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Recap: Lectures 1-6

Categories: collection of objects and arrows

Functors: structured mapping between categories

Natural transformations: structured mappings between functors
Yoneda Lemma: Representable set-valued tunctors

Limits and colimits: Turning diagrams into computational objectives

Functor categories: Each object Is a functor



Diagrammatic Backpropagation: Deep
learning with (co)limits

®x [he textbook Categories for AGl has several chapters devoted to this
week's topics

®x Chapters 5-10 (~100 pages!)
® |t IS the longest section in the book!
® \Ne will study these concepts further in the course

® [Nis week's lectures are a high-level summary
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ABSTRACT
Category of

In this paper, we explore the categorical foundations of generative Al. Specifically, we investigate -
a Generative Al Architecture (GAIA) that lies beyond backpropagation, the longstanding algorith- Algebralc Categ ory of Parameters Category of Learners
mic workhorse of deep learning. Backpropagation is at its core a compositional framework for StrUCtU res
(un)supervised learning: it can be conceptualized as a sequence of modules, where each module
updates its parameters based on information it receives from downstream modules, and in turn, trans-
mits information back to upstream modules to guide their updates. GAIA is based on a fundamentally T
different hierarchical model. Modules in GAIA are organized into a simplicial complex. Each . L. e e
n-simplicial complex acts like a manager of a business unit: it receives updates from its superiors and S Im pl icial functor Backpropaaation
transmits information back to its n + 1 subsimplicial complexes that are its subordinates. To ensure p p g

this simplicial generative Al organization behaves coherently, GAIA builds on the mathematics of
the higher-order category theory of simplicial sets and objects. Computations in GAIA, from query
answering to foundation model building, are posed in terms of lifting diagrams over simplicial objects.
The problem of machine learning in GAIA is modeled as “horn" extensions of simplicial sets: each
sub-simplicial complex tries to update its parameters in such a way that a lifting diagram is solved.
Traditional approaches used in generative Al using backpropagation can be used to solve “inner" horn
extension problems, but addressing “outer horn" extensions requires a more elaborate framework.

At the top level, GAIA uses the simplicial category of ordinal numbers with objects defined as
[n],n > 0 and arrows defined as weakly order-preserving mappings f : [n] — [m], where f(i) <
f(4),% < j. This top-level structure can be viewed as a combinatorial “factory" for constructing,
manipulating, and destructing complex objects that can be built out of modular components defined
over categories. The second layer of GAIA defines the building blocks of generative AI models
as universal coalgebras over categories that can be defined using current generative Al approaches,
including Transformers that define a category of permutation-equivariant functions on vector spaces,
structured state-space models that define a category over linear dynamical systems, or image diffusion
models that define a probabilistic coalgebra over ordinary differential equations. The third layer
in GAIA is a category of elements over a (relational) database that defines the data over which
foundation models are built. GAIA formulates the machine learning problem of building foundation
models as extending functors over categories, rather than interpolating functions on sets or spaces,
which yields canonical solutions called left and right Kan extensions. GAIA uses the metric Yoneda
Lemma to construct universal representers of objects in non-symmetric generalized metric spaces.
GALIA uses a categorical integral calculus of (co)ends to define two families of generative Al systems.
GAIA models based on coends correspond to topological generative Al systems, whereas GAIA
systems based on ends correspond to probabilistic generative Al systems.

Functor

Keywords Generative Al - Foundation Models - Higher-Order Category Theory - Machine Learning



Simplicial Sets and Objects

Cambridge studies in advanced mathematics

188

Combinatorial model of spaces !
From Categories to

| R Homotopy Theory
Sylelllel:l .
Objects In % — X
Algebraic —

Topology




Simplicial Category A

 Objects: ordinal numbers
e [n]=1{0,1,....n—1}

e Arrows: 2

» f:[m] — [n] 1

C 1 < . then f() < fU)) 0 0

* All morphisms can be built out of primitive injections/surjections
e 0,:[n] = [n+ 1] : injection skipping i

» 0;:|n] = [n — 1], surjection repeating 1



Primitive Injections & :fu — n+ 11



Primitive Surjections:; o+l




Every arrow IS composition of primitive
surjections + |nject|ons

i




Yoneda lemma
for simplicial sets

sSet: A — Set?

A" = A(~, [n])

A7 = A(lk], [n])
d:f: [kl = [n] = k=113 k1S [n]

s fi k] = [n] = [k+ 113 kS )



Nerve of a Category

* A simplicial set is a contravariant functor mapping the simplicial category
to the category of sets

* Any category can be mapped onto a simplicial set by constructing its
nerve

M () = {c, i Ci L Cpee i c,|c;1s an object and f; Is an arrow}



Simplicial Sets: Contravariant Functors

E—_—

I ot : [n] = [n+1
(0] =——>[1] 2l —— 3] o :n]—[n+1]
B
O Me——[ —— B o :n+1]->]nl
—  — >



Simplicial Sets vs. Categories

Any category can be embedded faithfully into a simplicial set using its
nerve

The embedding is full and faithful (perfect reconstruction)
Unfortunately, the converse is not possible

Given a simplicial set, the left adjoint functor that maps it into a category
IS lossy!



Simplicial framework for generative Al

Each directed
edge defines a morphism that

represents a generative Al method

i Each collection of

simplices can be "glued” on
to compatible simplices through
“ports” that define the components

of the simplex.

Simplicial learning is based on
extension problems of
inner and outer "horns” of

simplicial objects




Horns of
Simplicial Sets

A “horn” IS a subset of a
simplicial set

The “extension’ problem iIs to
“fill IN” MISSING faces




|Ifting Diagrams
for Simplicial
Sets

Recall that a lifting diagram
was used as a way. to model
INnference In datapases.



Simplicial Generative Al

Sequential Generative Al Model Simplicial Complex of Gen Al Models in GAIA

"8
.




(Geometric
Transtformers

(¢) Geometric Transformer (full) encoder block

Geometric Curvature /

Attention / diagrammatic
Horn filling loss head

GTs introduce explicit geometric
Inductive biases

Multi-Head

Token embeadding Is Attention
geometrically transported Into a
simplicial space

Input (tokens + pos)

\Mahadevan, Categories for AGI, 20206}
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1D convolution 1s the colimit

Uses a simple 1D convolution
layer to "smooth” out token
embeddings on adjacent
tokens

N a vector space embedding



S | | | | |
M e S S a e Algorithm 9: GT-Lite Local Geometric Smoothing Operator C (1D Conv +
Residual + LN)

; : Input: Token statesz € RP xLxd, convolution weights 0; smoothing scale
. « (e.g., 0.2); LayerNorm parameters 01
P aS S I n g . G T— |_ I -t e Output: Smoothed token states C(z) € RB*L*4
: // 1) Convert to Convld layout and apply local neighborhood mixing

. z' < transpose(z, (B,L,d) — (B,d,L))
. u' <~ ConvlDy_(z") > kernel size 3, padding 1, output shape (B, d, L)

Uses a discrete diffusion - ¢ transpose(u', (B,d,L) — (B,L,d)
p rOceSS . // 2) Residual update and normalization

- —z4+ua-u

. C(z) < LayerNorm,  (z')
. return C(z)

Attenuates local
iINnconsistencies

Mahadevan, Categories for AGl, 20206}



Algorithm 7: Diagrammatic Backpropagation Training Loop (code-faithful)

| |
D I a rl a m m a-t I C Input: Model My (Transformer or GT variant); dataset iterator B yielding
g weights Agp, Ageom; clipping norm c; small constant &

minibatches (s, y); optimizer ADAMW; steps T; warmup steps T,;

Output: Trained parameters 6

1:

BacKp FOpagation

® Central idea; penalize deviations
from compositionality

® Propagate gradients arounad
loops!

x By explicitly measuring the lack of
compositionality, we get a novel

error signall .

23:
24:
25:
26:

Mahadevan, Categories for AGl, 20206}

28: return 6

Initialize: set global step ¢ <— 0

Sample minibatch (s,y) ~ B > s: tokens (or inputs), y: labels/targets

// 1) Forward pass for the primary task
9 < My(s)
L5k < LossTask(7,y) > e.g., cross-entropy for LM

// 2) Optional DB control loss (commutator-energy terms)
Ldb +—0
if Ag, > 0 then
(Obs, {Obs;}) <~ COMMPROBE(Mg, s;¢) > Algorithm 6
Lgp < Obs > scalar average over layers; can also weight
layers/heads
end if

// 3) Optional diagrammatic curvature loss (triangle/square resid-
uals)
Egeom 0
if Agecomn > 0and (s,y) includes a compiled diagram/simplicial in-
stance then
> For diagram benchmarks, s contains (D, x) with constraints.
Lgeom <~ CURVATUREENERGY (My, s) > triangle/square
residual energy; cf. vl Alg. (learned energy)
end if

// 4) Warmup schedule for auxiliary terms (optional but common)
AP Agp -min(1, t/Ty)
A 4= Ageom - min(1, £/ Ty)

/I 5) Total loss and parameter update
L+ Etask + )\?b/:'db + )\tgeomcgeom
0 0—nVoLl > implemented via AdamW step
Clip gradients: |VoL| < ¢
Optional: normalize selected parameter groups (e.g., edge transforms
/ relation embeddings)
end for




Simplicial
Viessage
Passing: GI-Full

Uses a discrete diffusion
OrOCESS

Attenuates local
iINnconsistencies

Algorithm 8: GT-Full Geometric Transport Operator G (Simplicial/Graph
Message Passing)

Input: Token states z C RBxLxd. fixed adjacency edge_index€
IN2*Emax gver positions 0, . . ., Lmax — 1; relation ids rel_ids€
INEmax; domain ids dom_ids€  INEmax; depth K; learnable parameters
e

Output: Transported token states G(z) € RE*Lx4

1: // 1) Flatten batch and restrict edges to current sequence length
2: h < reshape(z, (B-L) x d)
3: m < {e € [1..Emax] : edge_index|0,e] < L} > mask endpoints
within L
: E <+ edge_index|:,m|; r < rel_ids[m|; dID <
dom_1ids[ml]

. /] 2) Iterate K rounds of geometric message passing
: fork =1to Kdo
Initialize message accumulator M < 0 € R(BL)xd
for each directed edge (1 < v) in E do
e < (u,v)
Edge embedding: e.,, < Emb,,;(7.) + Emby,,,(dID,)
Compute message: My, < ¢g(ho, hy, €emp) > e.g., MLP on
(hy, hu, eemp ) OF attention-style score
My < My + my_yy
end for
Degree normalize: M < DegNorm (M, E)
Update rule: i <— Update,(h, M) > e.g., GRUCell/residual MLP +
LayerNorm
: end for

: // 3) Reshape back to token grid
: G(z) « reshape(h, B x L x d)
. return G(z)

Mahadevan, Categories for AGl, 20206}



Output to next layer

Mixture of
EXpertS e S

N

} Weighted sum: Y- | p.(z) FFN, ()
-

GT-MokE combines explicit
geometric Inductive bIases
with gated experts

Mahadevan, Categories for AGl, 2020}



Algorithm 10: GT-MoE Mixing Operator M (Gating + Top-k + Expert Ag-

gregation)

i i |
S I I I l p | I C I al Input: Token statesz € RBE*L*4; experts {E,}E _,; gating network g

R? — RE; optional top-k value k; LayerNorm parameters 0}
Output: Mixed token states M(z) € RBxLx4

1: // 1) Compute gating probabilities per token
essage

3: p < softmax(¥¢, over experts) >p € RBXLXE

- 3 . /] 2) Optional sparsification (top-k routing) and renormalization
assin -Mo
. . (9v,I) + TopK(p, k) >0, ] € RBXLxk

p<0 > initialize § € RE*L*E
ple,- 1] v > scatter top-k weights into expert slots
: p<p/ ( Zle Pe + e) > renormalize per token
. end if

Uses a discrete diffusion
. [/ 3) Apply experts and aggregate weighted outputs
DroCess 0 RPx

: fore =1to E do
U< U+ pe ® Eo(2) > p, broadcast to shape (B, L,d); ®
elementwise
. end for

Attenuates local B
iINnconsistencies ezt

. M(z) < LayerNorm, (2')
. return M(z)

Mahadevan, Categories for AGl, 20206}



EXperimental Results

Domain / Task Base complex (0/1/2-simplices) Features on (-simplices Objective

PTB, WikiText-103 LM  Tokens / ad). pairs / (none) Word + positional embeddings  Next-token CE loss

Triangle / DB synthetic  Nodes / edges / triangles Node features (structural) Triangle / motif classification
FATE causal motifs Vars / causal edges / motifs Variable embeddings Causal motif / FATE score
Large causal manifolds  Vars / causal edges / small motifs = Text embeddings of variables Unsupervised GT refinement
MNIST diffusion Pixels / grid edges / 2 x 2 patches  Pixel or latent codes Denoising / diffusion loss

2-simplices

3-simplex .




. anguage
Vioaeling

Penn ITree Bank (P1B)

The Penn Treebank (P1B) project
selected 2,499 stories from a three
vear Wall Street Journal (WSJ)
collection

LM comparison on ptb (L=2, d=48)

1000 2000 3000 4000 5000

Cross-e

1000 2000 3000 4000 5000




LM comparison on ptb (Val perplexity, L=2, d=48)

—-®- Transformer val ppl
- GeomTrans-Lite val ppl
-®- GeomTrans-Full val ppl

. anguage
Vioaeling

Penn ITree Bank (P1B)

3500 4000 4500 5000

—-®- Transformer val ppl
- GeomTrans-Lite val ppl
-®- GeomTrans-Full val ppl

The Penn Treebank (P1B) project
selected 2,499 stories from a three

vear Wall Street Journal (WSJ)
collection

1500 2000 2500 3000 3500 4000 4500 5000
lteration




LM comparison on wikitext103 (L=2, d=96)

—— Transformer train

- - Transformer val

— GeomTrans-Lite train

-®- GeomTrans-Lite val
I\/l d | |

- GeomTrans-Full train

m_s\fo rm er -®- GeomTrans-Full val

Cross-entropy loss

Wiki-103: 100-million token dataset of carefully curated | Geometﬂc T

Wikipedia articles
The WikiText-103 dataset include

28,475 W|k|ped|a articles lteration

Over 100 million words in Enghsh LM comparison on wikitext103 (L=8, d=96)

— Transformer train

- Transformer val
— GeomTrans-Lite train
-®- GeomTrans-Lite val

A raw format (TXT), suitable for training TranSfOrmer Tor Gommansrull vl

autoregressive or bidirectional models

Complete, untruncated and low-noise texts

Cross-entropy loss

lteration




LM comparison on wikitext103 (Val perplexity, L=2, d=96)

-®- Transformer val ppl
- GeomTrans-Lite val ppl
-®- GeomTrans-Full val ppl

(*)}
o
o

| anguage
Viodeling

Validation perplexity

1500 2000 2500 3000 3500 4000 4500
lteration

Wi ki b 1 OS : 1 OO 2 m i ‘ ‘ io n to ken LM comparison on wikitext103 (Val perplexity, L=8, d=96)

—-®- Transformer val ppl

dataset of carefully curated 3 e
Wikipedia articles

o
o

Validation perplexity
=
o
o

1500 2000 2500 3000 3500 4000 4500
lteration




DEMOCRITUS
Causality from
| anguage

'Mahadevan, Large Causa\

Models from Large Language
Models, Arxiv. 2025]

@he Washington Post

Democracy Dies in Darkness

Science Space Animals Health  Environment

When did humanity take its
first step? Scientists say they
now know.

A new analysis of fossils uncovered in Central Africa offers additional
evidence that a human ancestor walked upright 7 million years ago.

January 2, 2026

g3 4 min <% Summary > N O 289 (5 Make us preferred on Google

A Sahelanthropus tchadensis skull found in Chad. (Philippe Psaila/Science Source)

@ By Dino Grandoni

More than two decades ago, scientists digging in Central Africa
unearthed the 7-million-year-old remains of what may be one of the

earliest known human ancestors.



Al Overview
Summary is Al-generated, newsroom-reviewed.

A study published in Science Advances suggests Sahelanthropus tchadensis, a 7-
million-year-old ancestor, walked upright, indicating early bipedalism in human
evolution. The analysis of limb bones, particularly the femoral tubercle, supports this
claim. However, the debate continues as some scientists argue the fossils are too
damaged to confirm bipedalism. Further discoveries are needed to resolve the
controversy.

Read the full article for more on:

= The significance of the femoral tubercle in determining bipedalism.
= Why some scientists remain skeptical about the study's conclusions.

= Future plans for fossil hunting in Chad's Djurab Desert.

Did our Al help? Share your thoughts.

LLM summary

DEMOCRITUS
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# Democritus Atlas Summary (vo)

Nodes: 501

Edges (unique): 65
Edge—-support rows: 717
SCC modules (size>1): ©

5
Cau Sal Deep D Ive ## Top stable bonds (by support_docs, then score_sum)

| rank | support_docs | support_lcms | score_sum | controversy | rel_type | src | dst |

it et e e B B

| 1 | 1 | 156 | 1.462 | ©.000 | INFLUENCES | "bipedalism | "metabolic efficiency during long-distance travel by
optimizing stride mechanics and muscle utilization |

| 2 | 1 | 13 | 1.328 | ©.000 | INCREASES | "bipedalism | "energy efficiency during locomotion in early

[ |
DEMOC‘ %‘ ‘ US eX ‘alns the hominins by reducing the metabolic cost of walking over long distances |
| 3 | 1 | 13 | 1.264 | ©0.000 | INCREASES | "bipedalism | "energy efficiency during long-distance locomotion by

reducing the metabolic cost of walking compared to quadrupedal gaits |

Causa‘ baCk round 'tO an | 1 | 13 | 1.256 | ©.000 | INFLUENCES | "bipedalism | "endurance capacity by enabling more effective heat
S;) Ey/ dissipation and sustained pacing over extended distances |

| 1 | 12 | 1.209 | ©.000 | INCREASES | "bipedalism | "energy efficiency which allows for greater metabolic

-t resources to be allocated to brain development |
SE; (:)IKEy/ | 1 | 11 | 1.201 | ©0.000 | INFLUENCES | "bipedalism | "structural adaptation of femoral and tibial bones

by altering stress distribution patterns over evolutionary time |

| 1 | 11 | 1.103 | ©0.000 | INFLUENCES | bipedalism | "stride length and pelvic mechanics leading to more
sustained and efficient terrestrial movement |

| 1 | 6 | 0.464 | 0.000 | INFLUENCES | "reduced forest cover | “selection for upright walking by favoring

energy—efficient movement over long distances |
V\/hy no-t What| | 1 | 4 | 0.403 | 0.000 | INCREASES | changes in environmental conditions that favored energy-efficient
) 3 locomotion over long distances | "likelihood of bipedalism in early hominins |

10 | 1 | 6 | 0.156 | ©0.000 | INFLUENCES | "abnormal femoral tubercle position | "knee joint alignment during
locomotion by altering the line of pull on the patellar tendon |

11 | 1 | 2 | 0.136 | ©0.000 | INFLUENCES | fossil structure of ardipithecus | “emergence of efficient
terrestrial walking in early hominins by demonstrating adaptations in the pelvis and foot that support
bipedal locomotion |

12 | 1 | 6 | 0.129 | 0.000 | CAUSES | "abnormal femoral tubercle position | "increased postoperative
patellar instability after tibial tubercle osteotomy |

13 | 1 | 2 | 0.128 | ©0.000 | INCREASES | muscle reorganization for balance and propulsion in bipedalism |
"efficiency of upright walking in human ancestors |

14 | 1 | 6 | 0.081 | ©0.000 | CAUSES | "larger brain size in primates | “enhanced problem-solving abilities
by enabling greater neural complexity and cognitive flexibility |

15 | 1 | 4 | 0.076 | ©0.000 | INCREASES | "lateral displacement of the femoral tubercle | "patellar
maltracking leading to altered patellofemoral alignment |
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Summary

* The ordinal category A has as objects [n], and arrows weakly order-
preserving functions on |n]

* Simplicial objects are contravariant functors X|n] : A — C
®x GAIA: Generative Al Architecture based on simplicial objects
x Geometric Transformer Is a GAIA architecture

®x Diagrammatic Backpropagation is used to train a GT model



