CS250: Discrete Math for Computer Science

L5: PropCalc: Conditional Statements



p—q = pimples g = ifptheng = ~pVg

Only the truth values of p and g matter, not the presence or
absence of a causal relation between them.

p<q
~pVq ~(p®Qq)
Wiplg|~p|~q| pP—q (P—=aq)A(q—p)
Ws[1][1] 0] 0 1 1 1
Wo [1]0] 0 | 1 0 1 0
W, [o[1] 1] 0 1 0 0
Wo O[O 1 | 1 1 1 1




p—q = pimples g = ifptheng = ~pVg

Only the truth values of p and g matter, not the presence or
absence of a causal relation between them.

p—q = ~q—~p contrapositve is equivalent.
~q—~p p<q
~pVq ~(p&Qq)

Wiplqg|~p|~q| p—q (p—q)A(q—p)

Wi 11| 0 0 1 1 1

Wo 10| O 1 0 1 0

Wyl of1] 1 0 1 0 0

Wo OO 1 1 1 1 1




p—q = pimples g = ifptheng = ~pVg

Only the truth values of p and g matter, not the presence or
absence of a causal relation between them.

p—q = ~q—~p contrapositve is equivalent.

p—q#qg—p converse not equivalent.
~q—o~p) g—p p<q
~pVq ~(p&Qq)

Wiplg|~p|~q| pP—q (pP—=aq)n(q—p)

Ws|{1]1] 0 0 1 1 1

Wo|1]0] O 1 0 1 0

Wiy lof|1| 1 0 1 0 0

Wo | O[O | 1 1 1 1 1




p—q = pimples g = ifptheng = ~pVg

Only the truth values of p and g matter, not the presence or
absence of a causal relation between them.

p—q = ~q—~p contrapositve is equivalent.
p—q#qg—p converse not equivalent.
p—q #£ ~p—~Qq inverse  not equivalent.
~q—o~p) g—p p<q
~pVvVQq | ~p-—=~q ~(p@q)
Wiplg|~p|~q| pP—q (pP—=aq)n(q—p)
Wi 11| 0 0 1 1 1
W, 1(0| O 1 0 1 0
Wyl of1] 1 0 1 0 0
Wo O[O 1 1 1 1 1




p—q = pimples g = ifptheng = ~pVg

Only the truth values of p and g matter, not the presence or
absence of a causal relation between them.

p—q = ~q—~p contrapositve is equivalent.
p—q#qg—p converse not equivalent.
p—q #£ ~p—~Qq inverse  not equivalent.

qg—p = ~p—~q inverse is contrapositive of converse.

~g—=~p| gop p<q
~pVq | ~p—~q ~(p®q)

Wiplqg|~p|~q| p—q (p—q)A(q—p)

W [1[1] 0] 0 1 1 1

Wo [110] 0 [ 1 0 1 0

Wi lol[1] 1 [0 1 0 0

Wo O[O 1 [ 1 1 1 1




; PropCalc is precise.

Translating between them can be subtle.

p implies g | g implies p
if pthenq | if gthenp p unless g
ponly if g pifq piff g
p is p is p is hecessary
sufficient | necessary | and sufficient
for q for q for g
Pl q pP—q qg—p p<<q ~q—p
111 1 1 1 1
110 0 1 0 1
01 1 0 0 1
00 1 1 1 0




Natural Deduction

R6: Our PropCalc proof rules are slightly different from Epp’s

proof rules. Important for the R6 quiz.

introduction elimination
A P g PAQ PAQ
NG P q
y p q pvqg pkErgbkr
pvVg pVvVq r
. p-q p—qp p—qg ~q
P-4 9 ~P
F p ~p pHF ~pkF
F ~p p




Natural Deduction rule: A-introduction

3

pAG

A-iy 1,2



Natural Deduction rule: A-introduction

2 |q
3 p/\q /\_ia1!2

Notation: W |= a means that a is true in world, W.



Natural Deduction rule: A-introduction
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Notation: W |= a means that a is true in world, W.

Proposition: A-iis sound, i.e., if W = pand W |= g then
WEPpPAQ.



Natural Deduction rule: A-introduction

2 |q

3 p/\q /\'i,1,2

Notation: W |= a means that a is true in world, W.

Proposition: A-iis sound, i.e., if W = pand W |= g then
WEPpPAQ.

Proof.
By definition of A. g



Natural Deduction rule: A-elimination

A-e, 1

A-e, 1



Natural Deduction rule: A-elimination

1 |pAg
2 | p N-e, 1
3 |qg A-e, 1

Proposition: A-e is sound, i.e., if W = p A qthen W = p and
W E q.



Natural Deduction rule: A-elimination

1 |pAg
2 | p N-e, 1
3 |qg A-e, 1

Proposition: A-e is sound, i.e., if W = p A qthen W = p and
W E q.

Proof.

By definition of A. g



Natural Deduction rule: V-introduction

2 |pVvag Vi, 1

3 |gqVvp Vi, 1



Natural Deduction rule: V-introduction
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WEqVp.



Natural Deduction rule: V-introduction

1T 1p
2 | pvg Vi, 1

3 |qgvp Vi, 1

Proposition: V-iis sound, i.e., if W = pthen W = pV gand
WEqVp.

Proof.

By definition of V. 0



Natural Deduction rule: —-elimination
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Natural Deduction rule: —-elimination

1 |p—>q
2 |p
3 |qg —-e, 1,2

Proposition: —-eis sound, i.e.,if WEp—qgand W Ep
then W = q.



Natural Deduction rule: —-elimination

1 |p—>q
2 |p
3 |qg —-e, 1,2

Proposition: —-eis sound, i.e.,if WEp—qgand W Ep
then W = q.

Proof.
By definition of —. O



Natural Deduction rule: —-elimination
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Natural Deduction rule: —-elimination

1 |p—q
2 | ~q
3 | ~p —-e, 1,2

Proposition: —-e is sound, i.e.,if W E=p—qgand W =~q
then W =~p.



Natural Deduction rule: —-elimination

1 |p—q
2 | ~q
3 | ~p —-e, 1,2

Proposition: —-e is sound, i.e.,if W E=p—qgand W =~q
then W =~p.

Proof.
If W= p— q,then W =~q —~p, the contrapositive. Then,
by definition of —, since W =~q, we know that W E=~p O



Natural Deduction rule: F-introduction




Natural Deduction rule: F-introduction

Proposition: F-iis sound, i.e., if W = pand W =~p then
W EF.



Natural Deduction rule: F-introduction

Proposition: F-iis sound, i.e., if W = pand W =~p then

W EF.

Proof.

By definition of ~, if W |= p, then W (A~ p. Thus, it will never be
the case that W = p and W =~ p. Thus, this proposition is
vacuously true. O



Natural Deduction rule: ~~-introduction



Natural Deduction rule: ~~-introduction

2 NNp NN—i, 1

Proposition: ~~-iis sound, i.e., if W |= pthen W =~~p.



Natural Deduction rule: ~~-introduction

2 NNp NN—i, 1

Proposition: ~~-iis sound, i.e., if W |= pthen W =~~p.

Proof.
~~p =P i



Natural Deduction rule: ~~-elimination

2 |p ~r~-e, 1



Natural Deduction rule: ~~-elimination

1 NNp

2 | p ~~-g, 1

Proposition: ~~-e is sound, i.e., if W =~~pthen W = p.



Natural Deduction rule: ~~-elimination

1 NNp
2 |p ~~-g, 1

Proposition: ~~-e is sound, i.e., if W =~~pthen W = p.

Proof.
~~p =P il



Natural Deduction

R6: Our PropCalc proof rules are slightly different from Epp’s

proof rules. Important for the R6 quiz.

introduction elimination
A P g PAQ PAQ
NG P q
y p q pvqg pkErgbkr
pvVg pVvVq r
. p-q p—qp p—qg ~q
P-4 9 ~P
F p ~p pHF ~pkF
F ~p p




R5 Quiz Answers

o

© © N O A

. What is the contrapositive of p —+ q? ~q —~p

What is the converseof p -+ q? qg—p
What is the inverse of p —+ q? ~p —~q

Do the following equivlalences hold?
p—q=qg—p no
p—q=~q—>~p Yes

g—p =~qg—~p nNO
q—p=~p—>~q Yyes
p—q=~pVvqg Yyes

p<q =~pdQq Yyes

~p+q =~(p<q) Yes



Match the following English Statements with their

meaning in PropCalic.

11.
12.
13.
14.
15.
16.
17.

pifq g—p

ponlyifq p—gq

pifandonlyifq p<+«+ g

punlessq ~q—p

ris a necessary condition forsto hold s—r
r is a sufficient condition for sto hold r — s

For s to hold, it is necessary and sufficient that r holds
r<s



