CS250: Discrete Math for Computer Science

L10: Natural Deduction for PredCalc
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Tarski’s Recursive Definition of Truth

For every G € World[X] and t € term(X)

iff 1% =1t8

iff

iff

iff

iff

iff

iff

(tG,...,t8) e PG

GEa and GEQJ
GEa or
forall a € |G|

Glan] = o
Glai] k= o

exists a € |G|

t¢ € |G|

Padcy
PropCalc
PropCalc

PropCalc



Remaining Natural Deduction Proof Rules

introduction elimination
_ h =1t p[ti/X]
=1 o[t/ X]
VX
v
e[t/X]
t/x
. o[t/x]
Ix ¢
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Remaining Natural Deduction Proof Rules

introduction elimination
_ h =1t p[ti/X]
=t olto/X]
VX
v
e[t/ x]
t/x
. e[t/ x]
Ix ¢
1 X=Yy
1 | x=x =-i 2 | R(x)



Remaining Natural Deduction Proof Rules

introduction elimination

_ =1t o[ti/x]
=t olto/X]
VX
v elt/x]
o[t/x]
> Ix ¢

Prop: By Tarski’s Def of Truth: =-i and =-e are sound.



introduction elimination

b=t o[t/X]

=t olto/X]
VX ¢
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introduction elimination
_ =1t olt/X]

=1 o[t/ X]

VX ¢

v olt/x]
t/x
. o[t/ x]
Ix e

1| vx(Ax) — R(x)

2 ‘ A(z) — R(z2) v-e, 1




introduction elimination
_ =1t olt/X]

=1 o[t/ X]

VX ¢

v olt/x]
t/x
. o[t/ x]
Ix e

Prop: By Tarski’s Def of Truth: V-e is sound.

1| vx(Ax) — R(x)

2 ‘ A(z) — R(2) v-e, 1
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st st st st
So S; S, S




R10 Quiz Solutions
st st st st
So S S, S

3 | A(s) — R(s) v-e, 1

4 | A(s) No: S; is counterexample



R10 Quiz Solutions
st st st st
So S S, S

1 | Vx(A(x) = R(x))

3 | A(s) — R(s) v-e, 1

4 | ~R(s) No: S; is counterexample



R10 Quiz Solutions
st st st st
So S; S, S




introduction elimination

b =1t olti/X]

=1 o[t/ X]
VX ¢
p[t/X]
o[t/x]




introduction elimination
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=1 o[t/ X]

VX ¢

v olt/x]
t/x
. o[t/x]
Ix ¢

1| vx(x+0=x)

2 ‘HyVX(ery:x) 3-i, 1




introduction elimination
_ =1t olti/X]

=1 o[t/ X]

VX ¢

v olt/x]
t/x
. o[t/x]
Ix ¢

Prop: By Tarski’s Def of Truth: 3-i is sound.

1| vx(x+0=x)

2 ‘HyVX(ery:x) 3-i, 1



introduction elimination
_ =1t olti/X]

=1 o[t/ X]

VX ¢

v olt/x]
t/x
. o[t/x]
Ix ¢

Prop: By Tarski’s Def of Truth: 3-i is sound.

Proof.
Assume G | ¢[t/x].

1| vx(x+0=2x)

2 ‘HyVX(ery:x) 3-i, 1



introduction elimination
_ =1t olti/X]

=1 o[t/ X]

VX ¢

v olt/x]
t/x
. o[t/x]
Ix ¢

Prop: By Tarski’s Def of Truth: 3-i is sound.

Proof.
Assume G = o[t/x]. a¥ @

1| vx(x+0=2x)

2 ‘HyVX(ery:x) 3-i, 1



introduction elimination
_ =1t olti/X]

=1 o[t/ X]

VX ¢

v olt/x]
t/x
. o[t/x]
Ix ¢

Prop: By Tarski’s Def of Truth: 3-i is sound.

Proof.
Assume G = o[t/x]. a¥ i@ Thus, Glax] = ¢

1| vx(x+0=2x)

2 ‘HyVX(ery:x) 3-i, 1



introduction elimination

_ t =1t o[t/x]
=t olta/X]
VX ¢
v Plt/x]
o[t/x]
> dx ¢

Prop: By Tarski’s Def of Truth: 3-i is sound.

Proof.
Assume G = o[t/x]. a¥ i@ Thus, Glax] = ¢

Thus, by Tarski’s Def of Truth, G E 3x ¢

1| vx(x+0=x)

2 ‘HyVX(ery:x) 3-i, 1
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elimination

=1t o[t/X]
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introduction

elimination

=1t o[t/X]

=t elt2/x]
VX
plt/x]
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introduction

elimination

b =1t olti/X]

=t elt2/X]
VX ¢
e[t/X]

o[t/x]

dx ¢




introduction elimination
b=t p[t/x]

=1 ©lta/X]
VX ¢
e[t/x]

e[t/x]

Ix e

F 3y f(x)=y




Solution to Disc. 3

= ~(pV ~p)
1 ~ PV ~p)
2 p
3 pVv ~p V-i, 2
4 F F-i,1,3
5 ~p F-e, 2—4
6 pVv ~p V-i, 5
7 F F-i,1,6
8 | (pV ~p) F-e, 1-7



1a.

1c.

1d.

~d—~cC

“The election is not decided.”

“The election is decided
but the votes have not been counted.”

“The election is decided
if the votes have been counted.”

“If the election is not decided
then the votes have not been counted.”



2a. an ~f “You get an A in the course,
without getting a perfect score on the final”

2b. wvfi — a “To get an A in the course, it is sufficient to
do all the assigned work, or,
to get a perfect score on the final”

2c. ~f—=~w—~a “Ifyoudon’tdo all the assigned work
= then you won't get an A in the course
~fAN ~w —~a unless you get a perfect score on the final”

2d. ~a—~Ww “If you don’t get an A in the course,
then you didn’t do all the assigned work.”



Hw1: Knights or Knaves?

def

def

Ty = A:“monly Ktoronly Kv? T, = B:“Exactly 1 Kv”
.Y A “Exactlyi1ofA Biskt” Sy= T« AiskKt
So= T, BisKt SgE T3<—>CISKt
(WIAIBICITi[T|Ts[Si[S|Ss)

W 11/1|1]0|0[0|0]|0]|O0
We|1]1|0]| 0| 1 0| O 1 1

Ws (101|001 1 0| O 1

Wy t1tjojoj1t|0[1]1]1]0

WO |1 |11 |1 ] 10| 1]
Wojoj{1j{o0oj0|0|1T]|1]0]|O0
wyjojojt1jo|j0|0|1T]1]0O0
WolO|O|O]O|O|O] 1|11

W, is the unique world satisfying S; A So A S3. Thus, A, B and

C are all knaves.



Hw1: Convert PropCalc Formula to CNF

~((~pAGANV ~(p—(g—T))) =
= ~(~pAgAr) A (p—(g—r))

= (pV ~qV ~r) A (~pV ~q V)



R9 Quiz Answers

S t
6'0 (3)
() & @&

—

Gi = Vx3y(R(x) — E(y,x)) True

Gi E 3xvy (R( )

Gi = Vx3y (R(x) — E(x,y)) False counterexample: x =3
Gi = 3xVy (R(x )

X)\ ~E(y,x)) False

0D

A ~E(x,y)) True witness: x =3



R9 Quiz Answers

Convert each of the following PredCalc formulas to NNF.

5. ~V¥x3y (R(x) ) = 3IxVy(R(xX)A ~E(x,y))
6. ~3IxVy(R(x)A ~E(y,x)) = Vx3y(~R(x) Vv E(y,x))
7 (R(x) ) = vy (RX)A ~E(x,¥))
8 (ROOA~E(x,y)) = ¥x3y(~R(X) V E(x,y))

~Vx3y



G3< t (3 G3: t
OO0
)
)

9. T/F: Gs< EVxy(E(x,y) — A(x) AR(y)) True
10. T/F: Gs= = Vxy(E(x,y) — A(x) A R(y)) True
1. T/F: Gs< = VYx3y(A(x) — E(x,y)) False
12. T/F: Gs= = Yx3y(A(x) — E(x,y)) True
13. T/F: Gs< E Vxyz(E(x,y) NE(x,z) - y = z) False
14. T/F: Gs= =Vxyz(E(x,y) NE(x,2) -y =2) True



