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DIRECTIONS:

• Answer the problems on the exam pages.

• There are four problems on pages 2-8, some with multi-
ple parts, for 100 total points plus 5 extra credit. Final
scale will be determined after the exam.

• Page 9 contains useful definitions and is given to you
separately – do not put answers on it!

• If you need extra space use the back of a page – both
sides are scanned.

• No books, notes, calculators, or collaboration.

• In case of a numerical answer, an arithmetic expression
like “217 − 4” need not be reduced to a single integer.
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During “March Madness”, many American humans compete to predict the results of the men’s and
women’s NCAA basketball tournaments.

For the dogs on Dave’s block, the most important sporting event in March is the Iditarod Sled
Dog Race in Alaska. Early this month, a set D = {B,C, I,K,R} consisting of exactly the five
dogs Blaze, Clover, Indie, Kiké, and Rhonda, met to select their predicted winners of the Iditarod.
Each dog selected one of the three leading teams in the Iditarod, which we will call Team X, Team
Y, and Team Z, so that they chose from the set T = {X,Y, Z}. Let S be the relation from D to T
such that for any dog d, S(d, t) is true if and only if dog d selected team t. You may assume that
the relation S is a function from D to T .

Question 1 (10): (Translations) Translate each statement as according to the directions:

• (a, 2) (to symbols) (Statement I)

Clover selected Team X if and only if Indie selected Team X, and Indie selected Team
X if and only if Kiké did not select Team X.

• (b, 2) (to English) (Statement II)

¬(S(C,X) → S(B,X))

• (c, 2) (to symbols) (Statement III)

It is not the case that more than one dog selected team Z.

• (d, 2) (to English) (Statement IV)

¬∃d1 : ∃d2 : ∃d3 : ∃t : (d1 ̸= d2) ∧ (d1 ̸= d3) ∧ (d2 ̸= d3) ∧ S(d1, t) ∧ S(d2, t) ∧ S(d3, t)

• (e, 2) (to symbols) (Statement V)

Blaze and Rhonda selected the same team.
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Question 2 (10): (Boolean Proof) Both Questions 2 and 3 use the definitions, predicates, and
statements above.

Using only Statements I and II, determine exactly which of those four dogs (not
Rhonda), among the set D selected Team X. It may be easier to refer to the four atomic
propositions as b = S(B,X), c = S(C,X), i = S(I,X), and k = S(K,X).

You may use a truth table or a deductive sequence proof. Don’t forget that if you use a
deductive sequence proof, your argument must show both that your solution satisfies all of
the statements, and that there is no other solution.
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Question 3 (20) (Predicate Proof) : This question also uses the definitions, predicates, and
statements above. Now assume that all of Statements I-V are true. (If you proved any results
from Question 2, you may quote them here without further proof.) Determine which team
was selected by each of the five dogs. Prove your answer, making clear when you are
using each of the quantifier rules.
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Question 4 (30+5): (Number Theory) I have a pile containing x coconuts, where x is a nat-
ural. I sort my pile into groups of 13 each, and find that the remainder is 5. I then sort them
again into groups of 11 each, and find that the remainder is 2.

The following questions concern what we are able to find about x from these facts.

• (a, 3) Write two congruence statements about x, expressing the two statements above.

• (b, 3) Write down the complete statement of the Chinese Remainder Theorem (for two
moduli). Be careful to explicitly state the conditions required to be able to use it.

• (c, 4) Using the ordinary Euclidean Algorithm, show that the Chinese Remainder The-
orem applies to the two congruences you wrote in part (a).

• (d, 10) Justifying your answers, find a linear combination of 13 and 11 that equals 1.
Then find an inverse of 13, modulo 11, and an inverse of 11, modulo 13. Make sure that
you indicate which is which.
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• (e, 5) Using the Chinese Remainder Theorem, find the smallest natural number x that
satisfies the two congruences.

• (f, 5) What is the second smallest natural number solution to the congruences?

• (g, 5XC) From your solution to part (e), determine how many natural number solutions
there are with x ≤ 500. Now consider another pile of y coconuts where we get 2 left
over when we divide into groups of 13, and 3 left over when we divide into groups of 11.
How many natural number solutions are there with y ≤ 500?
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Question 5 (10): (Binary Relations) This problem deals with two binary relations from the
set A = {1, 2, 3} to itself.

• (a, 5)

The relation P ⊆ A×A is a partial order, and the pairs (1, 3) and (3, 2) are both in P .
There is only one possible partial order containing those pairs – list all of the pairs
in P . Justify your answers – if you make true assertions about the various properties,
you do not need to prove them.

• (b, 5)

The relation Q ⊆ A×A is an equivalence relation, and the pairs (1, 3) and (3, 2) are
both in Q. There is only one possible equivalence relation containing those pairs – list
all of the pairs in Q. Justify your answers – if you make true assertions about the
various properties, you do not need to prove them.
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Question 6 (20): The following are ten true/false questions, with no explanation needed or
wanted, no partial credit for wrong answers, and no penalty for guessing.

Parts (e) and (f) refer to the specific sets D and T , and the relation S from D to T , defined
in Question 1.

• (a)

If a relation is reflexive, not symmetric, and transitive, then it must be a partial order.

• (b)

There exists a unary predicate P , on some finite type T , such that the statement “∃x :
∀y : P (x)⊕ P (y)” is true.

• (c)

Let P (x) be a predicate over a type with two or more elements. Then if ∃x : ∀y : P (x) →
P (y) is true, then ∀y : P (y) is true.

• (d)

The compound propositions ¬(p ↔ q) and (p⊕ q) are logically equivalent.

• (e)

Without using the statements of Question 1, that is, knowing only that S is a function
from D to T , we cannot determine whether S is a surjection (onto function).

• (f)

Without using the statements of Question 1, that is, knowing only that S is a function
from D to T , we cannot determine whether S is a injection (one-to-one function).

• (g)

Let f from X to Y , and g from Y to Z, be two injections (one-to-one functions). Then
their composition g ◦ f must also be an injection.

• (h)

Let Σ = {0, 1}. Every string in Σ∗ is finite, but Σ∗ is an infinite set.

• (i)

The empty string λ is equal to the empty set ∅.

• (j)

Let Z be the language {ab, aba}. Then for any natural n, there exists at least one string
in Z∗ of length n.
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COMPSCI 250 First Midterm Supplementary Handout: 13 March 2024

Here are definitions of sets, predicates, and statements used on the exam.

Remember that the scope of any quantifier is always to the end of the statement it is in.

The scenario of Question 1 is as follows. Early this month, a set D = {B,C, I,K,R} consisting of
exactly the five dogs Blaze, Clover, Indie, Kiké, and Rhonda, met to select their predicted winners
of the Iditarod. Each dog selected one of the three leading teams in the Iditarod, which we will
call Team X, Team Y, and Team Z, so that they chose from the set T = {X,Y, Z}. Let S be the
relation from D to T such that for any dog d, S(d, t) is true if and only if dog d selected team t.
You may assume that the relation S is a function from D to T .

The five statements of Question 1 are:

• (a, 2) (to symbols) (Statement I)

Clover selected Team X if and only if Indie selected Team X, and Indie selected Team X if
and only if Kiké did not select Team X.

• (b, 2) (to English) (Statement II)

¬(S(C,X) → S(B,X))

• (c, 2) (to symbols) (Statement III)

It is not the case that more than one dog selected team Z.

• (d, 2) (to English) (Statement IV)

¬∃d1 : ∃d2 : ∃d3 : ∃t : (d1 ̸= d2) ∧ (d1 ̸= d3) ∧ (d2 ̸= d3) ∧ S(d1, t) ∧ S(d2, t) ∧ S(d3, t)

• (e, 2) (to symbols) (Statement V)

Blaze and Rhonda selected the same team.
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