.

• (Statement II) [(f(H,Fri) = re) ∨ (f(R,Sat) = re)] ↔ (f(H,Sat) = re) ∧ ¬((f(R,Fri) =
re)→ (f(H,Sat) = re))

• (Statement III) No activity was done by all three dogs, and if any activity was ever done by
two different dogs, then that activity was retrieving.

• (Statement IV) ∀a : [(a 6= re)→ ∃d : ∃t : ∃t′ : (f(d, t) = f(d, t′) = a) ∧ (t 6= t′)]

• (Statement V) On Sunday, Hawkeye barked and Rhonda lounged.

(more on the other side of the paper)
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Supplemental Sheet for COMPSCI 250 Final Exam, 13 May 2024

Here is a diagram for the ordinary NFA N used in Question 6 parts (a)-(d).

N has state set {1, 2, 3}, with 1 the start state and 2 the only final state. The transitions are
(1, a, 2), (1, a, 3), (2, b, 1), and (2, b, 3).

1 2 3

a

a b

b

Here is a diagram for the λ-NFA M used in Question 6 part (e).

Let M be the λ-NFA with state set {p, q, r, s}, with p as the start state and q as the only final
state, and transitions (p, a, q), (p, λ, r), (q, a, s), (r, λ, q), (s, λ, q), and (s, b, r).

p q

r s

λ

a

λ

λ

b

a
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