CS250: Discrete Math for Computer Science

L12: Last Two Natural Deduction Rules: V-i and 3-e
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PredCalc Natural Deduction Rules

Proviso for V-i and 3-e: xp is a “new” variable, i.e., it does not
appear in ¢, v, or I, i.e., in any visible assumption.
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From assumption (~aV ~ (), we proved ~(«a A ).
(~av ~B) F ~(aAp) “”is read “proves”.
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Theorems, Assumptions, and Proofs

From assumption (~aV ~ (), we proved ~(«a A ).
(~av ~B) F ~(aAp) “”is read “proves”.

I+¢: T proves ¢
There is a proof of ¢, that may use assumptions from the set
r.

Fp: ¢is atheorem of PredCalc.

There is a proof of ¢, with no assumptions.
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Theorems, Assumptions, and Proofs

From assumption (~aV ~ (), we proved ~(«a A ).
(~av ~B) F ~(aAp) “”is read “proves”.

M+ ¢: T proves o

There is a proof of ¢, that may use assumptions from the set
r.

F¢: ¢is atheorem of PredCalc.
There is a proof of ¢, with no assumptions.
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Natural Deduction: the Obvious Quantifier Rules
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Natural Deduction: the Obvious Quantifier Rules

Vx(p)
V-e If Vx(¢) then for any term ¢, ©[t/x

i % If | proved ¢[t/x] then | know 3x ()
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Proviso:
Xp does not occur in ¢,
nor in any current assumption

i elxo/x]
" (@X(Eso)

Informally, we say, “Let xp be arbitrary.”
Then we prove ¢[xp/X].

We conclude, “Since xo was arbitrary, it follows that Vx(y).”
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Why the is

¢ = (X=X V XxX=25)
olxo/X] = (X=X V Xo=25)
1 Xo = Xo =i
©[Xo0/X] 2| X=X V Xp=S5 V-i, 1

Vx () 3| Vx(x=xo Vx=8) V-i,2




Why the is

¢ = (X=X V XxX=25)
elx/X] = (X=X V X0 =5)
1 Xo = Xo
X0/ X] 2| Xo=X V X =5
Vx () 3| Vx(x=xo V x=25)

Line 3 does not follow because xp occurs in .

V-, 2X XX
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J-e

Proviso:
Xo does not occur in ¢ nor in v,
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J-e

Proviso:
Xo does not occur in ¢ nor in v,
nor in any current assumption

Je Ix (), <p£bxo/x] Fa

Informally, we say, “Since we know that something satisfies ¢,
we may assume ¢[Xp/x] for a new variable xp.

If we prove ¢ using this assumption

and xp does not occur in v

then we have proved v, with no assumptions required.
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X=2 > y=2
Vz(x =2z — y=2)
X=X = y=X
X=X

y=x

X=y = y=x

Vxy(x =y — y=X)



Is this “proof” of - IxVyE(x, y) — Yy3xE(x, y) correct?

1 IAXVyE(x,y)

2

3 v-e, 2

4 3-i, 3

5 IXE(x, yo) J-e, 1,24
6 Vy3axE(x,y) V-i, 5

7 | IXVYE(x,y) — Vy3IxE(x,y) —-i, 1-6



Is this “proof” of - IxVyE(x, y) — Yy3xE(x, y) correct? Yes.

1 AXVyE(x,y)

2

3

4

5 IxE(x, yo)

6 Vy3axE(x,y)

7 | IXVYE(x,y) — Vy3xE(x,y)

J-e, 1,24
V-i, 5

i, 1-6



Is this “proof” of - Vy3IxE(x,y) —
IxVyE(x,y) correct?

Vy3xE(x,y)

IXE(X, Yo) v-e, 1

E(xo, o) .2

VYE(Xo, y) ;3

AXVyE(x,y) , 4
Vy3xE(x,y) — IXVyE(x,y) , 1-5




S Yo Is this “proof” of - Vy3IxE(x,y) —
o 0 e IxVyE(x,y) correct?
' No. Line 3 does not follow from
lines 1 and 2.

° e Go = lines 1 and 2
Go

Gz =~ E(X0, Yo)

1 Vy3xE(x,y)

2 AxE(X, o) v-e, 1

3 E(xo0.Y0) , 2

4 VyE(Xo,y) , 3

5 AXVyE(x,y) , 4

6 | Vy3axE(x,y) — IxVyE(x,y) , 1-5




1. Convert to NNF

a. ~Vx 3y (A(x) — E(x,y))

b. ~3x Jy (E(x, y)A ~(A(X) A R(Y)))

c. ~Vx 3y (R(x) — E(y, x))

d. ~3dx 3y 3z (E(x,y) N E(y,2) N y # 2)

Possible Answers:

Al. Vx 3y (R(x) A ~E(y, X))

A2. Vxyz (~E(x,y)V ~E(y,z) = y = 2)
A3. Vxyz (~E(x,y)V ~E(y,z) V y=2)
Ad. Ix Yy (A(x) A ~E(x,y))

A5. Ix Yy (R(x) A ~E(y, X))

AB. Vx Vy(~E(x,y) V (A(x)AR(y))



2. Match English statements with PredCalc formulas.

a. sis an A vertex but not an R vertex.

b. B3| Every vertex is either A or R, but not both.

C. Every edge goes from an A vertex to an R vertex.

d. Every R vertex has an incoming edge from an A vertex.

e. Some R vertex has an incoming edge from every A vertex.

Possible Answers:

B1. Vx Vy (E(x,y) — A(x)AR(y))
B2. Yy Ix (R(y) — A(x)AE(x,y))
B3. ¥x (A(x) & R(x))

B4. 3y Vx (R(y) N (A(x) = E(x.,y))
BS. vx ((A(x) vV R(x)) A (A(x) < R(x)))
B6. A(s) — ~R(s)

B7. A(s) A ~R(s)

B8. dy Vx (R(y) — A(x) — E(x.,y))

(
)



3.1 Is this “proof” of - R(x) A A(y) — A(y) A R(x) correct?

4

5

R(x) A A(y)

Aly) A R(x)

R(X)ANA(y) — Aly) A R(x)

This proof is correct.

A-e, 1
A-e, 1
AAi, 2,3

—-i, 1-4



3.2 Is this “proof”
(3x. R(x))(A(x)) correct?

1

2

Vx (R(x) — A(x))

of (Vx.R(x))(A(x)) F

R(x) — A(x)

v-e, 1

—-e,2,3

A-i, 3, 4

[ x |36
| X | 2,35,6-7

No, G7 ):
lines 1 and
6, but not
line 7 or 8.
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4. Match PredCalc, English and graphs.

E
E

E3.
E4.

040,40
S t
0,30,,0)

M=o o T o

\—4‘ IxVy (E xy)\/E(y, X) > XxX=y)

u

Go Hny YA ~E(x,y))
Gs vxy (E(x,y) = E(y, X))
u

Gy, Go| 3dlx Hly E(x,y)

Exactly one vertex has outdegree exactly 1.

Some vertex is isolated, i.e., has no edge in or out to a

different vertex

Some A vertex has no incoming edge.

The graph is undirected.
S t




