
CS250: Discrete Math for Computer Science

L18: Mathematical Induction



Induction: a proof rule to prove N |= ∀x α(x)

Our world is N = {0,1,2, . . .}

Goal: prove ∀x α(x) by induction.

base case: show α(0)

inductive case: let x0 ∈ N be arbitrary

assume α(x0), the inductive hypothesis (indHyp)

prove α(x0 + 1)

Note: From the inductive case, it follows by→-i and ∀-i that
∀y (α(y)→ α(y + 1)) .

The Principle of Mathematical Induction says that for every
formula α(x),

α(0)︸︷︷︸

base case

∧ ∀y (α(y)→ α(y + 1))︸ ︷︷ ︸

inductive case

→ ∀x α(x)
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Induction: a proof rule to prove N |= ∀x α(x). Our world is N.

Show: ∀x α(x) where α(x) def
=
( x∑

i=1

i =
x(x + 1)

2

)
Check: for x = 0, 1, 2, 3.

0∑
i=1

i = 0 = 0 =
0(0 + 1)

2
α(0)

1∑
i=1

i = 1 = 1 =
1(1 + 1)

2
α(1)

2∑
i=1

i = 1 + 2 = 3 =
2(2 + 1)

2
α(2)

3∑
i=1

i = 1 + 2 + 3 = 6 =
3(3 + 1)

2
α(3)
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Prop. ∀x
x∑

i=1

i =
x(x + 1)

2

Proof: Show ∀x α(x), by induction, α(x) def
=
(∑x

i=1 i = x(x+1)
2

)
base case: α(0) :

0∑
i=1

i = 0 =
0(0 + 1)

2

inductive case: assume α(x0) and prove α(x0 + 1)

x0∑
i=1

i =
x0(x0 + 1)

2
indHyp

x0+1∑
i=1

i = x0 + 1 +

x0∑
i=1

i = x0 + 1 +
x0(x0 + 1)

2

=
x0(x0 + 1) + 2(x0 + 1)

2
=

(x0 + 1)(x0 + 2)
2

We have proved ∀x α(x) by induction. �
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iClicker 18.1 For the previous inductive proof of ∀x α(x),
which of the following formulas is α(x)?

A:
x∑

i=1

i =
x(x + 1)

2

B:
x0∑

i=1

i =
x0(x0 + 1)

2

C:
0∑

i=1

i =
(0)(0 + 1)

2



iClicker 18.2 For the previous inductive proof of ∀x α(x),
which of the following formulas is the base case?

A:
x∑

i=1

i =
x(x + 1)

2

B:
x0∑

i=1

i =
x0(x0 + 1)

2

C:
0∑

i=1

i =
(0)(0 + 1)

2



iClicker 18.3 For the previous inductive proof of ∀x α(x),
which of the following formulas is the inductive hypothesis?

A:
x∑

i=1

i =
x(x + 1)

2

B:
x0∑

i=1

i =
x0(x0 + 1)

2

C:
0∑

i=1

i =
(0)(0 + 1)

2



Induction: prove N |= ∀x α(x)

base case: α(0)

inductive case:

With x0 arbitrary, assume α(x0) indHyp

...

Prove α(x0 + 1)

α(x0)→ α(x0 + 1) →-i

∀y (α(y)→ α(y + 1)) ∀-i

α(0)︸︷︷︸

base case

∧ ∀y (α(y)→ α(y + 1))︸ ︷︷ ︸

inductive case

→ ∀x α(x)
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α(0) ∀y (α(y) → α(y + 1))
∀x (α(x))
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inductive case: assume indHyp: α(x0)

...

α(x0 + 1)

α(x0)→ α(x0 + 1) →-i

∀y (α(y)→ α(y + 1) ∀-i

∀x (α(x)) Induction
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