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DIRECTIONS:

e Answer the problems on the exam pages.

e There are four problems on pages 2-10, some with mul-
tiple parts, for 100 total ordinary points and 5 extra
credit points. The final scale will be determined after
the exam.

e Page 11 contains useful definitions and is given to you
separately — do not put answers on it!

e If you need extra space use the back of a page — both
sides are scanned.

e If absolutely necessary, you may attach additional pages
to be graded, but this is a big nuisance to us.

e No books, notes, calculators, or collaboration.

e Arithmetic expressions, such as “23 + (417 - (35%3))”,
do not need to be evaluated as single numbers for full
credit.

e Scrap paper during the exam may be used, if it starts
out blank. Please transfer any answers to the exam

pages.

1 /1545
2 /25
3 /40
4 /20
Total /100+5




Note: For all the induction questions (la, 1b, and 2), you must explicitly separately label and
write the following three parts:

e The induction hypothesis
e Justification or proof of the base case(s)

e The inductive step (proving the inductive goal from the inductive hypothesis)

Question 1 (15): (Induction 1) In Alice in Wonderland, the Mock Turtle and the Gryphon
explain to Alice that in their school, they have “lessens” every day, ten hours the first day,
nine the next, and so on, so that the number of hours for each day is defined inductively with
h(1) = 10 and, for all positive naturals, h(i + 1) = h(i) — 1. They agree that the eleventh
day is a holiday, but change the subject when she asks about later days. Here we will assume
that the rule above continues to allow the number of hours to be negative.

Question 1a (5): Prove, by induction, that for all positive naturals i, h(:) = 11 — 4.

Question 1b (10): For any natural, let S(n) be the total number of hours in the first n
days, that is, S(n) = >_1 ; h(i). Prove by induction that for all naturals (including n = 0),
S(n) = §(21 —n). Note that there may be more than 24 (negative) hours in a day, and that
the total number of hours may become negative.



Question 1c (5 extra credit): Suppose now that the school changed its policy so that
after the holiday on day 11, they added an hour for each new day, until they had another
day with ten hours, and then returned to “lessening” again. Thus during a lessening period,
h(i+1) = h(i) — 1 as before, but during these other periods, h(i+ 1) = h(i) + 1. For example,
after 13 days, there have been 10 +9+84+7+6+5+4+3+2+4+1+0+ 1+ 2 = 58 hours.
Determine (justifying your answer) the total number of hours of class time they have had
after 2024 days.



Question 2 (25): (Induction 2) Recall that a rooted binary tree (RBT) consists of either

e a single node, which is its root, or

e a new node, its root, which is connected to the roots of two other RBT’s.

e The only RBT’s are those made by the first two rules.
Note (added during the exam): The RBT defined here is not the same as the “full
binary tree” defined in the homework this term.
Question 2a (5):

Prove, by induction on this definition, that any RBT has an odd number of nodes.

The depth of an RBT is the length of the longest path from the root to any leaf. In particular,
the depth of an RBT with only one node has depth 0, since the root is a leaf and there is a
path of length 0 from it to itself.

We want to prove that if 7' is an RBT with depth d, the number s of nodes in T satisfies the
rule 2d + 1 < s < 24+ — 1,

Question 2b (10):
Prove by induction that if T is an RBT with depth d and with s nodes, 2d + 1 < s.



Question 2c (10):
Prove by induction that if T is an RBT with depth d and with s nodes, s < 291 — 1.



Question 3 (40): (Searches and Search Trees) This problem concerns an undirected graph
U and a directed graph D, each of which has nine nodes. The graph U has twelve undirected
edges, and D has twelve directed edges in each direction, for a total of 24 directed edges.

The graphs concern nine towns (in MA, CT, and NY) with travel permitted either by car or
bike between adjacent towns in the graph.

We first have the undirected graph U for driving times by car:

HIL ===== EGR ===== GBR Hillsdale, NY
| 10 | 10 | Egremont, MA
10 | 15 | 10 | Great Barrington, MA
I | | Copake Falls, NY
CPF ===== MTW ===== SHF Mount Washington, MA
| 15 | 30 | Sheffield, MA
15 | 40 | 30 | Millerton, NY
| | | Salisbury, CT
MIL ===== SAL ===== NCA North Canaan, CT

e (a, 10) Carry out a DFS search for the undirected graph U, beginning with node EGR
and with no goal node. List the order in which the nodes are placed on the open list
(call this the “On Order”). If a node is placed on the list multiple times, it should be
listed each time. Separately list the order in which each node is taken off the open list
(call this the “Out Order”).

When two or more nodes need to come off the list, and they entered at the same time,
take the one first that comes earlier alphabetically.

Also draw the DFS tree, indicating the tree edges and the back edges.



e (b, 10) Carry out a BFS search for the undirected graph U, beginning with node EGR
and with no goal node. List the order in which the nodes are placed on the open list
(call this the “On Order”). If a node is placed on the list multiple times, it should be
listed each time. Separately list the order in which each node is taken off the open list
(call this the “Out Order”).

When two or more nodes need to come off the queue, and they entered at the same time,
take the one that comes earlier alphabetically.
Also draw the BFS tree, indicating the tree edges and the non-tree edges.



Here is the directed graph D for biking times. The nodes are the same as for D, but
the directed edges are made by choosing a weight in each direction for each edge of
D. The less-than and greater-than symbols indicate the directions in the left and right
directions. The caret symbols under edge weights indicate directed edges upward to
those nodes. The v symbols indicate directed edges downward to those nodes.

40-> 35->
HIL ========== EGR ========== GBR
| <-50 | <-30 |
35 | ~ 80 | - 40 | -
[ [ I
v | 30 v | 60 v | 40
I I I
I 60-> I 75-> I
CPF ========== MTW ========== SHF
I <-30 | <-110 |
70 | © 80 | ~ 35 | ~
Il Il Il
v | 70 v | 100 v | 35
I I I
I 40-> | 40-> I
MIL SAL ========== NCA
<-50 <-40

e (c, 10) Conduct a uniform-cost search of the directed graph D, with EGR as the start
node and CPF as the goal node. Indicate when each item enters and leaves the priority
queue. In each case when the first item for a node leaves the priority queue, report the
priority value for for that node.

When two or more nodes need to come off the list, they should follow the rules of
uniform-cost, and you may break ties as you like.



We will now ask you to conduct an A* search for the directed graph D, with EGR as
the start node and CPF as the goal node, using the following heuristic function h. For
any node z, h(z) will be double the driving time from x to CPF. We could have you
calculate that by a UCS of the graph U, but we will just give you the answers:
(CPF,0),(HIL,20),(MIL,30),(MTW,30),(EGR,40),
(SAL,50),(GBR,60),(SHF,80),(NCA,90).

(d, 10) Conduct an A* search of the directed graph D to determine the shortest biking
time from EGR to CPF, using the heuristic function h above. Indicate which items
enter and leave the priority queue. Whenever the first item for a node comes off of the
priority, report the distance from the start node to that node. When two or more nodes
need to come off the list, they should follow the rules of an A* search, and you may
break ties as you like.

Compare the result of this search with the UCS search in Question 4(c). Did the A*
search succeed in its goal relative to the UCS search?



Question 4 (20): The following are ten true/false questions, with no explanation needed or
wanted, no partial credit for wrong answers, and no penalty for guessing.

(a) The Peano Axioms for the naturals imply that every natural has a unique predecessor.

(b) Let P(n) be a predicate on naturals. If we assume P(n) for an arbitrary n, and
prove P(n + 1), we may conclude that P(n) is true for all naturals n.

(c) A palindrome is a string that is equal to its own reversal. If the strings v and v
are palindromes, then the string uvuf® is a palindrome (where uf is the reversal of u).

(d) Any square n by n chessboard, with any one square removed, can be tiled with
L-shaped trominoes (the L-shaped pieces we used in Section 4.11).

(e) An undirected tree with n nodes must have exactly n edges.

(f) Every directed acyclic graph has the property that there can never be two different
paths from one node to another.

(g) Let G be a directed acyclic graph (with finitely many nodes) and let « be a node
in G. Consider either a DFS or a BFS from z, without a closed list or other means
to prevent multiple visits to the same node. Then the BFS will terminate with either
success or failure, but this is not necessarily true for the DFS.

(h) In a DFS tree of a directed graph, every edge is either a tree edge or a back edge.

(i) In the BFS tree of a directed graph, every directed edge from a node at level i must
go to nodes that are in one of the levels i — 1, 4, or 7 + 1.

(j) Consider a uniform-cost search with start node s and goal node g, where there is a
path from s to g, and d is the length of the shortest path. Let x be a node such that
there is no path from s to = of length < d. Then x will not come off of the priority queue
before the search concludes.
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Here are copies of the undirected graph U (for driving times) and the directed graph D (for biking
times) for Question 3. Each has nine nodes — U has 12 undirected edges and D has 24 directed
edges, one for each direction of edge in D.

Undirected graph U:

HIL ===== EGR ===== GBR Hillsdale, NY
| 10 | 10 | Egremont, MA
10 | 15 | 10 | Great Barrington, MA
| | | Copake Falls, NY
CPF ===== MTW ===== SHF Mount Washington, MA
| 15 | 30 | Sheffield, MA
15 | 40 | 30 | Millerton, NY
| | | Salisbury, CT
MIL ===== SAL ===== NCA North Canaan, CT

Directed graph D:

40-> 35->
HIL ========== EGR ========== GBR
I <-50 | <-30 I
35 | ~ 80 | ~ 40 | -
I I I
v | 30 v | 60 v | 40
| | |
I 60-> | 75-> I
CPF ========== MTW ========== SHF
I <-30 | <-110 |
70 | ° 80 | 3 |
Il [ 1] I
v | 70 v | 100 v | 35
| | |
I 40-> | 40-> I
MIL ========== SAl ========== }CA
<-50 <-40

Heuristic values: (CPF, 0), (HIL, 20), (MIL, 30), (MTW, 30), (EGR, 40), (SAL, 50), (GBR, 60),
(SHF, 80), (NCA, 90).
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