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- Problem Set 3 is due Friday 11/17, 11:59pm.

y Questions about participation grade.

r

- Additional linear algebra review office hours — Monday
11/13 $:00-4:00pm.
1t %



Basic Set Up

k-dim. subspace V

Let Vi, ...,V be an orthonormal basis for V and V € R9** be the
matrix with these vectors as its columns.

- WT e R4 s the projection matrix onto V.
- XWVT gives thgxciosest approximation to X with rows in V.

- The rows of XVV are approximations to our input points in V.
A X The rows of XV are compressions of these approximate points. 3



e XYL = 0O
-V minimizing ||X — XW||2 is given by:

Grgmat ©(x

arg min [X — XWT||2 = arg max [XV||2
\

orthonormal VERI Xk orthonormal VERI Xk

- This optimal V can be found greedily. Equivalently, by
computing the top k eigenvectors of X'X.
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Last Class

-V minimizing ||X — XW||2 is given by:

arg min arg max XV
orthonormal VERI Xk orthonormal VERIXF

- This optimal V can be found greedily. Equivalently, by
computing the top k eigenvectors of X'X.

This Class: Sl Q:\g/\\a’é-a\“) mm\%\% \\/3’5\— ‘730"Vlg

- Finish up discussion of how optimal V is computed via
eigendecomposition.

How do we assess the error of this optimal V.

&nnection to the singular value decomposition.



Solution via Eigendecomposition

V maximizing ||XV||Z is given by:/ |1X\_L\_/T “{SL - HK\IU\’? W\/T/OI
R R bV,

argmax_XVIE = 37 X7 = D0 XX,
j=1

orthonormal VERIx* =1

Can find the columns of V, v, ..., V,, greedily.
. T . ToT
VTRV, - Wl v = argmax [l V' X Xy
- | v with ||v]),=1
1T, V)= arg max VIXTXV.
il A Puth =, £99=0
Vp = arg max VIXTXV.

7with [|v],=1, (7,7)=0 ¥j<k

I Vi are the top k eigenvectors of X'X by the Courant-Fischer
Principle.

X1,...,% € RY: data points, X € R"*%: data matrix, v1, ..., V, € R%: orthogo-
nal basis for subspace V. V e R4><*: matrix with columns ¥4, .. ., V. 5




Solution via Eigendecomposition

V maximizing ||XV||? is given by:

orthonormal VERIXk

R R
argmax XVIE = 37 X7 = D0 XX,
j=1 j=1

Can find the columns of V, v, ..., V,, greedily.

Vi= argmax |XV|]5.
7 with [[v],=1

Vo = arg max VIXTXV.
7with [|v],=1, (V,7)=0

Vp = arg max VIXTXV.
P with [[v]l,=1, (7.7)=0 Vj<k

Vi, Vi are the top k eigenvectors of X'X by the Courant-Fischer
Principle.
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nal basis for subspace V. V € RY*k: matrix with columns ¥, . . . , V. 5




Solution via Eigendecomposition

V maximizing ||XV||? is given by:
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R R
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Solution via Eigendecomposition

V maximizing ||XV||? is given by:

k k
argmax [WVIE =S K3 = S VXX

orthonormal VERIx* =1 =
Can find the columns of V, v, ..., V,, greedily.

Vi = argmax V' X'XV.
7 with [[v]J,=1

Vo = arg max VIXTXV.
7with [|v],=1, (V,7)=0

Vp = arg max VIXTXV.
P with [[v]l,=1, (7.7)=0 Vj<k

Vi, Vi are the top k eigenvectors of X'X by the Courant-Fischer
Principle.

X1,...,% € RY: data points, X € R"*%: data matrix, v1, ..., V, € R%: orthogo-
nal basis for subspace V. V € RY*k: matrix with columns ¥, . . . , V. 5




Review of Eigenvectors and Eigendecomposition

Eigenvector: X € R? is an eigenvector of a matrix A € R9x9 if
AX = \X for some scalar X (the eigenvalue corresponding to X).

Ax

2



Review of Eigenvectors and Eigendecomposition

Eigenvector: X € RY is an eigenvector of a matrix A € R9*? if

AX = \X for some scalar A (the eigenvalue corresponding to X)

- Thatis, A just ‘stretches’ x.



Review of Eigenvectors and Eigendecomposition

AR (XTK D UCU IR
A=f Eigenvector: X € R% s an eigenvector of a matrix A € RI*¢ if
AX = \X for some scalar X (the eigenvalue corresponding to X).
- Thatis, A just ‘stretches’ x. Gt iX =X '/\ X)
- If Ais symmetric, can find d or'thonormal eigenvectors
Vi,...,Vq. Let V e R9%9 have these vectors as columns.

°)\|._\)\é’ ~e c\lvukk\)BS W



Review of Eigenvectors and Eigendecomposition

Eigenvector: X € R? is an eigenvector of a matrix A € R9x9 if
AX = \X for some scalar X (the eigenvalue corresponding to X).

- Thatis, A just ‘stretches’ x.

- If Ais symmetric, can find d orthonormal eigenvectors
Vi, Vg LetV e R9*? have these vectors as columns.

[ B
AV = AV, AV, --- AV

I



Review of Eigenvectors and Eigendecomposition

Eigenvector: X € R? is an eigenvector of a matrix A € R9x9 if
AX = \X for some scalar X (the eigenvalue corresponding to X).
- Thatis, A just ‘stretches’ x.

- If Ais symmetric, can find d orthonormal eigenvectors
Vi,...,Vq. Let V e R9%9 have these vectors as columns.

AV = A\71 A\72 A\7d = /\1\71 )\2\72 )\Vd



Review of Eigenvectors and Eigendecomposition

Eigenvector: X € R? is an eigenvector of a matrix A € R9x9 if
AX = \X for some scalar X (the eigenvalue corresponding to X).

- Thatis, A just ‘stretches’ x.

- If Ais symmetric, can find d orthonormal eigenvectors

Vi,...,Vq. Let V e R9%9 have these vectors as columns.
| I | ! | I
AV = |AV; AV, - AVy| = | MW iy oo Aly| =VA
| I | ! ! I
A e
\/d /\I )\\V| ‘%é\lc\




Review of Eigenvectors and Eigendecomposition

Eigenvector: X € RY is an eigenvector of a matrix A € R9*? if

AX = \X for some scalar A (the eigenvalue corresponding to X)

- Thatis, A just ‘stretches’ x.

- If Ais symmetric, can find d orthonormal eigenvectors
Vi,...,Vq. Let V e R9%9 have these vectors as columns.

VAL (L A (R A N A R

—

Lo . . . ni
AV = |Av; AV, - AVy|l = [MV7 XVvo - AVg| = VA\j
[ D B | | I

Yields eigendecomposition: MT =A=VAV



VoV

dxd

d

orthonormal

diagonal

Review of Eigenvectors and Eigendecomposition

VAL
VVU-T S

orthonormal

2 d

P>}

Az
A =| v, V Va A VT

Aa-1
Aa

Typically order the eigenvectors in de;Ieasing order:

12X > 2> A ﬂ\f\/T:A
\Prqc%r\ anta L%: - Vv
-nO 'Op P 7




Low-Rank Approximation via Eigendecomposition

N 1 Xvill, "
Ke) Dl
XX ﬁ= Vv A A

ars | XV

¢

d-dimensional space

k-dim. subspace V




Low-Rank Approximation via Eigendecomposition

Upshot: Letting Vi, have columns ‘7&_/’_‘7& corresponding to
the top k eigenvectors of the covariance matrix X'X, Vy, is the
orthogonal basis minimizing

T2
X — XY,V
—_—
X,..., % € RY data points, X € R"*%: data matrix, ¥,...,V, € R% top
eigenvectors of X7X, Vi, € R?%k: matrix with columns ¥, . . ., V.




Low-Rank Approximation via Eigendecomposition

Upshot: Letting Vi, have columns Vi, ..., Vi corresponding to
the top k eigenvectors of the covariance matrix X'X, V,, is the
orthogonal basis minimizing

X — XV VE 7.

This is principal component analysis (PCA).

X,..., % € RY data points, X € R"*%: data matrix, ¥,...,V, € R% top
eigenvectors of X7X, Vi, € R?%k: matrix with columns ¥, . . ., V.




Low-Rank Approximation via Eigendecomposition

Upshot: Letting Vi, have columns Vi, ..., Vi corresponding to
the top k eigenvectors of the covariance matrix X'X, V,, is the
orthogonal basis minimizing

X — XV VE 7.

This is principal component analysis (PCA).

How accurate is this low-rank approximation?

X,..., % € RY data points, X € R"*%: data matrix, ¥,...,V, € R% top
eigenvectors of X7X, Vi, € R?%k: matrix with columns ¥, . . ., V.




Low-Rank Approximation via Eigendecomposition

Upshot: Letting Vi, have columns Vi, ..., Vi corresponding to
the top k eigenvectors of the covariance matrix X'X, V,, is the
orthogonal basis minimizing

X — XV VE 7.

This is principal component analysis (PCA).

How accurate is this low-rank approximation? Can understand
using eigenvalues of X'X.

X,..., % € RY data points, X € R"*%: data matrix, ¥,...,V, € R% top
eigenvectors of X7X, Vi, € R?%k: matrix with columns ¥, . . ., V.




Spectrum Analysis

Let Vi, ...,V be the top k eigenvectors of X'X (the top k principal
components). Approximation error is:

T2
X — XViVi[|7
/’—\
X,...,% € RY data points, X € R"%9: data matrix, v4,...,% € R top
eigenvectors of XX, Vi, € R4>k: matrix with columns V4, . . ., V.




Spectrum Analysis

Let Vi, ...,V be the top k eigenvectors of X'X (the top k principal
components). Approximation erroris:

X~ XV = X[ — (xveVi

X,...,% € RY data points, X € R"%9: data matrix, v4,...,% € R top
eigenvectors of XX, Vi, € R4>k: matrix with columns V4, . . ., V.




Spectrum Analysis

Let Vi, ...,V be the top k eigenvectors of X'X (the top k principal
components). Approximation error is:

[IX = XVRVEIE = [IXIIE — [IXVe [

X,...,% € RY data points, X € R"%9: data matrix, v4,...,% € R top
eigenvectors of XX, Vi, € R4>k: matrix with columns V4, . . ., V.




Spectrum Analysis

Let Vi, ...,V be the top k eigenvectors of X'X (the top k principal
components). Approximation error is:

X — XVRVEIIE = [IX[17 — [IXVe]|7
30 079 AR}
o W — 1 _
E\ LA JU ’ N

- Problem Set: For any matrix A, A2 = 5% ||| = tr(AA) (sum
of diagonal entries = sum eigenvalues).

X,...,% € RY data points, X € R"%9: data matrix, v4,...,% € R top
eigenvectors of XX, Vi, € R4>k: matrix with columns V4, . . ., V.




Spectrum Analysis

Let Vi, ...,V be the top k eigenvectors of X'X (the top k principal
components). Approximation error is:

X — XVRVE|[2 = tr(XTX) — tr(VIX"XV,)

- Problem Set: For any matrix A, A2 = 2%, ||| = tr(AA) (sum
of diagonal entries = sum eigenvalues).

X,...,% € RY data points, X € R"%9: data matrix, v4,...,% € R top
eigenvectors of XX, Vi, € R4>k: matrix with columns V4, . . ., V.




Spectrum Analysis

Let Vi, ...,V be the top k eigenvectors of X'X (the top k principal
components). Approximation error iS:K}(\L

VAL ~r
X~ XV = 00X) — e vixxve) (e @%4
d R

AN = ANV
K ) _ ; /\/'(XTX) — ; \7I-TXTX\7,' \,‘TX’YX\/)
Al ) . / - \%\‘.\'L
N K\g‘d . NOW Ty xi (0 \\A_LL T>
\I'\T MO OV o Vi 1S /\M

— t‘\dxw,t\ov A oo
- Problem Set: For any matrix A, [|A|z2 = 3", [|di[|2 = tr(ATA) (sum
of diagonal entries = sum eigenvalues).

X,...,% € RY data points, X € R"%9: data matrix, v4,...,% € R top
eigenvectors of XX, Vi, € R4>k: matrix with columns V4, . . ., V.

WO 2 AV TR = -\ e XL .




Spectrum Analysis

Let Vi, ...,V be the top k eigenvectors of X'X (the top k principal
components). Approximation error is:

X — XVRVE|[Z = tr(XTX) — tr(VIXTXV,)
_ N2~ AVRVrllF — Ve
d R
=D A(XX) =) VXX
=1 i=1

d R
=D AXX) =Y O N(XX)
i=1 i=1

- Problem Set: For any matrix A, A2 = 2%, ||| = tr(AA) (sum
of diagonal entries = sum eigenvalues).

X,...,% € RY data points, X € R"%9: data matrix, v4,...,% € R top
eigenvectors of XX, Vi, € R4>k: matrix with columns V4, . . ., V.




Spectrum Analysis

Let Vi, ...,V be the top k eigenvectors of X'X (the top k principal
components). Approximation error is:
X — XVRVE||A = tr(XTX) — tr(VIX"XV,)
/—\
d k
=D A(XX) =) VXX
=1 i=1

d R
=D AXX) =Y O N(XX)
i=1 i=1

- Problem Set: For any matrix A, A2 = 2%, ||| = tr(AA) (sum
of diagonal entries = sum eigenvalues).

X,...,% € RY data points, X € R"%9: data matrix, v4,...,% € R top
eigenvectors of XX, Vi, € R4>k: matrix with columns V4, . . ., V.




Spectrum Analysis

Claim: The error in approximating X with the best rank k
approximation (projecting onto the top k eigenvectors of X'X) is:

d
IX = XVRVEIIE = >~ A(X'X)
i=R+1

Xi,...,%X € RY data points, X € R"%9: data matrix, v,...,V, € R top
eigenvectors of XX, V, € RI*k: matrix with columns V4, .. . , V.

1



Spectrum Analysis

Claim: The error in approximating X with the best rank k
approximation (projecting onto the top k eigenvectors of X'X) is

/s

%mw" Ql‘b"‘)“b X = XVVI[2 = ST A (XTX)
‘/o\(\\(.km /e @ k i :%1

\ =
dxd
2
7 o
X™X =||?1 %2 B A A
2 N
2a | )
error of optimal low rank
approximation
Xi,...,%X € RY data points, X € R"%9: data matrix, v,...,V, € R top

eigenvectors of X'X, V, € R?%k: matrix with columns ¥, . . ., V. 1




Spectrum Analysis

Claim: The error in approximating X with the best rank k
ap@brommann (projecting onto the top k eigenvectors of X'X) is

X — XV, VE||2 = Z Mi(XTX)
i=R+1
784 dimensional vectors

- elgendecompOSItlon
e

olan >

o s 0 15 2 2 s 3
-; Eigenvalue Rank

Eigenvalue

X1,...,% € RY data points, X € R"%9: data matrix, v4,...,% € R top
eigenvectors of X7X, Vi, € R?%k: matrix with columns ¥, . . ., V. 11




Spectrum Analysis

Claim: The error in approximating X with the best

rank Rk

approximation (projecting onto the top k eigenvectors of X'X) is:

d
IX = XVRVEIIE = >~ A(X'X)
=t

784 dimensional vectors

eigendecomposition

—

Eigenvalue

NENG

15 20 -
Eigenvalue Rank

X1,...,% € R data points, X € R"%%: data matrix, V4,
eigenvectors of XTX, V, € RI%k: matrix with columns ¥, .

...,V € R% top

<oy Vp.

1



Spectrum Analysis

Claim: The error in approximating X with the best rank k
approximation (projecting onto the top k eigenvectors of X'X) is:

d
IX = XVRVEIIE = >~ A(X'X)
=t

784 dimensional vectors

eigendecomposition

—

error from best raphk-15
approximation

Eigenvalue

o 5 10 15 2 mo%m 4w
Eigenvalue Rank

SESE

X,...,% € RY data points, X € R">9: data matrix, v4,...,V, € R top
eigenvectors of X'X, Vi, € RI%k: matrix with columns ¥, .

<oy Vp

1




Spectrum Analysis

Claim: The error in approximating X with the best rank k

Eqn‘m
approximation (projecting onto the top k eigenvectors of X'X)
5D oyt I
il /T
X = XVeVE[IE = D N(X'X) I Xt

i=k+1

784 dimensional vectors

eigendecomposition

—

error from best rapnk{15 *
npmmmmm

Eigenvalue

SESE

N
Eigenvalue Rank

- Choose k to balance accuracy/compression - often at an ‘elbow..

X1,..., % € RY: data points, X € R"%% data matrix, V4,

.V, € R top
eigenvectors of X'X, Vi, € RI%k: matrix with columns ¥, .

<oy Vp

1




Spectrum Analysis

Plotting the spectrum of XX (its eigenvalues) shows how
compressible X is using low-rank approximation (i.e., how close

X1,...,X, are to a low-dimensional subspace).
X1,..., % € RY data points, X € R"%9: data matrix, v4,...,% € R top
eigenvectors of XTX, Vi, € R?*k: matrix with columns V, . . ., V.

12



Spectrum Analysis

Plotting the spectrum of XX (its eigenvalues) shows how
compressible X is using low-rank approximation (i.e., how close
X1,...,X, are to a low-dimensional subspace).

784 dimensional vectors

eigendecomposition

—)

Eigenvalue

o 5 10 5 2 2w %
Eigenvalue Rank

Nls]-lo

X1,..., % € RY data points, X € R"%9: data matrix, v4,...,% € R top
eigenvectors of X'X, Vi, € R4>k: matrix with columns V4, . . ., V.
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Spectrum Analysis

Plotting the spectrum of X’X (its eigenvalues) shows how
compressible X is using low-rank approximation (i.e., how close
X1,...,X, are to a low-dimensional subspace).

784 dimensional vectors

Eigenvalue

o s 10 15 20 2 3 3% 4
Eigenvalue Rank

X1,..., % € RY data points, X € R"%9: data matrix, v4,...,% € R top
eigenvectors of XTX, Vi, € R?*k: matrix with columns V, . . ., V.

12



Spectrum Analysis

- O
Plotting the spectrum of X’X (its eigenvalues) shows how
compressible X is using low-rank approximation (i.e., how close

X1,..., Xy are to a low-dimensional subspace).
o 0
RBe | 00 " |
eigendecomposition ..
13 |
7" EgemaeRank
X,..., % € RY data points, X € R">9: data matrix, v4,...,V, € R top
eigenvectors of XX, V, € RIXk: matrix with columns ¥, .. . , 7.

12



784 dimensional vectors

eigendecomposition

—
(c

Nls]-Jo

Exercises: o m{)m311ue/

1. Show that the eigenvalues of X'X are always pesttive. Hint:

Use that \; = \7J-TXTX\7/<.

2. Show that for symmetric A, the trace is the sum of
eigenvalues: tr(A) = >°7, \;(A). Hint: Ejrst prove the cyclic
wmmﬁﬁﬁﬁmmmm@%wmmm
then apply this to A’'s eigendecomposition

Spectrum Analysis

13



- Many (most) datasets can be approximated via projection onto
a low-dimensional subspace.

- Find this subspace via a maximization problem:

max ||XV||.
orthonormal V

- Greedy solution via eigendecomposition of XTX.

- Columns of V are the top eigenvectors of X'X.

—_—

- Error of best low-rank approximation (compressibility of data) is
etermined by the tail of X'X's eigenvalue spectrum.

14



Interpretation in Terms of Correlation

Recall: Low-rank approximation is possible when our data features

are correlated. oo S
loors sale price
home 1 2 2 195,000
homez 4 1 310,000
home n 5 3 450,000
L
X,...,% € RY data points, X € R">9: data matrix, v1,...,V, € R% top
eigenvectors of XX, V, € RI*k: matrix with columns ¥, .. . , 7.

15




Interpretation in Terms of Correlation

Recall: Low-rank approximation is possible when our data features
are correlated. il S

floors| sale price
home 1 2 2 195,000
home 2 4 1 310,000
home n s 3 450,000

Our compressed dataset is C = XV, where the columns of V,, are the
top k eigenvectors of X'X.

X,...,% € RY data points, X € R">9: data matrix, v1,...,V, € R% top
eigenvectors of XX, V, € RI*k: matrix with columns ¥, .. . , 7.

15




Interpretation in Terms of Correlation

Recall: Low-rank approximation is pOSS|ble when our data features

are correlated. S St /L\L
home 1 2 °2°'5 Sj;es,z;:e T \) (
_ -~ home 2 9 3 LD \( k
Al
\ 1 I\ w \ A DO (R O I L j -
home n 5 3 450,000 8

Our compressed dataset is C = XV, where the columns of V,, are the 7\“

top k eigenvectors of X'X. A D \C Ii\-.)\:]

Observe that C'C = \/‘L X )(\/K [/O A T OJ &’;7
\}\c\/ N Ec NIy~ (// A

X,...,% € RY data points, X € R">9: data matrix, v1,...,V, € R% top
eigenvectors of XX, V, € RI*k: matrix with columns ¥, .. . , 7.




Interpretation in Terms of Correlation

Recall: Low-rank approximation is possible when our data features
are correlated. il S

floors| sale price
home 1 2 2 195,000
home 2 4 1 310,000
home n s 3 450,000

Our compressed dataset is C = XV, where the columns of V,, are the
top k eigenvectors of X'X. T

Observe that C'C = A,

C'Cis diagonal. l.e, all columns are orthogonal to each other, and

correlations h imal compression.
—_\

X,...,% € RY data points, X € R">9: data matrix, v1,...,V, € R% top
eigenvectors of XX, V, € RI*k: matrix with columns ¥, .. . , 7.
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Algorithmic Considerations

Runtime to compute an optimal low-rank approximation:

X,...,% € RY data points, X € R"9: data matrix, v4,...,% € R top
eigenvectors of XTX, Vi, € R?*k: matrix with columns v, .. ., V.

16



Algorithmic Considerations

Runtime to compute an optimal low-rank approximation:

- Computing X'X requires O(nd?) time.

X,...,% € RY data points, X € R"9: data matrix, v4,...,% € R top
eigenvectors of XTX, Vi, € R?*k: matrix with columns v, .. ., V.

16



Algorithmic Considerations

Runtime to compute an optimal low-rank approximation:

- Computing XX requiresﬂﬂﬁ) time.
- Computing its full eigendecomposition to obtain vy, ...,V
requires O(d®) time (similar to the inverse (X'X)~").

X,...,% € RY data points, X € R"9: data matrix, v4,...,% € R top
eigenvectors of XTX, Vi, € R?*k: matrix with columns v, .. ., V.
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Algorithmic Considerations

Runtime to compute an optimal low-rank approximation:

- Computing X'X requires O(nd?) time.

- Computing its full eigendecomposition to obtain vy, ...,V
requires O(d”) time (similar to the inverse (X'X)~").

Many faster iterative and randomized methods. Runtime is roughly
O(ndk) to output just to top k eigenvectors Vi, . ..., Vi
¢

\ \Q\B
- Will see in a few classes (power method, Krylov methods).

One of the most intensively studied problems in numerical
Ecomputation.

X,...,% € RY data points, X € R"9: data matrix, v4,...,% € R top
eigenvectors of XTX, Vi, € R?*k: matrix with columns v, .. ., V.
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