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Announcements

I Happy Mountain Day / Fall Break

I HW 3 assigned next week

Plan for today

I Finish second-price auctions

I Matching markets

I Perfect matchings
I Constricted sets
I Matching Theorem

Matching Market
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Figure 10.1: (a) An example of a bipartite graph. (b) A perfect matching in this graph,
indicated via the dark edges.

based on preferences, and these preferences will be expressed in network form, but there is

no explicit buying, selling, or price-setting. This first setting will also be a crucial component

of the more complex ones that follow.

Bipartite Graphs. The model we start with is called the bipartite matching problem, and

we can motivate it via the following scenario. Suppose that the administrators of a college

dormitory are assigning rooms to returning students for a new academic year; each room

is designed for a single student, and each student is asked to list several acceptable options

for the room they’d like to get. Students can have di↵erent preferences over rooms; some

people might want larger rooms, quieter rooms, sunnier rooms, and so forth — and so the

lists provided by the students may overlap in complex ways.

We can model the lists provided by the students using a graph, as follows. There is a

node for each student, a node for each room, and an edge connecting a student to a room if

the student has listed the room as an acceptable option. Figure 10.1(a) shows an example

with five students and five rooms (indicating, for instance, that the student named Vikram

has listed each of Rooms 1, 2, and 3 as acceptable options, while the student named Wendy

only listed Room 1).

This type of graph is bipartite, an important property that we saw earlier, in a di↵erent

Bipartite graph
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based on preferences, and these preferences will be expressed in network form, but there is

no explicit buying, selling, or price-setting. This first setting will also be a crucial component

of the more complex ones that follow.

Bipartite Graphs. The model we start with is called the bipartite matching problem, and

we can motivate it via the following scenario. Suppose that the administrators of a college

dormitory are assigning rooms to returning students for a new academic year; each room

is designed for a single student, and each student is asked to list several acceptable options

for the room they’d like to get. Students can have di↵erent preferences over rooms; some

people might want larger rooms, quieter rooms, sunnier rooms, and so forth — and so the

lists provided by the students may overlap in complex ways.

We can model the lists provided by the students using a graph, as follows. There is a

node for each student, a node for each room, and an edge connecting a student to a room if

the student has listed the room as an acceptable option. Figure 10.1(a) shows an example

with five students and five rooms (indicating, for instance, that the student named Vikram

has listed each of Rooms 1, 2, and 3 as acceptable options, while the student named Wendy

only listed Room 1).

This type of graph is bipartite, an important property that we saw earlier, in a di↵erent

Perfect matching
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based on preferences, and these preferences will be expressed in network form, but there is

no explicit buying, selling, or price-setting. This first setting will also be a crucial component

of the more complex ones that follow.

Bipartite Graphs. The model we start with is called the bipartite matching problem, and

we can motivate it via the following scenario. Suppose that the administrators of a college

dormitory are assigning rooms to returning students for a new academic year; each room

is designed for a single student, and each student is asked to list several acceptable options

for the room they’d like to get. Students can have di↵erent preferences over rooms; some

people might want larger rooms, quieter rooms, sunnier rooms, and so forth — and so the

lists provided by the students may overlap in complex ways.

We can model the lists provided by the students using a graph, as follows. There is a

node for each student, a node for each room, and an edge connecting a student to a room if

the student has listed the room as an acceptable option. Figure 10.1(a) shows an example

with five students and five rooms (indicating, for instance, that the student named Vikram

has listed each of Rooms 1, 2, and 3 as acceptable options, while the student named Wendy

only listed Room 1).

This type of graph is bipartite, an important property that we saw earlier, in a di↵erent

Bipartite graph
I two types of nodes
I edges from one type to other

Perfect matching: each node L assigned to a
single node on the R to which it is connected
by an edge
I Baristas / shifts
I Classes / rooms
I Planes / gates

Perfect Matchings
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(b) A constricted set demonstrating
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Figure 10.2: (a) A bipartite graph with no perfect matching. (b) A constricted set demon-
strating there is no perfect matching.

and Xin, taken together, has collectively provided only two options for rooms that would

be acceptable to any of them. With three people and only two acceptable rooms, there is

clearly no way to construct a perfect matching — one of these three people would have to

get an option they didn’t want in any assignment of rooms.

We call the set of three students in this example a constricted set, since their edges to

the other side of the bipartite graph “constrict” the formation of a perfect matching. This

example points to a general phenomenon, which we can make precise by defining in general

what it means for a set to be constricted, as follows. First, for any set of nodes S on the

right-hand side of a bipartite graph, we say that a node on the left-hand side is a neighbor

of S if it has an edge to some node in S. We define the neighbor set of S, denoted N(S), to

be the collection of all neighbors of S. Finally, we say that a set S on the right-hand side is

constricted if S is strictly larger than N(S) — that is, S contains strictly more nodes than

N(S) does.

Any time there’s a constricted set S in a bipartite graph, it immediately shows that there

can be no perfect matching: each node in S would have to be matched to a di↵erent node

in N(S), but there are more nodes in S than there are in N(S), so this is not possible.

Perfect matching?
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and Xin, taken together, has collectively provided only two options for rooms that would

be acceptable to any of them. With three people and only two acceptable rooms, there is

clearly no way to construct a perfect matching — one of these three people would have to

get an option they didn’t want in any assignment of rooms.

We call the set of three students in this example a constricted set, since their edges to

the other side of the bipartite graph “constrict” the formation of a perfect matching. This

example points to a general phenomenon, which we can make precise by defining in general

what it means for a set to be constricted, as follows. First, for any set of nodes S on the

right-hand side of a bipartite graph, we say that a node on the left-hand side is a neighbor

of S if it has an edge to some node in S. We define the neighbor set of S, denoted N(S), to

be the collection of all neighbors of S. Finally, we say that a set S on the right-hand side is

constricted if S is strictly larger than N(S) — that is, S contains strictly more nodes than

N(S) does.

Any time there’s a constricted set S in a bipartite graph, it immediately shows that there

can be no perfect matching: each node in S would have to be matched to a di↵erent node

in N(S), but there are more nodes in S than there are in N(S), so this is not possible.

No: three people / two rooms



Constricted Set

280 CHAPTER 10. MATCHING MARKETS

Room1 

Room2

Room3

Room4

Room5

Vikram

Wendy

Xin

Yoram

Zoe

(a) Bipartite graph with no perfect
matching

Room1 

Room2

Room3

Room4

Room5

Vikram

Wendy

Xin

Yoram

Zoe

(b) A constricted set demonstrating
there is no perfect matching

Figure 10.2: (a) A bipartite graph with no perfect matching. (b) A constricted set demon-
strating there is no perfect matching.

and Xin, taken together, has collectively provided only two options for rooms that would

be acceptable to any of them. With three people and only two acceptable rooms, there is

clearly no way to construct a perfect matching — one of these three people would have to

get an option they didn’t want in any assignment of rooms.

We call the set of three students in this example a constricted set, since their edges to

the other side of the bipartite graph “constrict” the formation of a perfect matching. This

example points to a general phenomenon, which we can make precise by defining in general

what it means for a set to be constricted, as follows. First, for any set of nodes S on the

right-hand side of a bipartite graph, we say that a node on the left-hand side is a neighbor

of S if it has an edge to some node in S. We define the neighbor set of S, denoted N(S), to

be the collection of all neighbors of S. Finally, we say that a set S on the right-hand side is

constricted if S is strictly larger than N(S) — that is, S contains strictly more nodes than

N(S) does.

Any time there’s a constricted set S in a bipartite graph, it immediately shows that there

can be no perfect matching: each node in S would have to be matched to a di↵erent node

in N(S), but there are more nodes in S than there are in N(S), so this is not possible.

S = set of nodes on the right
N(S) = set of left nodes with an edge to a
node in S

S is constricted if N(S) is smaller than S

Significance: if bipartite graph has a
constricted set, then it has no perfect
matching. Can there be other reasons?

Exercise

Draw examples on board

Find a perfect matching or constricted set

Matching Theorem (König 1931 / Hall 1935)

Matching Theorem: if a bipartite graph has no perfect matching,
then it must contain a constricted set.

Discussion: very clean conceptual picture for resource allocation!

I perfect matching: problem solved!
I constricted set: simple explanation why it is impossible

What is missing?

I 0/1 preferences: like a room or not
I want finer-grained notion of preference

Valuations
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Figure 10.3: (a) A set of valuations. Each person’s valuations for the objects appears as a
list next to them. (b) An optimal assignment with respect to these valuations.

So it’s fairly easy to see that constricted sets form one kind of obstacle to the presence of

perfect matchings. What’s also true, though far from obvious, is that constricted sets are in

fact the only kind of obstacle. This is the crux of the following fact, known as the Matching

Theorem.

Matching Theorem: If a bipartite graph (with equal numbers of nodes on the left

and right) has no perfect matching, then it must contain a constricted set.

The Matching Theorem was independently discovered by Denes König in 1931 and Phillip

Hall in 1935 [280]. Without the theorem, one might have imagined that a bipartite graph

could fail to have a perfect matching for all sorts of reasons, some of them perhaps even too

complicated to explain; but what the theorem says is that the simple notion of a constricted

set is in fact the only obstacle to having a perfect matching. For our purposes in this chapter,

we will only need to use the fact that the Matching Theorem is true, without having to go

into the details of its proof. However, its proof is elegant as well, and we describe a proof of

the theorem in Section 10.6 at the end of this chapter.

One way to think about the Matching Theorem, using our example of students and

rooms, is as follows. After the students submit their lists of acceptable rooms, it’s easy for

the dormitory administrators to explain to the students what happened, regardless of the

outcome. Either they can announce the perfect matching giving the assignment of students

to rooms, or they can explain that no assignment is possible by indicating a set of students

who collectively gave too small a set of acceptable options. This latter case is a constricted

set.

Valuations
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So it’s fairly easy to see that constricted sets form one kind of obstacle to the presence of

perfect matchings. What’s also true, though far from obvious, is that constricted sets are in

fact the only kind of obstacle. This is the crux of the following fact, known as the Matching

Theorem.

Matching Theorem: If a bipartite graph (with equal numbers of nodes on the left

and right) has no perfect matching, then it must contain a constricted set.

The Matching Theorem was independently discovered by Denes König in 1931 and Phillip

Hall in 1935 [280]. Without the theorem, one might have imagined that a bipartite graph

could fail to have a perfect matching for all sorts of reasons, some of them perhaps even too

complicated to explain; but what the theorem says is that the simple notion of a constricted

set is in fact the only obstacle to having a perfect matching. For our purposes in this chapter,

we will only need to use the fact that the Matching Theorem is true, without having to go

into the details of its proof. However, its proof is elegant as well, and we describe a proof of

the theorem in Section 10.6 at the end of this chapter.

One way to think about the Matching Theorem, using our example of students and

rooms, is as follows. After the students submit their lists of acceptable rooms, it’s easy for

the dormitory administrators to explain to the students what happened, regardless of the

outcome. Either they can announce the perfect matching giving the assignment of students

to rooms, or they can explain that no assignment is possible by indicating a set of students

who collectively gave too small a set of acceptable options. This latter case is a constricted

set.

Value 12 + 6 + 5 = 23

Optimal Assignment
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So it’s fairly easy to see that constricted sets form one kind of obstacle to the presence of

perfect matchings. What’s also true, though far from obvious, is that constricted sets are in

fact the only kind of obstacle. This is the crux of the following fact, known as the Matching

Theorem.

Matching Theorem: If a bipartite graph (with equal numbers of nodes on the left

and right) has no perfect matching, then it must contain a constricted set.

The Matching Theorem was independently discovered by Denes König in 1931 and Phillip

Hall in 1935 [280]. Without the theorem, one might have imagined that a bipartite graph

could fail to have a perfect matching for all sorts of reasons, some of them perhaps even too

complicated to explain; but what the theorem says is that the simple notion of a constricted

set is in fact the only obstacle to having a perfect matching. For our purposes in this chapter,

we will only need to use the fact that the Matching Theorem is true, without having to go

into the details of its proof. However, its proof is elegant as well, and we describe a proof of

the theorem in Section 10.6 at the end of this chapter.

One way to think about the Matching Theorem, using our example of students and

rooms, is as follows. After the students submit their lists of acceptable rooms, it’s easy for

the dormitory administrators to explain to the students what happened, regardless of the

outcome. Either they can announce the perfect matching giving the assignment of students

to rooms, or they can explain that no assignment is possible by indicating a set of students

who collectively gave too small a set of acceptable options. This latter case is a constricted

set.

Total valuation of an assignment:
sum of each individual’s valuation

Optimal assignment:
assignment that maximizes total
valuation

Is this assignment optimal? Yes.

Do people get most preferred
rooms? No.

Optimal Assignment / Perfect Matching
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Figure 10.4: (a) A bipartite graph in which we want to search for a perfect matching. (b) A
corresponding set of valuations for the same nodes so that finding the optimal assignment
lets us determine whether there is a perfect matching in the original graph.

10.2 Valuations and Optimal Assignments

The problem of bipartite matching from the previous section illustrates some aspects of a

market in a very simple form: individuals express preferences in the form of acceptable op-

tions; a perfect matching then solves the problem of allocating objects to individuals accord-

ing to these preferences; and if there is no perfect matching, it is because of a “constriction”

in the system that blocks it.

We now want to extend this model to introduce some additional features. First, rather

than expressing preferences simply as binary “acceptable-or-not” choices, we allow each

individual to express how much they’d like each object, in numerical form. In our example

of students and dorm rooms from Section 10.1, suppose that rather than specifying a list

of acceptable rooms, each student provides a numerical score for each room, indicating how

happy they’d be with it. We will refer to these numbers as the students’ valuations for the

respective rooms. Figure 10.3(a) shows an example of this with three students and three

rooms; for instance, Xin’s valuations for Rooms 1, 2, and 3 are 12, 2, and 4 respectively

(while Yoram’s valuations for Rooms 1, 2, and 3 are 8, 7, and 6 respectively). Notice that

students may disagree on which rooms are better, and by how much.

We can define valuations whenever we have a collection of individuals evaluating a col-

lection of objects. And using these valuations, we can evaluate the quality of an assignment

of objects to individuals, as follows: it is the sum of each individual’s valuation for what

Optimal assignment problem generalizes perfect matching


