Modeling and Manipulating the Structure of Hierarchical
Schemas for the Web

Theodore Dalamagas!, Alexandra Meliou?, Timos Sellis!

1School of Electr. and Comp. Engineering 2Department of Computer Science
National Techn. University of Athens, Hellas University of California, Berkeley, USA
{dalamag,timos}@dblab.ece.ntua.gr ameliQ@cs.berkeley.edu
Abstract

The Semantic Web is the next step of the current Web where information will become
more machine-understandable to support effective data discovery and integration. Hierar-
chical schemas, either in the form of tree-like structures (e.g., DTDs, XML schemas), or in
the form of hierarchies on a category/subcategory basis (e.g., thematic hierarchies of portal
catalogs), play an important role in this task. They are used to enrich semantically the
available information. Up to now, hierarchical schemas have been treated rather as sets of
individual elements, acting as semantic guides for browsing or querying data. Under that
view, queries like “find the part of a portal catalog which is not present in another catalog”
can be answered only in a procedural way, specifying which nodes to select and how to get
them. For this reason, we argue that hierarchical schemas should be treated as full-fledged
objects so as to allow for their manipulation. This work proposes models and operators to
manipulate the structural information of hierarchies, considering them as first-class citizens.
First, we explore the algebraic properties of trees representing hierarchies, and define a lattice
algebraic structure on them. Then, turning this structure into a boolean algebra, we present
the operators S-union, S-intersection and S-difference to support structural manipulation of
hierarchies. These operators have certain algebraic properties to provide clear semantics and
assist the transformation, simplification and optimization of sequences of operations using
laws similar to those of set theory. Also, we identify the conditions under which this frame-
work is applicable. Finally, we demonstrate an application of our framework for manipulating
hierarchical schemas on tree-like hierarchies encoded as RDF/s files.

1 Introduction

The Internet is today’s greatest source of information. Huge volumes of data is posted and
retrieved through the Web. Despite this vast exchange of information, there is no consistent
and strict organization of data. This, raises difficulties for data exchange and processing. For
the Web to reach its full potential and become a universally accessible platform, the information
should have well-defined meaning.

Hierarchical schemas play an important role in this task. They are used to enrich semantically
the available information. Examples of such schemas include tree-like structures (e.g., DTDs,
XML schemas), hierarchies on a category/subcategory basis (e.g., thematic hierarchies of portal



catalogs), etc. The importance of hierarchical schemas is even more evident in the context of
Semantic Web. The Semantic Web is the next step of the current Web, where information
should become more machine-understandable to support effective data discovery, automation
and integration.

Up to now, hierarchical schemas (or simply hierarchies from now on) have been treated rather
as sets of individual elements that provide semantic guidance to the users during browsing or
querying data. However, in the Web environment, searching in a knowledge domain usually
requires information processing in more than one sources related to that domain. These sources
may employ different hierarchies to organize their data. New query requirements appear in this
context. For instance, a user may need to “find the part of a portal catalog which is not present
in another catalog”. Under the traditional view of hierarchies as a set of individual nodes, a
query like the one above can be answered only in a procedural way. That is, the user should
explicitly specify which nodes to select and how to retrieve them. For this reason, we argue that
hierarchical schemas should be treated as full-fledged objects, allowing for their manipulation
as a whole. The next section clarifies such a motivation.

1.1 Motivating Example

Adorama, B&H and RitzCamera! are three e-market catalogs for photo equipment. Figure
1 shows parts of their hierarchy. Notice that a schema matching pre-processing identifies all
matching categories (nodes) from both catalogs. Where matching is not straightforward due to
different naming, we provide the necessary information giving the matching categories in Figures
1, 2 and 3.

One can think of various query operations on data provided by those catalogs. For example,
browsing the hierarchies to find 35mm SLR cameras in all catalogs or posing path expression
queries like /Filters/UV/"“price<40”, that is find ultra-violet filters with price less than 40euros.
However, looking at the three e-marketplaces as a set of similar hierarchies with resources
relevant to photo equipment, there is a need to complement such kind of querying with operations
that manipulate structural information from hierarchies. Some examples follow:

(Q1) Find the integrated hierarchy provided by Adorama’'s and B&H' hierarchies: Such a query
has a ‘union’ flavor. Its answer should include structural information present either in
Adorama or in B&H (i.e., merging Adorama with B&H).

(Q2) Find the common part of Adorama'’s and B&H's hierarchies: Such a query has an ‘intersection’
flavor. Its answer should include structural information present in both Adorama and
B&H.

(Q3) Find the part of Adorama’s hierarchy which is not present in B&H's hierarchy: Such a query has
a ‘difference’ flavor. Its answer should include structural information present in Adorama,
but not in B&H.

(Q4) Find the integrated structural information provided by (a) the common part of Adorama'’s and
B&H hierarchies, and (b) RitzCamera's hierarchy.

Under the traditional view of hierarchies as a set of individual nodes, queries like Q1, Q2, Q3, Q4
can be answered only in a procedural way. That is, the user should specify which nodes to select

Lwww.adorama.com, www.bhphotovideo.com, www.ritzcamera.com



Adorama : B&H : Ritzcameras
cameras & lenses : photo : ---
35mm SLR : SLR cameras : 35mm
SLR

digital : digital photography : ---
cameras : cameras : digital cameras

Figure 1: Part of Adorama’s, B&H’s and RitzCamera’s hierarchy.

and how to retrieve them. In query ()2 for instance, she should explicitly retrieve all common
nodes and then construct a new hierarchy in such a way that the structural relationships are
preserved. For this reason, we argue that answering such queries requires treating hierarchies as
entities rather than set of individual nodes, and introducing a set of operators applied on hier-
archies as a whole. Looking back at the first three example queries Q1, 2, @3, we can identify
three operators with union, intersection and difference semantics, respectively:

e Figure 2 presents the answer to the union query @1: a merged hierarchy from Adorama’s
and B&H hierarchies. In this new hierarchy, one can find all categories from Adorama’s
and B&H’s. In Figure 3, the hierarchy shown is produced by merging the hierarchy in
Figure 2 with RitzCameras’ hierarchy.

e Figure 4 presents the answer to the intersection query QQ2: the common part of Adorama’s
and B&H hierarchies. In this new hierarchy, one can find categories common in Adorama
and B&H. For example, the new hierarchy has APS and lenses for photo, a categorization
which is applicable in both Adorama’s (just below cameras & lenses, the matching category
of photo) and B&H’s hierarchy (following the path from photo down to the leaves).

e Figure 5 presents the part of Adorama’s hierarchy not present in B&H’s hierarchy, which
is the answer to the difference query Q3. For example, the new hierarchy has negative,
slide and b&w for film, a categorization found only in Adorama.

e Finally, Figure 6 shows the answer of ()4, which is a more complex query. Notice that Q4
is actually an intersection query, followed by a union query.
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Q Exist in Adorama's catalog but not in B&H's catalog

Matching categories (nodes)

Adorama : B&H

Q Exist in B&H's catalog but not in Adorama's catalog cameras & lenses : photo
35mm SLR : SLR cameras
O Exist in Adorama’s catalog and in B&H's catalog digital : digital photography

Figure 2: Merging Adorama’s and B&H’s hierarchies.

We consider such kind of query requirements as part of the generic model management frame-
work, presented in [20]. According to this framework, models are manipulated as abstractions
rather than sets of individual elements, using model-at-a-time and mapping-at-a-time operators.
However, these operators are rather high-level operators without certain algebraic properties.
There are several cases where such properties are required:

1. When applying an operator on a set of hierarchies, the result should be the same regardless
the sequence of the operations.

2. The required operators have union, intersection and difference semantics. Given that laws
similar to those of set theory hold, one should be able to transform, simplify and optimize
sequences of operations. For example, given the merged hierarchy of RitzCameras and
Adorama, and the merged hierarchy of RitzCameras and B&H’s, one could answer query
Q4 by just finding their common part, given that a kind of a distributive law holds.

3. Finally, there are several cases where we need to check whether these operations are appli-
cable in the presence of structural inconsistencies. Having for example the hierarchy H;
in Figure 1 and a similar hierarchy, but with camera to be the parent of digital, we cannot
get a merged hierarchy unless we decide what will be the new relationship between camera
and digital.

In our case, we aim to manipulate hierarchies with low-level, set-like query operators applied
on trees. We emphasize on studying their algebraic properties and providing clear semantics.
These properties can assist the transformation, simplification and optimization of sequences of
operations on hierarchies.

1.2 Contribution

The main contribution of this work is a set of low-level, query operators with set-like semantics
applied on hierarchical schemas as full-fledged objects. Specifically:
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Figure 3: Merging Adorama/B&H’s and RitzCameras’ hierarchies.
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Figure 4: The common part of Adorama’s and B&H’s hierarchies.

. We study the algebraic properties of trees representing hierarchies, based on the assump-
tion that a global tree is given. We introduce the S-subset tree relation, and we define a
partial order for hierarchies based on that relation.

. We define the S-union and S-intersection operators to manipulate the structure of hier-
archies. Both operators are binary. Given two hierarchies, the S-union operator produces
the merged hierarchy. The S-intersection operator extracts the common part of two hier-
archies.

. Then, we prove that the S-union and the S-intersection operators are actually the least
upper bound and the greatest lower bound of the trees involved, respectively. Using this
result, we turn the proposed partial order into a lattice.

. We define the notion of complement trees, and we turn the lattice into a boolean lattice,
getting all properties of a boolean algebra. Also, using complements, we define the S-
difference operator. Given two hierarchies, the S-difference operator extracts the part of
the first hierarchy which is not present in the second hierarchy.

. We give the laws that hold for these operators so that one can transform, simplify and
optimize sequences of operators. The laws are similar to those in set theory.



Figure 6: Merging RitzCamera’s hierarchy with the common part of both Adorama’s and B&H
hierarchy.

6. We define a framework to ensure that similar algebraic properties and laws hold, in the
absence of a global tree. We present the conditions under which such a tree can be
constructed using the available trees.

7. We demonstrate our framework for manipulating hierarchical schemas on tree-like hier-
archies encoded as RDF /s files, using a prototype system that implements the S-union,
S-intersection and S-difference operators.

1.3 Related Work

Related issues have been considered in research areas like schema merging and integration,
ontology construction, semistructured data management and complex object management.
Schema merging and information integration is a major subject in the area of Database
Systems. Much work has been done on building an integrated schema from heterogeneous sources
using a common data model, especially using some variant of the ER model [16, 13, 18, 11, 17, 25,
12, 31]. Theoretical aspects of schema merging have been discussed in [6, 21]. Finding similarities
between objects of different schemas and dealing with semantic conflicts to support schema
matching is crucial for schema merging and information integration. For example, [10] introduces
a method to detect semantically related classes in object-oriented multidatabase systems. For
a detailed survey on schema matching issues one can see [26, 9]. Most recent research focuses
on (a) ontologies [28, 27, 12, 5, 29], where methods for ontology composition and merging are
presented (see [23] for a survey), and (b) XML schemas trees [19, 4, 7], where methods to unify
and integrate trees representing XML data are discussed. Also, in [30], the authors present
schema matching techniques for XML data using a similarity measure and relaxation labeling.
However, the presented related work is focused on the detection and resolving of semantic
conflicts to support the schema integration task in the presence of strict typed and semantically
rich schemas. Integration of schemas is considered as the task which produces a global schema



to cover all those schemas. Our work, on the other hand, supports the construction of integrated
schemas (hierarchies), using operations with union, intersection and difference semantics. These
operations are applied on schemas as a whole, and not as a set of individual elements.

In this sense, prior research on complex object management is closely related to our work.
Complex objects propose nested relations against normalized ones in the attempt to overcome
the restrictions imposed by flat relations. A calculus for complex objects is presented in [3].
A lattice structure is defined on nested objects and operators on these objects are introduced.
However, the operators provide an extension of Horn clauses as a calculus to define formally
a path-expression query language on structures. Neither complements are suggested nor a
difference operator is defined. Operation and implementation issues for complex objects are
presented in [15]. Again the target is to modify and query the configuration of a complex
object. A join operator is introduced, similar to the relational join, but neither union, nor
intersection, nor difference operators are used. In [22], an extension of the relational algebra
is suggested to capture complex objects. Other works, like [24], model complex objects with
object-oriented schemas, and introduce class union using attribute merging, class intersection
using attribute matching and class difference using missing attributes. Generally, the main focus
of the related work in complex objects is on how to select and reconstruct substructures of the
original structures, as one can see in [1], and not on supporting structural manipulation on
structures as a whole.

1.4 Outline

Section 2 discusses modeling issues for hierarchies, studies the algebraic properties of trees
representing hierarchies, and introduces the S-union and S-intersection operators. Section 3
defines a lattice algebraic structure on these trees, and turns this structure into a boolean
algebra. Then, the section introduces the S-difference operator, and presents a set of laws hold.
Section 4 presents a framework to ensure that similar algebraic properties and laws hold in the
absence of a global tree. Section 5 demonstrates a case study for manipulating hierarchical
schemas on tree-like hierarchies encoded as RDF /s files. Finally, Section 6 concludes this paper.

2 Modeling Issues and Algebraic Properties of Hierarchies

Data on the Web are semistructured data [2], in the sense that they are schemaless and self-
describing pieces of information. Hierarchical schemas are used to semantically enrich data on
the Web. Examples of such schemas are usually tree-like structures with syntactic constraints
and type information (e.g., DTDs, XML schemas, etc), thematic hierarchies, etc. Portal catalogs
are examples that exploit thematic hierarchies to organize data, and they will be used as test
cases throughout this work.

Figure 7 shows the hierarchies S; and Ss of two portal catalogs for photo equipment. Global
hierarchies for certain domains usually help portal administrators to build their own (local)
hierarchies. A local hierarchy is actually a part of a global hierarchy, having only the categories
needed according to the application requirements. This prevents the existence of structural
inconsistencies in local hierarchies. Figure 8 presents an example of a global hierarchy .S for
photo equipment. The hierarchies S; and Sy (Figure 7) are parts of S. Simple name mismatches
can be easily resolved using some schema matching tool (see related work). For example, Single
Reflex and ultra violet in S7 are matched to SLR and uv in So, respectively. On the other hand,



if such a global hierarchy is not available, structural inconsistencies may occur. See for example
the catalog S in Figure 7. The author of another catalog similar to S7 might prefer having the
categorization new and second hand as a top level choice during browsing.

Next, we study the algebraic properties of trees representing hierarchies. Initially, we assume
that there is a global hierarchy available for the specific application domain or community. In
Section 4, we relax this assumption.

2.1 Hierarchies as Tree-like Structures

We consider hierarchies as tree-like structures. Figures 7 and 8 show examples of such trees that
we will use throughout this work as presentation examples. We note that similar labels are used
for nodes in one hierarchy that match nodes of another hierarchy.

Definition 2.1. A tree, T is (a) a root node r or (b) a root node r and a set £ of edges,
E ={e1,e9,...,ex}, withey : 7 — 1y, €2 :7 — 79, ...€ : T — Tk, where r1,72,...7) are root
nodes of k (sub)trees.

A function label(n) assigns a string label as the identifier for every node n of T'. Especially
for r, label(r) =root. The tree that has root r as its only node is denoted as Tp. Node A is
the parent of node B, denoted as p(A, B), if there is a direct edge from A to B. Node A is an
ancestor of node B, denoted as a(A, B), if there is a direct path of k edges, k > 1, from A to B.
A tree T with nodes N = {nq,nq,...,ni} and root r can be represented as a relation P on the
set {r} UN, denoted as ({r} U N,P): zPy holds if p(z, y) holds, that is node z is the parent of
node y, with x,y € {r} UN.

Figure 7: Catalogs S1, S2 and their representative trees 71 and T5.



Figure 8: A global hierarchy S for photo equipment and its representative global tree T(.

Two trees are equal if they have the same nodes and the same structural relationships among
them, as the following definition shows.

Definition 2.2. T; =T}, iff Ny = N; and Vz,y € {r} U N; withxP;y then zP;y.

P! denotes the transitive closure of P, that is Py holds if for any elements z,y € {r}UN
there exist co,c1,...,c, with ¢y =z, ¢, = y and ¢,Pcpq1 for all 0 < p < n.

We now define the S-subset (C?) relation for 2 trees. Intuitively, when 77 C*° T5, all nodes
of T exist in T5. Also, by deleting all nodes of T5 not present in T} and moving their children
in higher levels we will obtain 77.

Definition 2.3. A tree T; = ({r} UN;, P;) is an S-subset of a tree T; = ({r} U N;,P;), denoted
as T; C° Tj, if Va,y € {r} UN;withxP;y then mP}ry and if Vx,y € {r} U N;with :UPj’"y then
zP!"y. Especially for Ty, To C* T for any T = ({r} UN,P).

For example, in Figure 9, T7 C° T3. T} can be constructed by deleting nodes D and C' from
T3 and moving E and F up in a higher level. T ¢*® T3 since p(E, C') holds in T5 but not in T5.
Also, Ty ¢* Ty since p(root,C) in Ty but a(root,C) in Th. This latter example is a case where
the second requirement of Definition 2.3 is neccessary. Note that by examining only the first
requirement would give Ty C* T5.

We next present two lemmas needed for subsequent theorems. According to the first one,
two trees are equal if they have the same number of nodes and are related with an S-subset
relation. According to the second one, the node set of a tree is a subset of the node set of
another one if these two trees are related with an S-subset relation.

Lemma 2.1. Let T; = ({r} UN;,P;) and Tj = ({r} U N;,P;) be two trees. If N; = N; and
T; C° T} then T; = Tj.

Proof. Directly from Definitions 2.3 and 2.2. 0
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Figure 9: T1 cs Tg, T2 gs T3.

Lemma 2.2. Let T; = ({r}UN;, P;) and T; = ({r}UN;, P;) be two trees where T; C° Tj. Then,
N; C N;.

Proof. Directly from Definition 2.3. 0

Let T = ({r} U Ng, Pg) be a tree which we call global tree and Sg = {T; : T; C° T}, that
is all trees which are S-subsets of T;. Figure 8 shows an example of a global tree Tz and Figure
7 shows trees 17 and Ty, with T7 C° Tz and Ty C° T. Note that Sg includes Tj, which is the
tree with only one node (its root), and T;. Based on the following Theorem 2.1, we claim that
the set S equipped with the relation C*%, (Sg, C), is a partial order.

Theorem 2.1. The C° relation on Sg, (Sa, C¥), is reflexive (T; C° T;), antisymmetric (T; C° Tj
and T C° Ty imply T; = T; ), and transitive (T; C° T; and T; C° Ty, imply T; C° Ty, ).

Proof. Reflexivity holds (directly from Definition 2.3). Antisymmetry holds: if 7; C° T and
T; C° Tj, then N; € Nj and N; C N;, and, thus, N; = N;. Given T; C°* Tj and N; = N;, T; = Tj
holds (Lemma 2.1). Transitivity holds, too. If T; C° T} and T; C° T}, then

Va,y € {r} UN;withzP;y = :UP;’"y (1)
Va,y € {r} UNjwithxzP}"y = aP{"y (2)
Va,y € {r} U N, withaPjy = a P}y (3)
Va,y € {r}UN;with TPy = xP;ny (4)

From (1), for all z,y € {r}UN; with 2P;y, there exist ¢y = z, c1, ..., ¢, = y with ¢,Pjcpq for all
0 < p < n. Forn = 1, P;y holds, and, thus, (3) gives 2P"y. Forn > 1, Pjc1, c1Pjca, ..., cn1Pjy
hold, thus (from (3))

(for xPjcy) 3 g =z,ck, ..., c,lgl = ¢; so that xPycl, ciPrel . .. 01161,17%01, and
(for c1Pjca) 33 =c1,c3,... ,022 = ¢y so that ¢;Pgc3, 3 Pic3, .. . ,6%2_17%02, and
(for cp—1Pjy) Icf = cn—1, Y. .., ¢}, =y so that ¢, Prcl, i Prch, ..., 1 Prys

that is P{"y holds. So, in any case (n = 1 or n > 1): Va,y € {r} U N, withzPyy,= xP}y,
that is the first requirement of Definition 2.3 is fulfilled. We next explore the second require-
ment of Definition 2.3. Using Lemma 2.2, we get N; C Nj, so (4) holds for all z,y € {r}UN;, too:

10



Va,y € {r} UN;withaP{"y = mP}Ty, thus (using (2))
Va,y € {r} UNwithzP{"y = 2Py,

that is the second requirement of Definition 2.3 is fulfilled, too. O

We note that the partial order (Sg, C°) has Tp as its bottom element L, and T as its top

element T (L C*T; and T; C* T for all T; € S¢). We next define the first two binary operators
for structural manipulation of trees in Sg: S-union and S-intersection.

2.2 S-union (U°)

Intuitively, the S-union of two trees T;,1T; € Sg, T; U® T}, is the tree T' € Sg which provides
integrated structural information from 7; and Tj. Figure 10 presents an example of an S-union
operation on trees 77 and T5, both S-subsets of Tz (Figure 8), resulting to the tree T5 = T7 U Tb.
T3 contains all nodes from both trees 77 and T5. The structural relationships in T3 can be
determined as follows. In case of relationships of different type which involve the same pair of
nodes in 77 and 75, only the ancestor ones are preserved in T3. For example, since a(B, D)
exists in 77 and p(B, D) exists in Ty, T3 keeps a(B, D). All the other structural relationships in
T} and T, are preserved in T5.

Figure 10: Union operation: T3 = T7 U® T5.

A more interesting case is presented in Figure 11, which shows a variation of trees 77 and T5
used in the previous example. Note that the new 7} lacks node H, while T lacks node F. Tj is
the tree produced by T U T5, following the same way to determine the structural relationships
as in the previous example. However, since T} lacks p(F, H) which is present in T¢, T} €° Tg.
Thus, 77 U Ty should also contain relationships neither present in 77 nor in 75, but imposed
by T, like for example p(F, H). Taking p(F, H) into consideration, we get T3 (Figure 11). The
formal definition for the S-union operation follows.

Definition 2.4. Let T; = ({r}UN;, P;) and T; = ({r} UN;,P;) be two trees in Sg. The S-union
of T; and T}, T; U° T, is the tree T = ({r} UN,P) constructed as follows:
e N=N,U Nj :
T has all nodes from both T; and Tj.
e 2Py if xPgy, with x,y € {r} UN:

T keeps all parent structural relationships p(x,y) from T that involve nodes x, y present
in either T; or Tj.

11



Figure 11: Union operation: T3 = T7 U® T5.

o 2Py, if ~xPqy, and I'ng, and all c1,co,...,Cn_1 in
xPgei, c1Pgea, ..., cn—1Pay, n > 2, are not in N (x,y € {r} UN):

T uses as parent relationships all ancestor relationships a(x,y) from T that involve nodes
x, y present in either T; or T, in the path of which all nodes belong neither to T; nor to
T;.

We note that
1. (T, U T)) C° Tg, thus (T; U° T}) € Sg.
2. (T; U* Ty) is an upper bound of {T;,T;} C Sg, ie. T; C° (T; U Tj) and T; C° (T; U* Tj),

since by the way we construct 7; U® Tj, it keeps all parent relationships p(z,y) from Tg
that involve nodes x, y present either in 7; or in T}.

3. We can construct 77 U Ty, with 77 = ({r}UN,P1) and To = ({r}UN3, P2), by deleting all
nodes of T not present in Ny U No and moving their children in higher levels accordingly.
This task can be performed by traversing T, e.g., using depth-first search, and checking
whether each visited node exists in N1 UN>. Assuming a hash-based check, the cost for the
union operation is O(|V| + |E|), where |V| is the number of nodes and |E| is the number
of edges in T¢.

2.3 S-intersection (N°)

Intuitively, the S-intersection of two trees T;,T; € Sg, T; N° Tj, is the tree T' € Sg which
provides structural information common in 7; and Tj. Figure 12 presents an example of an S-
intersection operation on trees 77 and T5, both S-subsets of Ty (Figure 8), resulting to the tree

12



T3 = T1 N Ty. T3 contains all common nodes in trees 77 and 7. The structural relationships
in T3 can be determined as follows. In case of relationships of different type which involve the
same pair of nodes in 77 and 715, only the parent ones are preserved in T3. For example, since
a(B,D) in T} and p(B, D) in Ty, T3 keeps p(B, D). An ancestor relation that involves the same
pair (z,y) of nodes in T and T; is preserved in T3 only if the set of nodes after x and before
y in 17 is the same with the set of nodes after x and before y in T5. Otherwise, it becomes a
parent relation in 73. For example, since a(C, H) in T3, a(C, H) in T and node F' is a common
node in T} and Ty, T3 keeps a(C, H). The definition for the S-intersection operation follows.

(>

Figure 12: Intersection operation: T3 = T; N® Th.

Definition 2.5. Let T; = ({r} U N;,P;) and T; = ({r} U N;,P;) be two trees in Sg. The
S-intersection of T; and T}, T; N° Tj, is the tree T = ({r} U N, P) constructed as follows:
e N=N;N Nj :
T has all nodes common in T; and T}.

e 2Py if xPgy, with x,y € {r} UN:
T keeps all parent structural relationships p(x,y) from T that involve nodes x, y present
in both T; and Tj.

o 2Py, if ~xPqy, and :UPtGTy, and all ¢1,co,...,Cpn_1 in
rPgei, c1Pgea, ..., cn—1Pay, n > 2, are not in N (x,y € {r} UN):

T uses as parent relationships all ancestor relationships a(x,y) from T that involve nodes
x, y present in both T; and T;, in the path of which all nodes do not belong to the set of
common nodes of T; and T}.

We note that
1. (T; N*Ty) C° Tg, thus (T; N* 1) € Sg.

2. (T;N°Ty) is a lower bound of {T;,Tj} C Sg, i.e. (T;N°T;) C° T; and (T;N°Ty) C° Tj, since
by the way we construct T; N° T}, it keeps only the parent structural relationships p(z,y)
from T that involve nodes x, y present in both T; and T}.

3. Similarly to S-union, we can construct 77 N* Ty, with 77 = ({r} U N1,P;) and Ty =
({r} U N3, Ps), by deleting all nodes of T not present in N3 N N2 and moving their
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children in higher levels accordingly.
The cost for the intersection operation is O(|V| + | E|), where |V is the number of nodes
and |E| is the number of edges in T¢.

3 Hierarchies as Algebraic Structures

This section goes further by using the U® and N*® operators to show that the partial order (Sg, C*)
is a lattice and keeps the properties of a boolean algebra. In the previous section we showed
that U® gives an upper bound, and N* gives a lower bound of the two trees from Sg involved in
these two operations. As Theorem 3.1 shows, U* gives the least upper bound, while N° gives the
greatest lower bound.

Theorem 3.1. Let T; = ({r} UN;,P;) and T; = ({r} U N;, P;) be two trees in Sg. The set of
all upper bounds of Sg is S = {T), € Sq : T; C° T}, and Tj C° T}, }. The set of all lower bounds
of Sg is Sé; ={T, € Sg: T, C°* T; and T}, C° T]} Then

1. (T; U T;) C° Ty, for all Ty, in S§, that is T; U° T; gives the least upper bound of T; and
T

<

7

2. T, C° (I;N*Ty), for all T, in SZG, that is T; N° T} gives the greatest lower bound of T; and
T;.

<

Proof. Let T be a tree for which 7" C* (T; U° T}), T; C° T and T; C° T'. The node set N of T'
is a subset of the node set N’ of T; U* T;: N C N’ (Lemma 2.2). If N C N’, neither T; C° T
nor T; C° T can hold. If N = N, T' = T; U° T; (Lemma 2.1). So there is not such a tree T
other than T; U® T);. Similarly, we can show that there is not a tree T for which (7; N*T;) C° T,
T C°T;and T C° Tj. O

The least upper bound and the greatest lower bound exist for all trees T;, T} in the partial
order on S¢ equipped with the relation C*, (Sg, C®). Thus, (S, C®) is a lattice.

Theorem 3.2. The S¢g equipped with the relation C°, (Sq, C*) is a lattice.
Proof. Directly from Theorems 2.1 and 3.1. O

Since (Sg,C*®) is a lattice, idempotency, commutative, associative and absorption laws
hold [8], as Table 1 shows. We note (see [8]) that for any a,b,c in a lattice (L,>), with Vv
denoting the least upper bound and A the greatest lower bound,

aN(bVe)>(aAb)V(aAc) (5)

and
aV((bAc)>(aVb)A(aVc) (6)

that is equality in the distributive laws for lattices does not hold in general. Theorem 3.3 shows
that (Sg, C°) is a distributive lattice, that is the distributive laws hold (see Table 1).

Theorem 3.3. The S equipped with the relation C°, (Sg, C%), is a distributive lattice.
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Idempotency laws | T; N° T; = T;
;U T, =T
Commutative laws | T; N° T; =T; N T;
;U T; =T, U T;
Associative laws | T; N° (15 N° Ty) = (T3 N° 1) N° Ty
T ﬂs (T n?® Tk) = (Tl n® Tj)ﬂ Ty
Absorption laws N (T U T;) =T;
U (TN Ty) =Ty
Distributive laws U (T; N° Ty) = (T3 U Ty) N° (T3 U° Ty,)
T n?® (T] U?® Tk) = (Tl n?® T]) U?® (T—L n?® Tk)
De Morgan’s laws | T; —° (T; U T,) = (T5 —° 1) N° (T; —° Tx)
T; — (TJ n?® Tk) = (Tl -3 T]) U?® (TZ -5 Tk)

Table 1: Laws hold for (S, C*).

Proof. Let T; = ({r} UN;, Pi), T; = ({r} UN;, P;), and T, = ({r} U Ni, Pk), all members of Sg.
Also, let Ty = T; U (T; N° Ty,) = ({r}UNy,P1) and Tp = (T; U3 T;) N° (T; U Ty,) = ({r} U Na, Pa).
Using Definitions 2.4 and 2.5, Ny = N; U (N; N Ni) and Ny = (N; U N;j) N (N; U Ni), thus
N1 = Ns.

Recall that the output of an S-union (or S-intersection) operator is the tree constructed
by deleting all nodes of Tz not present in the union of nodes in the involved trees (or in the
intersection of nodes in the involved trees) and moving their children in higher levels accordingly.
Thus, since 17 and T3 involve the same nodes from T, T1 = 1. ]

We next provide (Sg, C*) with additional structure to support complements.

3.1 Complements

Intuitively, the complement of a tree T; € Sg is the tree 7] € S which provides structural
information present in T and not in 7;. Figure 13 presents the complement 77 of tree 71 =
({r} U N1, P1) (see Figure 7 for Ty and Figure 8 for 7). T keeps the root of T and all of its
nodes not present in 77. We note that given T3, T} in Sg, T; N* T/ = 0 and T; U T} = 1, where

Figure 13: T7: the complement of 7}.

0 and 1 are two unique trees in Sg.

Theorem 3.4. Let T; = ({r} UN;,P;) be a tree in Sg, 0 =Ty and 1 = T = ({r} U Ng, Pq).
The tree T! = ({r} U N/, P';), constructed as follows, is the unique complement of T;:

e N/ = Ng— N;:

T! has all nodes present in Tg; and not in T;.
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o 2Py if xPqy, with x,y € {r} UN/:
T! keeps all parent structural relationships p(x,y) from T that involve nodes x, y present
in Ta but not in Tj.

e 2Py, if ~xPgy and ngy and all ¢1,¢co,...,¢nh_1 in
zPger, ciPaces, - .., en—1Pay, n > 2, are not in N] (x,y € {r} UN]/):

T uses as parent relationships all ancestor relationships a(x,y) from T that involve nodes
x, y present in Tg but not in T;, in the path of which all nodes do not belong to the set
nodes present in T but not in T;.

Proof. T! C° Tg, thus T € Sg. The root node r is the only common node of 7; and 77, thus
Tor=0=T,"°T/. (I; U T;) C° T and (T; U° T)) has the same number of nodes with Tg,
thus T; U T/ = T; = 1 (see Lemma 2.1). Finally, since (Sg, C®) is a distributive lattice, the
complement found for every tree is unique [8]. O

We can cosntruct 7] by deleting all nodes of T not present in Ng — N; and moving their
children in higher levels accordingly. The cost for the operation is O(|V|+ |E|), where |V| is the
number of nodes and |E| is the number of edges in T¢.

Since (Sg, C*) (a) is a distributive lattice, (b) has 0 = Ty and 1 = T, and (c) each T; in
S¢ has a unique complement T; in Sg, it is also a boolean lattice [8], getting all properties of a
boolean algebra.

Theorem 3.5. The S equipped with the relation C°, (Sq, C*) is a boolean lattice.
Proof. Directly from Theorems 3.3 and 3.4. O

Exploiting the complements, we next define the last binary operator for structural reasoning
on trees representing hierarchies: S-difference.

3.2 S-difference (—*)

Intuitively, the S-difference of two trees 1, T; € Sg, T —*T;, is the tree which provides structural
information present in 7; and not in 7;. Figure 14 presents an example of an S-difference
operation resulting to the tree T3 = T5 —° T1. T3 can be constructed using complements:
T3 = T5 N* T]. The definition for the S-difference operation follows.

Figure 14: Difference operation: T3 = Tp —° 1.
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Definition 3.1. Let T; = ({r} U N;,P;) and T; = ({r} U N;,P;) be two trees in Sg. The
S-difference of T; and T;, T; —*T;, is the tree T = T; N° T}.

Since (Sg, C*) is a boolean lattice, the De Morgan’s laws hold [8]. Table 1 shows all laws
hold for (S, C*).

3.3 DMotivating Example Revisited

Based on the motivating example of the introduction, we now express the queries mentioned
there (see Figures 1, 2, 4, 5, 6) using the S-union, S-intersection and S-difference operators. For
the presented examples, T is the tree of Figure 3.

1. Merge Adorama’s and B&H catalogs: Hi U® H,.
2. Find the common part of Adorama’s and B&H catalogs: H1 N® H.
3. Find the part of Adorama’s catalog which is not present in B&H's catalog: H; —° Hj.

4. Merge RitzCamera's catalog with the common part of Adorama’s and B&H catalogs: Hs U?®
(Hl N® HQ)

Two more complicated examples follow:

1. Find the part of Adorama’s catalog which is not present in the merged catalog produced from
B&H's and RitzCameras catalogs: H; —° (Ha U® H3).
According to Definition 3.1, H; —% (Hy U® Hy) = Hy N° (H2 U® H3)'. The nodes involved
in (Hy U® H3)' are: caps, hoods, Close Up, UV, PL, film, B&W, slide. Figure 15 illustrates
Hy U® Hs as well as the final result.

2. Take the part of Adorama’s catalog which is not present in B&H's catalog and the part of
Adorama’s catalog which is not present in RitzCameras catalog, and find their common part:
(Hl -5 HQ) n® (Hl -5 Hg)

Figure 16 shows the intermediate results Hy —* Hy = Hy; N® H and Hy —° H3 = Hy N® Hj,
as well as the final result.

Notice that the result of the last two queries is the same, since the De Morgan’s laws hold (see
Table 1).

4 Lacking T

In the previous sections, we studied the algebraic properties of trees representing hierarchies of
portal catalogs, based on the assumption that all of these trees are S-subsets of a tree available for
the specific application domain or community, called global tree. Next, we present a framework
to ensure that similar properties and laws hold in the absence of a global tree. Our target is to
construct such a valid global tree Tz based on the available trees in such a way that all trees
are S-subsets of that T¢.

The task resembles the S-union operation presented in Section 2.2 in the sense that the
constructed Tg should provide integrated structural information from all available trees rep-
resenting hierarchies of portal catalogs. Figure 17 shows trees 1 and T5 and the constructed
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(H2 Us H3) @

Q Exist in B&H's catalog but not in RitzCameras catalog Matching categories (nodes

© Exist in RitzCameras but not in B&H's catalog B&H : RitzCameras
cameras : digital cameras
© Exist in B&H's catalog and in RitzCameras catalog SLR cameras : 35mm SLR

H1-(H2 Us H3)

Figure 15: Example 1.

tree T;. Tq contains all nodes from both 77 and T5. The structural relationships in T3 are
determined similarly to those determined in an S-union operation. However, contrary to the
S-union operation, the construction of Tz is based on the structural relationships coming only
from the available trees. The construction of T, given two trees T; and T}, is formalized as
follows.

Definition 4.1. Let T; = ({r} UN;,P;) and Tj = ({r} U N;, P;) be two trees. The global tree
of T; and T} is the tree Tg = ({r} U Ng, Pq), constructed as follows:

e Ng=N;U Nj :
Ta has all nodes from both T; and T).

e zPqy if xPiy and xPjy, with x,y € {r} U Ng:
Tq keeps all parent relationships p(x,y) common to both T; and T}.

o ©Pgy, if tPiy and ~xP}"y, or if Py and ~xP{"y (x,y € {r} U Ng):
Te keeps all parent relationships p(z,y) from T; (T;) that involve nodes x, y related neither
with parent p(x,y) nor with ancestor relationship a(z,y) in T; (T;).

Consider now the trees T5 and 75 in Figure 18. During Tz construction, how one can handle
p(E,C) and p(F,C) without any information about the structural relationship between E and
F? See also the trees Ty and T3 in Figure 18, where p(E, C) in T5. Nodes E and C' are children
of the same node in T5. Should we keep p(E, C) or just consider E, C' as children of the root of
Ta? To deal with such issues, we introduce the notions of consistency and semantic compatibility
for trees.
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Figure 17: Trees Ty and T» and the constructed tree Tg.

4.1 Consistency

Consistency ensures that the involved trees will not include nodes whose structural relationships
are in conflict. For example, trees 75 and T3 in Figure 18 are not consistent, since p(E,C) in
T1, while E, C are children of the root of T5. First we define consistency on a pair of trees,
and then we expand the definition for a set of trees. The former is not enough for ensuring
the construction of a T without structural conflicts. See the example of trees 17, T and T3 in
Figure 19. Constructing Tgf’ from 75 and T3, and then T; from 717 and TC2;3, gives a T without
structural conflicts. On the other hand, constructing TC{? from 77 and 15, and then T from T, 52
and T3, is vague due to nodes B and C'. Intuitively, two trees are consistent if for every pair of
their common nodes, the type of their relationship, regarding P! relation, is the same in both
trees. That is if P holds (does not hold) for such a pair in one tree, it should (not) hold in the
other.

Definition 4.2. Two trees T; = ({r} UN;, P;) and T; = ({r} UN;, P;) are consistent (or a pair
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Figure 18: Trees to be examined for consistency and semantic compatibility.

g :‘»

Figure 19: Constructing T given 3 trees: see the problem regarding shaded nodes B and C.

of trees is consistent) if
1. Va,y € {r} U (N; N Nj) withxP{"y then xPy, and

2. Va,y € {r}U(N; N N;)with acP]t-ry then P!y

Trees 17 and 15 of Figure 18 have the pairs of nodes (root, D), (root,C) and (D,C) in
common. Since rootP{" D, rootPL D, rootPi"C, rootPi C hold, while DPI"C, DPLC not, Ty
and T, are consistent. Trees T and T3 of Figure 18 have the pairs (root, E), (root,C) and
(E,C) in common. Since EPLY C holds but EPLC not, T, and T3 are inconsistent. According
to the next proposition, two consistent trees are equal if they have the same nodes.

Proposition 4.1. If two trees T; = ({r} U N;, P;) and T; = ({r} U N;, P;) are consistent and
N; = N; then T; = Tj.

Proof. Suppose that T; # Tj. Then, since T;,T; are consistent, there exists a pair (z,y) for
which p(x,y) in T; and a(z,y) in Tj (results are the same for p(z,y) in T; and a(x,y) in T;).
Therefore, there is a node z such that a:P;Tz and szTy. Since both trees contain the same
nodes, z should be in Tj, too. T; and T} are consistent, so both P!z and zP!"y should hold,
but this cannot be the case because p(z,y) in T;. Thus, there is not a node z between z and y
in T}. So, for every pair (z,y) with p(z,y) in Tj, p(z,y) in T;. Therefore, T; = Tj. O

We next introduce the notion of stability for a pair of tree nodes, given a set of trees.
Intuitively, stability ensures that new node relationships produced in the T will never be in
conflict with already existing ones. Stability is required for the definition of consistency for a
set of trees that will follow later on.

20



Definition 4.3. Assume a set S of n trees, every pair of which is consistent, and the pair of
nodes (z,y), with xPy in one of the trees T; in S. We choose from S all the trees that contain
exactly one of the nodes of the pair (either x or y but not both), and partition them in two sets:
G, is the set of trees that contain node x and G, is the set of trees that contain node y. Iff for
every pair of trees (T, T,) with Ty, € G, and T, € G, there is a node z such that xPL z and
zP;fy then the pair of nodes (x,y), with P!y, is called stable in the set S.

We note that:
1. If G, =0 or G, = 0 then z,y is stable in S.

2. If a pair of nodes (z,y) is stable in S, then P&y holds in the T produced by any two
trees of S.

3. If a pair of nodes (z,y) is not stable in S, then there exists at least one pair of trees in S
for which the produced Ty has x,y without xpg Y.

4. If a pair of nodes (z,y) is stable in S, then (z,y) is stable in any set S’ C S.
Some examples follow:

1. Consider the set S’ of trees Ty, To, T3 and Ty in Figure 20(a). Every pair of trees in &’ is
consistent and BP{"D. T and T both contain node D but not B, therefore Gp = {1, T53}.
T, contains node B but not D, therefore G = {T4}. However, there is no node X such
that BPY" X, XPY"D and xPL" D, therefore (B, D) is not stable in &'

2. Consider the set 8" of trees of trees Ty, Th and T3 in Figure 20(b). Every pair of trees in
8" is consistent and AP}"B. We put all trees that contain node A but not B in group G4,
and all trees that contain node B but not A in Gg. Therefore, G4 = {T5} and Gp = {T3}.
Tree Th in G4 has a node C for which APYC. Tree Ts in Gp has the same node C for
which CPL" B. Therefore (A, B) is stable in S”.

b
Figure 20: Example trees to check stability.

We next define the notion of consistent set of trees, that is pairwise consistent trees (see
Definition 4.2) with only stable node pairs.

Definition 4.4. Let S be a set of n trees and N the set of all nodes of all trees in S. S is
consistent if both the following conditions hold:

1. Fvery pair of trees in S is consistent.
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2. Ewvery pair of nodes (z,y), with xP"y in some tree in S, is stable in S (xv,y € N).

We note that:

1. Since all trees under consideration have the same root, we omit all pairs containing the
root to check the above condition, since these pairs are stable in any set of trees.

2. A set containing exactly 2 trees is always consistent if the two trees are consistent according
to the definition 4.2.

Some examples follow:

1. Consider the set S = {T1, T, T3} in Figure 20(a). The set of all nodes is N' = {A, B,C, D, E},
and all the pairs of nodes, excluding those containing the root, are: (B,C), (B, D), (B, E),
(C,D), (C,E), (D, E). From all these pairs, only BP" D and CP" E hold in some tree in
S. (B,D) and (C, E) are stable in S, thus S is consistent.

2. On the other hand, &' = {T1,T5,T3,T,} (the full set of trees in Figure 20(a)) is not
consistent, since (B, D) is not stable.

4.2 Semantic Compatibility

We next define semantic compatibility for a pair of trees. Semantic compatibility ensures that
we will always be able to decide the structural relationship among the involved nodes in the new
tree Tz. For example, trees 15 and T3 in Figure 18 are not semantically compatible, since it is
not clear whether p(E,C) or p(F,C) in Tg.

Definition 4.5. Let T; = ({r} UN;,P;) and T; = ({r} UN;, P;) be two trees and N = N; N N;.
T; and Tj are semantically compatible if Vo € N, 3y with p(y,x) in T; or Tj with y € N.

In the following section we exploit the notions of tree consistency and tree semantic compat-
ibility to study the validity of T construction.

4.3 Validity of Global Tree Construction

The construction of a valid T requires that the involved trees are consistent and every pair
of the trees semantically compatible. We next present a set of theorems to support such an
argument. As the following theorem states, the construction of T preserves the tree semantic
compatibility in the tree set.

Theorem 4.1. Let S be a set of trees, semantically compatible with each other. The tree
Te = ({r}UNg, Pg) constructed from any two trees T; = ({r} UN;, P;) and T; = ({r} UN;, P;)
in S is semantically compatible with all other trees of S.

Proof. Let T, = ({r} U N, Px) a tree in S. Since T; and T} are semantically compatible,
Vo € N;N Ny, Jy with p(y, ) in T; or Tj,, y € N;NNy,. Similarly, since T} and T}, are semantically
compatible, Vo € N; NNy, 3y with p(y, ) in T or T}, y € NjNNj. The parent node of a node
in T¢; will be the same with the parent node of z in T; or in 7. Thus, Vo € (N;NNg)U(N;NN) =
(N; U Nj) N N =Ng N Ng, Jy with p(y,m) in Tg or Ty, y € (N; N Nk) U (Nj N Ni) =Ng N Ny,
that is T is semantically compatible with Tk . O
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The construction of T should preserve tree consistency in the tree set. To simplify the proof
of the related theorem, we first present 3 relevant lemmas.

Lemma 4.1. Let S be a consistent set of n trees. The tree T constructed from any two trees
in S will produce a set 8" of (n — 1) trees, in which every two trees are consistent.

Proof. Consider the sets S = {T1,T,T5,...,T,} and §" = {T¢, Ts,...,T,}, where Ty is con-
structed from T} and T5 (results are similar for any other pair of trees). Since S is consistent,
every pair of trees in S is consistent, and every pair of nodes satisfying the P! relation in some
tree in S is stable in S. We will show that T¢; is consistent with every tree inset R = {T3,...,T,}.
Consider a pair of nodes (z,y) in tree Ti;. We assume that there is at least one tree T; in R that
contains both x and y. Otherwise, there would be no inconsistency caused by this pair. There
are two possibilities:

1. z,y € T} (results are similar for x,y € Tb): Since T} is consistent with every tree T; in R,
the kind of the relationship between x and y (regarding P'") in T; is the same with that
in 77, and, thus, the same with that in T, since T is constructed from 77 and 5.

2. x € Ty and y € T (results are similar for z € T, and y € T1):

(a) 2PEy holds:
There exists a node z, common in Tj and Tb, such that zP{"z and 2P{y.
i. If 2 € T, = xP!"z and 2P!"y (since T} is consistent with 7} and Tb) = =Py
ii. If 2z ¢ T;: G, ={T;,...} (since T; contains x but not z) and G, = {T», ...} (since
T, contains z but not x). Since S is consistent, (x, z) is stable in § =
Jp : 2P p and pPL 2z = Ip : 2P/ p and pPLy (since zPL y holds) =
dp : zP!"p and pP!"y (since T; is consistent with Tb) = zP!"y.
(b) zPEy does not hold:
Suppose that zP/"y. G, = {T1,...} (since T} contains = but not y) and G, = {T, ...}
(since Ty contains y but not z). (z,y) is stable in § =
Jz : 2P}z and 2PYy = xPgy holds (since T¢ is constructed from Ty and T5), but
we assumed otherwise. Therefore zP!"y does not hold.

O

Lemma 4.2. Let S be a set of trees and N the set of all nodes of all trees in S. If S is consistent
then every pair of nodes x,y € N, satisfying the P relation in some tree in S, is stable in the
set 8" = SU{Tg}, where Tg is constructed from any two trees of S.

Proof. We consider that T is constructed from two trees T1,T» € S (results are similar for any
other pair of trees). Every pair of nodes x,y, satisfying the P! relation in some tree in S, is
stable in S, so there exist G, (the set of trees in S with « but not y) and G, (the set of trees S
with y but not z). We will check the stability of (z,y) in S’

1. If zPZy or =,y ¢ T, then there is no change in G, and G, thus (z,y) is stable in &'

2. If x € Tg and y ¢ T (results are similar for y € T and = ¢ T), then G, = G, U {T¢}
and QZ’/ = G,. Since x € Tg and y ¢ T, it must be x € T1 and y ¢ T} (results are similar
for z € T and y ¢ T5), thus 71 € G,. (x,y) is stable in S, so for every pair (T1,T)),
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T, € g;/, there exists a node z such that z/P}"z and zPéTy. Consequently, for every pair
(Te,Ty), Ty € g;, there exists a node z such that wpg z and zPéTy, because T contains
all structural information of tree T;. Therefore, (x,y) is stable in &’

Note also that (x,y) is stable in set 8" = SU{Tg} — {11, T2}, because 8" C §'. O

Lemma 4.3. Let S be a consistent set of 4 trees. The tree Tg constructed from any two trees
n S results in a set 8" with 3 trees which is also consistent.

Proof. Counsider § = {T,T», 13,174} and 8" = {T, T3, T4}, where T is constructed from T}
and Ty (results are similar for any other pair of trees). Every pair of trees in S is consistent
(Lemma 4.1). Every pair of nodes z,y, satisfying the P relation in some tree in S, is stable
in set S’ (Lemma 4.2). Therefore, we should check the stability of a pair of nodes z,y, mPg Y,
such that 2Py does not hold in some tree in S. zP{"y does not hold, nor 2Py, so z € Ty and
y € Ty (results are similar for y € T} and z € T).

For Py to hold, 3z : P}z and zPiy. If x ¢ T3, Ty or y ¢ T3, Ty, than (z,y) is stable in
S’. We assume that z € T3 and y € Ty (since 2Py does not hold in some tree in S). Checking
the stability of (x,y), with 2Py in some tree of S, in &' results? in: G, = {T3} and G, = {Ty}.
Only if there is a node p such that 2P p and pP}y, will (z,y) will be stable in S’. We will look
for such a node p.

1. zeTyand z€Ty: p==z

2. z ¢ Ty and z ¢ Ty: since (x, z) is stable in S, G, = {T3} and G, = {T»}. Thus, Jw : P{w
and wPL 2z = wPL'y (since 2PY "y holds).

(a) If w e Ty then p = w.

(b) If w ¢ Ty, then, since (w,y) is stable in S, G, = {T3} and G, = {T4} (results are
similar if Ty € G, or Ty € G,). Thus, 3f : wPY f and fPI'y = 3f : 2P f and
fpiry (Since fﬁpérw hOldS) N p= f

3. z € T3 and z ¢ Ty (results are similar for z € T and z ¢ T3): since (z,y) is stable in S,
G. = {T1, T3} and G, = {Tu}. Thus Jw : zP{w and WPy = Jw : zPYw and wPf'y
— p=w.

Therefore, (z,y) is stable in &', hence S’ is consistent. O

We next prove that the construction of T preserves tree consistency in the tree set.

Theorem 4.2. Let S be a consistent set of n trees. The tree Tz constructed from any two trees
in S results in a set 8" with n — 1 trees which is also consistent.

Proof. Theorem holds for n = 4 (Lemma 4.3). Given that it holds for n = k, too, we will
prove that it holds for n = k + 1. Assume the consistent sets Sy = {711,7%,753,...,T;} and
. ={Tc,Ts, ..., T}, where Tg is constructed from T and T (results are similar for any other
pair of trees). Let R = {T5,...,Tx}, so S = {T1, T2} UR and S|, = {Tg} UR.
Consider now the set Sp11 = {11, T2, ..., Tk, Tr+1} = {T1, T2} UR U {T}41}, which is con-
sistent. We construct a global tree using two trees from Sj1, getting the set Sj, 41~ There are
2 options for such a construction:

2According to Definition 4.3, if a pair of nodes x,y is stable in S, then we are able to identify the two sets

Gz, Gy.
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1. 8. ={Tc,Tk41} UR, where T is constructed from T; and Tp (Case 1).
2. Sy = {15, To} UR, where Tg, is constructed from T1 and Ty (Case 2).

We will show that S;_ ; is consistent.

The first condition of definition 4.4 is satisfied for both 1. and 2. (Lemma 4.1). Moreover,
every pair of nodes x,y, with wPth in some tree of Sy 1, is stable in S}, 41 (Lemma 4.2). There-
fore, we only have to check the stability of (z,y) in S, with Py (if in Case 1) or zP5y (if
in Case 2), which does not exist in set Sp41 but exists in S; ;. Let R, = {T € R,z € T,y ¢ T},
that is the subset of R with trees containing only node x and not y, and R, = {T' € R,y €
T,z ¢ T}, that is the subset of R with trees containing only node y and not x.

Case 1 (S;{Hl ={T¢,Tit+1} UR, T¢ is constructed from T and T5)

z,y € Tg. Since (x,y) is stable in S, we can identify the sets G,,G, (see Definition 4.3):
Gr =Ry and Gy, =R,.

L. If 2,y € Tpqy or (z ¢ Tpy1 and y & Tpyq) then checking the stability of (z,y) in S) 4
gives G, = R, and G, = R, (that is G,, G, do not change), thus (x,y) stable in S,’CH.

2. If x € Tyy1 and y ¢ Tp4q (results are similar for y € Ti4q and x ¢ Tj41), then checking
the stability of (z,y) in S;; gives G, = Ry U{Tk41} and G, = R,

(a) Ry #0 and Ry # 0
For every pair (T,,T,) , Ty € Ry and Ty, € Ry, 3¢ : P ¢ and cPZ’"y, because (z,y)
is stable in S;. If Ty contains all these nodes ¢, then (x,y) is stable in §; ,;, too. If
there is a node ¢ ¢ Tiy1, then Tyyy € G, and R, C G, where R, = {T € R,,c € T}
(that is the subset of R, that contains c), since (x, c¢) is stable in Si41. Therefore, for
every pair (Ty11,Ty), T, € Ry, 3d : :J:Pﬂ_ld and dPé’”c = 3d : xP,Z:_ld and dP;’”y
(since ¢P"y holds). So, (z,y) is stable in S ;.
(b) R, =0 then (z,y) is stable in S, (see the notes after Definition 4.3).
(c) Ry =10
Since PYy holds, 3¢ : xP}"c and ¢Piy. Let Ry = {T : T € R, and € T} and
'RQZ{TtTERych}, WithRy:RlURQ.
i.ceTpn
Since (c,y) is stable in Sgy1, G = {T1,Ti+1} and G, = Ry, thus for every pair
(Tht1,T), T € Ry, 3d : ¢P}, d and dP"y = 3d : 2P’ ;d and dP"y (since
xP,i’;lc holds). We also have that ;1:73};7;16 and ¢P"y in every T € R;, therefore
(z,y) is stable in S} ;.
i, ¢ ¢ Tpp
Since (z,c¢) is stable in Sky1, Gz = {Tk+1} and G. = Ry U {T>} = for every
pair (Ty4+1,7), T € Ry, 3d : mP};’_’Hd and dP"c = 3d : xP}?;ld and dP'y
(since ¢Py holds). Given that (c,y) is stable in Sgi1, we have G. = {11} and
Gy = Ry = for every pair (11,T), T € Ry, Je : ¢Pi"e and eP"y —> Je : aPi"e
and ePy (since xPI"c holds).
A. If e € Ty then (z,y) is stable in S; ;.
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B. If e ¢ Ty41, then, since (x,e) is stable in Si41, we have G, = {T}4+1} and
Ge = Ra, so for every pair (Ty41,7), T € Ry, 3f : xp};’jrlf and fP"e —
af: :1:73}211 f and fP'y (since eP"y holds).

Therefore, for every pair (Tj41,7), with T' € R,, there is a node o (o = d,e or f)
such that xP}?fHo and 0Py, so (z,y) is stable in St

3. Ify € Ti41 and x ¢ T}y then the case is symmetrical to the previous one and it is handled
the same way.

Case 2 (S, = {1, T2} UR, Tg, is constructed from T and Ty 1)

Si1 = AT} UV, where V = R U {Ty}, and Ty, is constructed from Ty and Tyyq. Check-
ing the stability of (z,y) in S}, gives G, = V, and G, = V,, where V, is the subset of V
containing node = and not y, and V, is the subset of V containing node y and not z. If V, = {)
or V, = 0, then (z,y) is stable in S;_ ; (see notes after Definition 4.3). If V; # () and V, # 0, we
can assume that x € Ty and y € Tyy1. Since 2P,y holds, Ic : 2P ¢ and cP}iﬁ_ly. Given that
(c,y) is stable in Si41, we have:

1. 77 € G, and Vz// € Gy, where Vz// is the subset of V, that does not contain node ¢, and
2. for every pair (T1,T), T € V,,, 3d : ¢P{"d and dP""y.

For any T in V,, P54y holds in T¢; constructed from Ty and T'.

We have assumed that this theorem holds for S, that is the set Sj, produced after the
construction of Ty using 71 and T of S should be consistent. Thus, (z,y) is stable in the
set S,’C = {T¢} U R, so we can identify the sets G;,G,: G, = R, and G, = R,. For every pair
(T, Ty), Ty € Ry and T,y € Ry, Id : 2PId and dPé”y. It is V, = R, and V, = R, U {T>}.
Therefore, if d € Ty, then (z,y) is stable in S; ;. If d ¢ T3, then, since (d,y) is stable in Sg1,
we have R], C Gq and T € G,, where R/, is the subset of R, that contains d. Thus, for every
pair (T, Ty) where T' € R, 3f : dP" f and fPYy = 3f : 2P f and fPLy (since zP"d holds).

So, for every pair (T,Ts), where T € R, there exists a node p (p = d or f) such that P"p
and pP4"y. Thus, (z,y) is stable in S//H—l‘

In every case (z,y) is stable in S

1a1> 50 Sp oy is consistent. O

There is still the question whether there are non-consistent sets of trees for which the con-
struction of Ty makes the set consistent. The next theorem shows that Definition 4.4 for
consistent set of trees covers all tree sets for which T construction produces consistent tree
sets.

Theorem 4.3. Let S be a set of n trees, every pair of which is consistent. The tree Tg con-
structed from any two trees in S results in a set 8" with n — 1 trees. If every pair of trees in S’
is consistent, then both S and S’ are consistent.

Proof. Let N be the set of all nodes of all trees in S. Suppose that S is not consistent. Lack
of stability for (z,y) means that there is no node ¢ such that zP"c and cP{"y, given two trees
Ty, Ty in S with z € Th, y ¢ Th, * ¢ Ty and y € Ty. Since the set of z’s descendants in T}
and the set of y’s ancestors in T have no nodes in common, then zP%y does not hold in T
constructed from T; and 7. Let T3 be a tree in S with 2P{"y. Tj also belongs to set &’ and
T3 is not consistent with T;. So, if S is not consistent, then the pairs of trees in S’ are not
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consistent. Consequently, if the pairs of trees in &’ are consistent, then S should be consistent,
and, thus, 8’ should be consistent, too (Theorem 4.2). O

The construction of T according to Definition 4.1 is a binary operation in the sense that
2 trees are used to build Tg. Having k trees, k > 2, say {11,75,7T3,...,T}}, one can build a

Tcl;2 from 77 and T5, then a Tcl;23 from Tfl;2 and T3, ..., and finally the Tz from Tclf'“(k_l) and
T,. The Ty constructed from many trees should be the same regardless the sequence of the
operation. The next theorem ensures that requirement.

Theorem 4.4. Let S be a consistent set of n trees. The tree T constructed from all trees is of
S is the same, regardless the sequence in which the construction is performed.

Proof. Let N be the set of all nodes of all trees in S. Consider that constructing Tz in S in a
certain order produces tree Tcl;, while in a different order produces tree TC%. We will show that
Té =T2=Tg. S =8U {Tcl;} is comnsistent because Tcl; is consistent with every tree in S,
and every pair of nodes (z,y), z,y € N, is stable in &’ (Té contains all nodes of S, so it does
not affect the sets G, G, - see Definition 4.3). Since &' is consistent, any T construction will
result in a consistent set, as shown in Theorem 4.2. Therefore, we can perform repeated Tg
constructions in S so that tree T, é is produced. After these constructions, &’ = {Té} U {Té}
(still consistent). Since T} and T2 are consistent and contain the same set of nodes (which is
the set of all nodes in §), TS = T4 (Proposition 4.1). O

5 Manipulating Hierarchical Schemas for the Web: a Demon-
stration in the Case of RDF /S Tree-like Hierarchies

We have applied our framework for manipulating hierarchical schemas on tree-like hierarchies
encoded as RDF /s files. We use RDFSculpt [14], a prototype system that support integration
of hierarchies based on union, intersection and difference semantics. The system implements the
S-union, S-intersection and S-difference operators, and provides tools to explore and visualize
hierarchies.

FORTH/RDF Suite RDFSculpt

RQL queries

Query translator |g S-Union
r - =

S-Intersection, S-Diffgrence

Query translator

D B ——

3
Query-by-example }
; [ ]
o i
Result Visualization : <):| w
|
i
|
|
/

SQL queries

PostgreSQL
(RDF schemas)

—y—

Management tools

,,,,,,,,,,, —

RSSDB -
(RDF storage module) |

Y

Figure 21: The architecture of RDFSculpt
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As shown in Figure 21, the system is built on top of the ICS-FORTH RDFSuite?. To this
extend, it exploits all RDF management and query APIs offered by RDFSuite. Results are
visualized using RDFSViz*. Users can issue queries on hierarchies and produce new, integrated
ones, using S-union, S-intersection and S-difference operators. The RDFSculpt assists the user
in queries formulation, offering her query-by-example capabilities.

Assume that the user needs to find the part of Adorama’s (H;) catalog which is not present
in the merged catalog produced from B&H’s (H2) and RitzCameras (H3) catalogs (see Figure
1). The query is expressed as follows:

H, —* (H2 Us Hg)

Figure 22 shows how the user can apply the S-union operator for the B&H’s (Hz) and Ritz-
Cameras (Hjs) catalogs, using the querying interface of our system.

x
1st RDF Schema 2nd RDF Schema
[E_t.rars v| | view] [union v| | |Ritzcameras.rars v| | view]|
Select Classes Selected Classes Select Classes Selected Classes
root - root
general 5 digital_camer|®:
2 tripods 2 thirty_five_m.|
filters filters
= | |bag =] < | o =]
A 52 :
Select Literals Select Literals

Select Select
whole rdfs whole rdfs

Figure 22: Merging B&H’s and RitzCameras catalogs using the S—union operator.

Merging B&H’s and RitzCameras catalogs using the S—union operator results to a catalog
named R1. The user can now apply the S-difference operator for Adorama’s and R1’s catalogs,
as Figure 23 shows. At any time, the user can visualize any intermediate results. The final
result of the query is shown in Figure 24.

6 Conclusions and Further Work

This work presented a framework for the structural manipulation of hierarchies in portal catalogs.
It supports the integration of hierarchies based on union, intersection and difference semantics
provided by a set of operators applied on hierarchies as full-fledged objects and not only as sets
of nodes.

Specifically, we defined three set-like query operators applied on trees representing hierar-
chies: S-union, S-intersection and S-difference. The S-union operator provides an integrated

3http://www.ics.forth.gr/isl/RDF /index.html
*http://www.dfki.uni-kl.de/frodo/RDFSViz/
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x

1st RDF Schema 2nd RDF Schema
|Adorama.rdfs V| | View | union '| |R1 '| | View |
union
Select Classes Selected Classes| |intersection Select Classes Selected Classes
root | |difference root -
,— cameras_lens|# ,— general 7
2 film 2 tripods
h_w L filters L
= lenses - =

bags -

Select Literals Select Literals

Select Select
whole rdfs whole rdfs

Figure 23: Finding the part of Adorama’s catalog not present in R1.

. “wy 3.10a{PNG): results /examplel.gif <unregistered> 10l x|

root
hoods Ffilm Close_up caps PL Uy
b_w slide negative

Figure 24: Final result of the first example

form of all structural information present in the involved hierarchies. The S-intersection op-
erator provides the common structural information present in the involved hierarchies. The
S-difference operator provides structural information present in one hierarchy but not in the
other. The operators are based on the upper bound, lower bound and complement, respectively,
of a boolean lattice algebraic structure defined on trees. That structure ensures that the oper-
ators have certain algebraic properties to provide clear semantics and assist the transformation
and optimization of sequences of operations, using laws similar to those in set theory. Our frame-
work was initially developed with the assumption that the involved trees have certain properties
with respect to a given tree called global tree. To ensure that similar algebraic properties and
laws hold in the absence of a global tree, we studied the conditions under which such a tree can
be constructed using the available trees. Finally, we showed examples of using such operators
to manipulate hierarchies of portal catalogs encoded as RDF /s hierarchies.

Our future work is based on three directions. First, we will further explore the algebraic
properties of trees representing hierarchies in the absence of a global tree. Even if there are
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structural inconsistencies in the involved trees during the construction of a global tree, one can
decide to resolve these inconsistencies in such a way that all involved trees are S-subsets of
some global tree. We will study how such an extension affects our framework. Furthermore,
we will study how a similar framework can be established, having graphs instead of trees as
the underline model to capture hierarchies with complex structure. Finally, we plan to employ
schema matching techniques to deal with hierarchies with naming disimilarities (different naming
for semantically similar categories).
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