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Example: Bayesian Network Graph Example: Conditional Probability Table
P(G) P(C) P(BP) P(I)
HD G BP C P(HD|G,BP,C)
No M Low Low 0.95
Yes M Low Low 0.05
) No F Low Low 0.99
P(HD|G,C,BP) (HearDisease P(AD) Yes F Low Low 0.01

P(CP|HD,A) @ P(SBJA)
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Bayesian Networks: Parameters

MLE Example

Bayesian Networks: Parameters

Estimation Theory

HD G BP C P(HD|G,BP,C)
The default parameterization in a discrete Bayesian network simply uses a separate HD
parameter for each element of each CPT: Noo M~ Low  Low oﬁ‘gvavL
Yes M Low Low GQM LL
< No F Low Low ON‘I% L
Py(X=2lXpax)=¥) =0y}, Yes F Low Low o
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Today's Problem

» How do we choose the parameter values for a Bayesian network given a data set?

» The maximum likelihood estimate for 9;{ is just the number of times X takes
value & when its parents take value y, divided by the number of times its parents
take the value y:

#X=2,Y=y)

P X =alY=y)=0}, = Y —

How can we derive this result?
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Example: Smoker and Cancer
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Maximum-Likelihood Estimation (MLE)

Example Lear

A parametric model {py|0 € ©} is a family of probability distributions indexed by
parameters 0

Estimation Given data x(V, ..., x™) how do we choose p,? (Notation: x(™) = (x(” 715?)))
Principle of maximum likelihood: choose the distribution that assigns the highest
probability to the data
For an observed value x, the log-likelihood is

L(0]x) = log py(x)
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For a data set x(MV) = (x(W), ... x(™)), the log-likelihood is

E log py(x™

L(0]x1)

Goal: find A to maximize £(6|x1:M))
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Example: Bernoulli Model

Suppose 1), @ ... () are drawn from a Bernoulli distribution:

(z) = 1—-6, z=0
Polt) = 0, r=1

The log-likelihood is

, 1 X
£(0|z1N)) = Nzlogpe@( )
N N
Z I[z™) = 0]log(1 — 0) + 1[z(™) = 1]log0)
=
_ #(X =0) #X =1

What does this likelihood function look like?

Estimation Theory
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Example: Bernoulli Likelihood

Demo:

z Likelihood Function
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Learning as Likelihood Maximization

How can we find the model parameters # that maximize the likelihood?

» The derivative of a function is
zero at every local maximum

» Zero derivative points are not
local maxima in general.

F(x)

» To be a local maximum, the

curvature must be negative %
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Maximum Likelihood and Optimization

How can we find the model parameters 6 that maximize the likelihood?
» Compute the (partial) derivatives of the log likelihood
» Set them equal to zero
» Solve derivative equations for the parameters

» (Determine which solutions are local maxima by checking second derivatives)
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Example: Bernoulli Likelihood

Demo:
Likelihood Function
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Example: Bernoulli Parameter Learning

The maximum likelihood estimates for the simple Bernoulli model are easy to derive:

> L(0)2N)) = #(XT:O)IOg(I —0)+ #log@
9 any _ #X=1) #(X=0)
> g ) = - Na e

» Setting the derivative equation equal to zero and solving yields the maximum
likelihood estimate:
_ #(X =1)

0
N
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Example: Multinomial Model

Consider a Multinomial model for a discrete random variable X that takes V values

{1,...V}.
0, r=1
polx) = 6y, =V —1
1-2V 6, a=V
Then
1 N V-1 —1
L(Oa1) = <> ( 1™ = v]log(6,) + Iz = V]log (1 -3 9))
n=1 v=1 v=
V-1 V-1
N #X =) #X=V)
= 5 log(6,,) + — N log (1 — Z Gu)

v=1 v=1
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Example: Multinomial Parameter Learning

V-1 V-1
: #(X =) #F(X=V)
b £(0l2) = 3" T =g,y + 2= Tiog (1- 36,
(0l LN % ) N °g< )

» Setting the partial derivatives to zero, we require, for each i < V:
2 #(X =) #(X=V)

> L(0)xtN) = — =0
N ) N1-YV"'0,)

> It's easy to check that this is solved by setting
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Bayesian Network Parameters
In a Bayesian network, each CPT is a collection of multinomial distributions with
distinct parameters. There is one multinomial distribution for each joint setting of the
parents of each variable.

HD G BP C P(HD|G,BP,C)
No M Low Low QN‘M LL
Yes M Low Low }JM LL
No F Low Low QN‘F L
Yes F Low Low GY‘F L

logP(HD = h|G=¢,BP =b,C =c¢) = logehgbL
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Joint Probability in Terms of Parameters

The joint probability in a Bayesian network is a product of conditional multinomial
distribution for each node:

D
-1
Id‘xpa(d)

D
= H p9($d|xpa(d))
d=1

— log-likelihood is a sum of terms:

Z log QTd‘X w

log pp(x) =

23/40

Learning Intro Estimation MLE Examples Learning Bayesian Networks

00080000000

Log Likelihood Decomposition

The log likelihood of a dataset x(*™) for a Bayesian network decomposes into a sum
of terms that depend only on the parameters for one conditional distribution:

1 N D
(alx(l N) N Z Z lOga ()
d=

1 d pald]

1 Y& (n) (n)
NZZZZ" Xpa(d) = X

n=1d=1 x5 Xy

D — —
_ ZZ Z #(Xd - xd:iifpa(d) =X pa( ) 10g9wdlx
l‘d x

pa(d) ]log@

‘Ld‘xpa(d)

Estimation Theory
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Example: Heart Disease Joint Distribution

P(G) P(C) P(BP)

Cholesterol

HeartDisease

BloodPressure

P(HD|G,C,BP)

Po(g, ¢, b, h) = pa(9)pe(b)pe(c)pg(hlg, b, c)
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Example: Heart Disease Log Likelihood
P(G) P(C) P(BP)

Cholesterol

HeartDisease

BloodPressure

P(HD|G,C,BP)

L(0)xTN)) = Z W log 05 + Z w log 687 + Z W log 6¢
g b c

#(HD =h,G=g,BP=b,C =¢) HD
+ Z Z N log ehlg,b,c
g,b,c h
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Example: Heart Disease Parameter Learning Example: Heart Disease Parameter De-Coupling

P(G) P(C) P(BP)
P(G) P(C) P(BP) BloodPressure
BloodPressure
HeartDisease
HeartDisease P(HDIG,C,BP)
P(HD|G,C,BP
(HDIG.C.BP) #GC=9) | o
max N log 09
0
max £(f]xTN)) 9
0co
Subject to ZG? =1
g
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Example: Heart Disease Parameter De-Coupling

P(G) P(C) P(BP)

Cholesterol

HeartDisease

BloodPressure

P(HD|G,C,BP)

Z#(HD:h,G:g,BP:b,C:c)
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Bayesian Network Learning Summary

» The only parameters that must be jointly optimized in a Bayesian network are
those in the same sum-to-one constraint with the same setting of the parent
variables.

» For any random variable X, consider a specific setting of its parent variables
Y =y. We just need to jointly optimize the parameters Hﬁy for each value
z € Val(X).

» This is just multinomial parameter estimation applied to each variable X for each

HD . . )
max N - log Gh‘gﬁb’c setting y of it's parents:
lg,b,e h
) _ Ly _ #X=zY=y)
Subject 10 3047, =1 RX oY =) = 03, = P
h
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Bayesian Network Learning Algorithm

» For each random variable X ;:
> For each joint configuration X, € Val(X,4)):
P For each value z; € Val(X ). Set

X #(Xg = 24, X o) = Xpa())
@ 4| Xpa(a) #(Xpa(d) = Xpa(d)

31/40

Estimation Theory
@00000000

Examples

Estimation Theory

32/40




Learning Intro Estimation

MLE Examples Learning Bayesian Networks Estimation Theory Learning Intro Estimation MLE Examples Learning Bayesian Networks Estimation Theory
0000000 0000000 00000 00000000000 080000000 0000000 0000000 00000 00000000000 008000000
Estimation Theory Parametric Probability Model

Here is a more general problem: suppose we have an arbitrary target distribution p,

and a parametric model M = {p,|0 € ©}.

How can we select p,. € M that is as close as possible to p,?
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Parameter Selection: Case 1 Parameter Selection: Case 2
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Kullback-Leibler Divergence

One of the most used divergence criteria is the Kullback-Leibler divergence.

> ()

x€eVall(

L(pllg) =

The KL divergence is a pre-metric. It satisfies:
» KL(p||lq) > 0 for all p and ¢
» KL(p|lg) =0ifandonly if p=g¢q
It does not satisfy:
» KL(pllg) = KL(q||p) for all p,q
» KL(pllg) < KL(pl|s) + KL(s||q) for all p,q,s
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KL Divergence Minimization

» If p, € M then there exists a §* such
that p, = pg..

» If p, is not in M then we select the 6*
that minimizes K L(p,||pg.) over the
parameter space ©.
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KL Divergence Minimization Simplification

= oo (82)

x€Val(X)

> p.(x) (logp,(x) — logpy(x))

K L(p.lpy)

x€Val(X)
= Y p®logp(x)— Y p.(x)logpy(x)
xeVal(X) xeVal(X)
=— Y p.(x)logpy(x) +C
x€eVal(X)
Minimizing K L(p*|py) is the same as maximizing
£(0p,) = Y p.(x)logpy(x)

xeVal(X)
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Maximum Likelihood = KL Minimization

Suppose p, is the empirical distribution of a data set x(l)7 ,x(N>, meaning it places

% probability on each data point. Then

£(0p,) = Y p.(x)logp,(x) = = £(OpxT )

x€eVal(X)

N
Z 0g py(x
n=1

= maximum-likelihood estimation minimizes the KL-divergence from the empirical
data distribution to py.

This is a reasonable behavior even when the data comes from a distribution that does
not belong to the parametric model.
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