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- Problem Set 3 due next Friday 4/10 at 11:59pm.

- Quiz due Monday at 8pm.



Last Class:

- ‘Dual view’ of low-rank approximation - rows and columns both
approximately lie in a low-dimensional subspace.

- Finding an optimal orthogonal basis V € R%** to minimize
X — XWV'||Z when the data does not exactly lie in a
low-dimensional subspace.

- Solution by taking the top k eigenvectors of X"X (this is
PCA/optimal low-rank approximation)
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This Class:

- Wrap up optimal low-rank approximation.

- Singular value decomposition (SVD) and its connection to
low-rank approximation.



Best Fit Subspace

If X1,...,X, are close to a k-dimensional subspace V with
orthonormal basis V € RY** the data matrix can be approximated as

)_('\L\’/T. XV gives optimal embedding of X in V.

We can find V by solving the optimization problem:

(] &\‘\’ kR

yo N/ argmin IX=XWT[F = argmax [IXV|]} = [XV[[}

oY orthonormalVeRdX”//_ orthonormal VERIxk__— i
d-dimensional space =

(5

k-dim. subspace V

X1,...,% € RY: data points, X € R"*%: data matrix, ¥, . .., v, € R orthogo-
nal basis for subspace V. V e R9>k: matrix with columns ¥4, .. . , V.




Solution via Eigendecomposition

We can find the columns of V, V4, ..., V,, greedily.

Vi = argmax [XV|3
v with ||v]|;=1

V= argmax  [|XV|3
Vwith ||[v|.=1, (V,73)=0

—

Ve = arg max [|XV]3.
7 with [[v]l,=1, (7,7,)=0 Vj<k
Vi,...,V, are the top k eigenvectors of X’X by the Courant-Fischer
Principle.
X1,...,% € RY: data points, X € R"%%: data matrix, ¥1, ..., v, € R%: orthogo-

nal basis for subspace V. V € R4*k: matrix with columns v, . .., V.




Low-Rank Approximation via Eigendecomposition
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Low-Rank Approximation via Eigendecomposition

Letting Vi, have columns V4, ..., V, corresponding to the top k
eigenvectors of the covariance matrix X'X, Vy is the orthogonal basis
minimizing

X — XV, V2

X,..., % € RY data points, X € R">9: data matrix, v4,...,V, € R top
eigenvectors of X'X, V, € R9%k: matrix with columns ¥, .. . , V.
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Error of Optimal Low-Rank Approximation:

d
IX = XVRVE[E = D A(XTX).
i=R+1
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Low-Rank Approximation via Eigendecomposition

Letting Vi, have columns V4, ..., V, corresponding to the top k
eigenvectors of the covariance matrix X'X, Vy is the orthogonal basis
minimizing

X — XV, V2

Error of Optimal Low-Rank Approximation:

d
IX = XVRVE[E = D A(XTX).
i=k+1
So plotting the eigenvalue spectrum of X'X shows how compressible
X is using low-rank approximation.

X,..., % € RY data points, X € R">9: data matrix, v4,...,V, € R top
eigenvectors of X'X, V, € R9%k: matrix with columns ¥, .. . , V.




Spectrum Analysis
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Spectrum Analysis
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- Many (most) datasets can be approximated via projection onto
a low-dimensional subspace.

- Find this subspace via a maximization problem:

max ||XV||.
orthonormal V

- Greedy solution via eigendecomposition of XTX.
- Columns of V are the top eigenvectors of X'X.

- Error of best low-rank approximation (compressibility of data) is
determined by the tail of X'X's eigenvalue spectrum.



Linear Algebra Proofs/Practice



Some Linear Algebra Practice

Prove that [X — XWT2 = [X|E - V|2 —) AL Bty
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Use that for any matrix A, [|A[|z = tr(ATA) = tr(AAT).
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Some Linear Algebra Practice

Show that for symmetrlc A, the trace is the sum of eigenvalues:

tr(A) = 211 \ |
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Use the cyclic property of trace, that for any MN, tr(MN) = tr(NM). 1



Some Linear Algebra Practice

Show that for any X, the eigenvalues of X'X are non-negative.
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Some Linear Algebra Practice

Prove the first step of Courant Fischer: the top eigenvector V; of a

matrix A is given by V- - VJ [
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Singular Value Decomposition



Singular Value Decomposition

The Singular Value Decomposition (SVD) generalizes the
eigendecomposition to asymmetric (even rectangular) matrices.
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Singular Value Decomposition

The Singular Value Decomposition (SVD) generalizes the
eigendecomposition to asymmetric (even rectangular) matrices. Any
matrix X € R"™*9 with rank(X) = r can be written as X = UZV',

- U has orthonormal columns ds,. .., U, € R" (left singular
vectors).
-V has orthonormal columns V4, ..., v, € R? (right singular
vectors).
- X is diagonal with elements oy > 0, > ... > o, > 0 (singular
values).
nxd orthonormal  positive diagonal ~ orthonormal
b3 VT
x = WM U Uy 0rs .
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Connection of the SVD to Eigendecomposition

Writing X € R"*% in its singular value decompositiorﬂ;\/l:
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X € R"™d: data matrix, U € R"*rank(X): matrix with orthonormal columns
Uh, U, ... (left singular vectors), V. e RIxrank(X): matrix with orthonormal
columns v, ¥, ... (right singular vectors), £ e Rrank(X)xrank(X). positive di-
agonal matrix containing singular values of X.
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The left and right singular vectors are the eigenvectors of the
covariance matrix X'X and the gram matrix XX respectively.
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Connection of the SVD to Eigendecomposition

Writing X € R"*% in its singular value decomposition X = UXV":
X'X = VEUTUZV’ = vE?V' (the eigendecomposition)

Similarly: XX" = UZVVEUT = UX?U’.

The left and right singular vectors are the eigenvectors of the

covariance matrix X'X and the gram matrix XX respectively.

So, letting V, € RY*F have columns equal to V4, ..., vy, we know that
XV, V] is the best rank-k approximation to X (given by PCA).

X € R"™d: data matrix, U € R"*rank(X): matrix with orthonormal columns
Uh, U, ... (left singular vectors), V. e RIxrank(X): matrix with orthonormal
columns v, ¥, ... (right singular vectors), £ e Rrank(X)xrank(X). positive di-
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Connection of the SVD to Eigendecomposition

Writing X € R"*% in its singular value decomposition X = UXV": x_r
X'X = VEUTUZV’ = vE?V' (the eigendecomposition) \/<UT

Similarly: XX" = UZV'VEUT = UZ’U’. Uk
The left and right singular vectors are the eigenvectors of the ><TU \}T
covariance matrix X'X and the gram matrix XX respectively. Kk
So, letting V, € RY*F have columns equal to V4, ..., vy, we know that
XV, V] is the best rank-k approximation to X (given by PCA).

What about U,U[X where U,e e R"™* has columns equal to Uy, ..., Ug?

UeUy X = X s ik

X € R"™d: data matrix, U € R"*rank(X): matrix with orthonormal columns
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Connection of the SVD to Eigendecomposition

Writing X € R"*% in its singular value decomposition X = UXV":
X'X = VEUTUZV’ = vE?V' (the eigendecomposition)

Similarly: XX" = UZVVEUT = UX?U’.

The left and right singular vectors are the eigenvectors of the

covariance matrix X'X and the gram matrix XX respectively.

So, letting V, € RY*F have columns equal to V4, ..., vy, we know that
XV, V] is the best rank-k approximation to X (given by PCA).

What about U,U[X where Uy, € Rk has columns equal to U, . .., U?
Gives exactly the same approximation!

X € R"™d: data matrix, U € R"*rank(X): matrix with orthonormal columns
Uh, U, ... (left singular vectors), V. e RIxrank(X): matrix with orthonormal
columns v, ¥, ... (right singular vectors), £ e Rrank(X)xrank(X). positive di-
agonal matrix containing singular values of X.
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The best low-rank approximation to X:
Xp = arg min,. _r sernxd | X — BJ|F IS given by:

Xp = XVV}, = ULUIX

The SVD and Optimal Low-Rank Approximation

Correspond to projecting the rows (data points) onto the span of V,
or the columns (features) onto the span of U,

Column (feature) compression

Row (data point) compression

sale price
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The SVD and Optimal Low-Rank Approximation

The best low-rank approximation to X:
Xp = arg min . _r gernxd | X — BJ|F IS given by:

X, = XV,V], = U UX
—_— = >
Correspond to projecting the rows (data points) onto the span of V,
or the columns (features) onto the span of Uy

nxd orthonormal  positive diagonal ~ orthonormal
oy vi
[} vy
0dvy 0
X =| wmw |y U, bd)_ G %\
&, v 2
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The SVD and Optimal Low-Rank Approximation

The best low-rank approximation to X:
Xp = arg min . _r gernxd | X — BJ|F IS given by:

X, = XV,V], = U UIX

Correspond to projecting the rows (data points) onto the span of V,
or the columns (features) onto the span of U,

n x d (rank k)
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The SVD and Optimal Low-Rank Approximation

The best low-rank approximation to X:
Xp = arg min,. _r sernxd | X — BJ|F IS given by:

X = X\.ﬂevl :gkugx = UpX,V],

Correspond to projecting the rows (data points) onto the span of V, ﬂz\
or the columns (features) onto the span of U,

nxd (rank-k)  orthonormal positive diagonal  orthonormal

U, azzk VkT Z%
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The SVD and Optimal Low-Rank Approximation

The best low-rank approximation to X:
Xp = arg min,. _r sernxd | X — BJ|F IS given by:

X = XV,V], = U,UIX = U, V]
NS

T Ce QW\L\\PJY
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X € R"™d: data matrix, U € R"*rank(X): matrix with orthonormal columns
Uh, U, ... (left singular vectors), V. e RIxrank(X): matrix with orthonormal
columns v, ¥, ... (right singular vectors), £ e Rrank(X)xrank(X). positive di-
agonal matrix containing singular values of X.

—fAc ket o T
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The best low-rank approximation to X:
Xk = arg minrank_,? BeRnxd ||X — B”F is glvevn_Q/

X = XV,V], = U,UIX = U,Z, V]
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X € R"™d: data matrix, U € R"*rank(X): matrix with orthonormal columns
Uh, U, ... (left singular vectors), V. e RIxrank(X): matrix with orthonormal
columns v, ¥, ... (right singular vectors), £ e Rrank(X)xrank(X). positive di-
agonal matrix containing singular values of X.

The SVD and Optimal Low-Rank Approximation
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SVD Review

- Every X € R"*9 can be written in its SVD as UXV'.

- U € R"™" (orthonormal) contains the eigenvectors of XX'.
V e RI¥" (orthonormal) cqn}g)ivr;_s’.‘tfhog,rgiggnvectors_of_XTX.
¥ € R™" (diagonal) containsttheir eigenvalues. - $~

PRVAYS
o~ X

© UpUpX = XV, V] = URZLVE = arg m(in) ) [X — BJ|r.
B st rank(B)<

19



