CS250: Discrete Math for Computer Science

L32: Nondeterministic Finite Automata: NFAs
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{we {0,1}* \ w has 001 or 100} £((0]1)*(001]|100)(0|1)*)
N5 has 6 states, how about an equivalent DFA?

Also 6 in this case, just more complicated.
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Every NFA has equivalent DFA; with exponentially more states.
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NFA w.0. € transitions
a,b A
D&/b\ a,b a,b a,b

D = (QX%4,s,F) i:QAxXLX—Q
N = (QI,A,s,F) A:QxX - p(Q)

N3 = ({s,90, a1, 92,3}, {a, b}, A3, s,{q3})
A3(‘97 a) = {S} A3(87 b) = {87 qO}
Az(gs,a) = 0 A3(gs, b) = 0

power set of Q = (Q) & {A]ACQ}
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a,b A
a b a b a a b

{s} {s} {s,q0} {s, a1} {s,90,92} {s,q1,03} {s,q2} {s,Q0,03}

L(N3) = {ababa, ababaab,...} = {a b}*-{b}-{a b}®
N3 = ({s,90,91,92,q3},{a b}, Az, s,{qgs})

iClicker 32.1 What is Az(qo, a) ?
A: g1 B: {g:}
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N = (QXAsF) A:Qx (XU{e}) = p(Q)

N3 = ({s,90,91,92,aq3},{a b}, Az, s,{qs})
L(N3) {a,b}* - {b} - {a,b}?

a,b N3
D&/b\ a,b a,b a,b

NFA may have 0 or more transitions marked a from any state.

Transitions may also be marked e.
LIN)={we x| A*(s,w)NF # 0}
w € L(N) iff N can go from s to F while reading w.
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Suppose: £(D) = L(N3) = {a,b}*-{b}-{a,b}3

Claim: D must have at least 2* states.
proof: assume not Let{a, b}* = {wy,wo,..., wie}

Consider D’s state after starting in s and reading w;

5*(3’ W1) 5*(37 W2) o 6*(37 W16)
16 states, but D has fewer than 16 states.

Pigeon-Hole: 3x # y € {a,b}* st §*(s,x) = 6*(s,¥)

X = X1 XoX3Xa, Y = Y1Yoysys, WLOG 3i(x; = a,y; = b)

Letw =a"", xw¢ (D), ywc L(D)

Thus, 0*(s,xw) ¢ F, §*(s,yw) € F

But, 0*(s, xw) = 0*(0*(s, X), w) = 6*(6*(8, ), w) = §*(s, yw)
Same state is in F and not in F. O



Thm. DFAs sometimes require exponentially more states
than equivalent NFAs.

D; must remember last 4 symbols, requiring 2* states.
Same argument shows D, requires 2" states.

OB OROMORO

D3 = ({a7 b}47{a7 b}753aaaaa){b}{aa b}3)
03(81828384,C) = 828384C
Ns has 5 states;  Ds requires 2* states.
Generalize N3 to N;;  L(N;) = {a,b}* - {b}-{a, b}’

N, has r + 2 states; D, requires 2"t states.
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iClicker 32.3 Whatis L(N,) ?

A: {w e {a b} | #a(w)=0(mod3) A #p(w)=0(mod3)}
B: {w e {ab}* | #a(w)=0(mod3) V #,(w)=0(mod3)}
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