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Lecture 21: Learning with Stochastic Variational Inference

Dan Sheldon

Manning College of Information and Computer Sciences
University of Massachusetts Amherst

Partially based on materials by Benjamin M. Marlin (marlin@cs.umass.edu) and Justin Domke (domke@cs.umass.edu)
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Black-Box Stochastic Variational Inference

s: Closed Form Entropy, Etc
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Review: Variational Auto-Encoder

Factor analysis model with non-linear mapping

p(z) = N(z0,1)
p(z;|z) = Bernoulli(z;; (fo(2)),),

<
Il

-
ISH

Example non-linear mapping:

fg(Z) = h2 (bz + WQ . hl(bl + le))

Exact inference and learning are intractable.
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Stochastic Variational Inference

Choose variational family, e.g., diagonal Gaussian, to approximate posterior:

Q¢(Z) = N(u" diag(az))v @ = (u” U)

Stochastic optimization: repeatedly get unbiased gradient estimate @(ﬁ, update ¢:

V4 ~ V4ELBO(¢)
¢~ o+ Oé@(p

How to get @¢?

s: Closed Form Entropy, Etc
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Warmup: Estimating the ELBO Estimating the Gradient? (False Start)
, ) ) What happens if we try to estimate the gradient the same way? We want:
It's easy to estimate the ELBO via Monte Carlo samples:
, p(Z,x)
K _
1 p(z®, z) ; V4ELBO(¢) = V4 Ky, |log
ELBO(¢) = — » log——"~ 20 ~ gy ‘ 2(2)
K ; 26(219)
Consider the estimate: (2,2)
p(z,x
This is unbiased: expected value of RHS = ELBO(¢) for any value of K. Vy log q¢(72) y 2™~ (G-
5/29 6/29
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This is not unbiased! It neglects the fact that the distribution of z depends on ¢:

_ g Pz )
V4ELBO(¢) = V¢>/(1¢)(~)10g () dz

The false start incorrectly interchanges the gradient and the expectation:

p(Z, =) p(Z,z)
V¢ qu |:10g q(j)(Z) :| # ]Ello |:v¢ lOg q¢(Z) :|
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Reparameterization Trick

The reparameterization trick is a way to convert the ELBO into an expectation with
respect to a fixed distribution (independent of ¢) so we can interchange the gradient

and expectation. The idea is to draw samples of z by transforming a random variable
from a fixed base distribution.

Example: z = i+ 0¢, e ~ N(0,1) = 2z~ N(u,0?)

General case: z = Ty(e), e ~ qle) = 2z~ ¢p(2)

We call 7, and q(e€) a reparameterization of q,
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ELBO Gradient with Reparameterization

hastic Variational Inference

Bonus: Closed Form Entropy, Etc

With reparameterization, we can write the ELBO as an expectation over ¢(e):

V,ELBO(¢) = V4 E, () |lo
¢ (#) ¢>q<>[g%(

ELBO(¢) = E,(, |lo

p(Ts(e), fr)]
T5())

o P,
4 (75(9

Now we can interchange the gradient and expectation

Eq(e) [W log p(To(e)2) }

)

45 (T5(€))

Black-Box Stochastic Variational Inference

tochastic Variational Inference
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Bonus: Closed Form Entropy, Etc

Reparameterization Gradient Estimate

This gives a simple unbiased Monte Carlo estimate of the gradient:

K To(e
gz%( 2 108 qg%)))))’ e alg

i=1

We can compute it as follows:

1. Draw e ... ) ~ g(e)
2. Compute ELBO(¢, eV, ..., e()) = term in parentheses above
3. Use autodiff to get g = V4ELBO(¢, e15))
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Gradient Estimation: Reparameterization Reparameterization with Diagonal Gaussians
Without
reparameterization With reparameterization
— — Suppose the variational family is a diagonal Gaussian
Variational distribution q6(2) q4(2)
. 2
q¢(z) = N (u, diag(o
Sampling z ~ qg(2) e~q(e),z=Ty(e) o(2) (b @)
p(Z,x) p(To(€),z) This can be reparameterized as:
ELBO Egu(2) [log 555 By [log 555057
ols) PTa(he) z=p+o0e e~N(0,I)
ELBO estimate log £ i) 2™ q5(2) log 2 m €~ q(e)
©® = elementwise multiplication)
. . p(za) p(T4(e),x) (
Gradient estimate Vg log2 o qs(2) V,log m, €~ q(e)
(wrong/biased) (unbiased)
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Aside: Reparameterization with Arbitrary Gaussians

Another choice would be to use a general Gaussian distribution:
e~N(0,I) = p+ Le ~ N(u, LLT).

This is a reparameterization with
q(e) = N(el0, D),

Tole)=p+Le  ¢=(L,p)

It covers any multivariate Gaussian, since an arbitrary covariance matrix X can be
written as ¥ = LLT for some L (e.g., a Cholesky factor)

ochastic Variational Inference

Black-Box Stochastic Variational Inference

Bonus: Closed Form Entropy, Etc
0000000000008 000

Example: Bernoulli VAE

Let's return to our Bernoulli VAE factor analysis model and use a diagonal Gaussian
approximation:

p(Z) = N(Z§ Oa ])
p(z;]z) = Bernoulli(z; (fo(2));),

a45(2z) = N (z; p, diag(c?))

j=1,....d

BBSVI would repeat the following steps:

13/29 14 /29
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e~N(0,1) (z=p+o0e)
@u,a’ = vu,a{ IOgN(M +oOe O,I)
d o B i Learning with Stochastic Variational Inference
+ z‘: og Bernou |<:rj, (folu+o® e))j)
=
— log./\/(u +o0e u,diag(02)> }
(H’v 0’) — (I"’7 0’) +o- ﬁu,o'
With the optimized parameters we could approximate p(z|x) =~ g4(z) and lower bound
the log-marginal likelihood log p(x) > ELBO(¢). What about learning?
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Learning with |ID Data

Bonus: Closed Form Entropy, Etc

Learning with Stochastic Variational Inference
o

riational Inference
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Variational Inference

Black-Box S
Learning with Stochastic Variational Inference
The basic idea is to jointly maximize the ELBO with respect to model parameters 6 and
variational parameters ¢ by getting unbiased gradient estimates for both:

pg(Z7 .L)
og 44(Z) }

log po(x) > ELBO(0, ¢) = Eq, {

Vo ~ V¢ELBO(6, ¢)

How do we learn a latent variable model py(z,x) when we have iid data x™), ... x(")?

Each datum x(® has its own:

» marginal likelihood pg(x(™)

> posterior py(z(™ | x(™)

> variational distribution g (z(™)

Learning with [ID Data

Basic approach: introduce variational parameters ¢(™ for each datum and construct an

overall lower bound:

1 Y 1
£0) = 1 3 Togps(x) > 1 3" ELBO(, 6, x(")
n=1 n=1

ELBO(6, 0™, x(") = B, , [log pg(Z"),x™) — log g, (™))

V¢ ~ V(;)ELBO(O7 (Z))
(0,0) « (68,0) + - (Vg, Vy)
17/29 18/29
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Then optimize the lower bound with respect to all parameters. Compute

=1,...,N,

Vg & Vo ELBO(G, 6, x™), n

. 1
Vo= Voys 3" ELBO(8, 6™, x(™)

n=1

Then update 0, ¢, ..., ™) using stochastic gradients.
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Amortized Inference

The basic approach described above introduces a very large number of variational
parameters and can be very slow for large data sets.

Amortized inference proposes to use a neural net to predict the variational parameters
6™ for datum x| e.g.

g5(2™ |xM) = N (2"; go(x™), 721)

» The function g, predicts the mean of the variational posterior approximation for
datum x(™. (We could also model the (co)variance as some function of x(™).)

» This is called amortization because it shares information across data points for
learning the variational approximations.
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Amortized Inferences: VAEs

s: Closed Form Entropy, Etc

A common choice for g4 is a multi-layer neural network, similar to fj, e.g.:

fg(z) = ho (b2 + Wy - hy (b1 + le))

g¢(X) =bys+Wy- h3(b3 + ng)

(h1, he, hs are elementwise non-linear functions)
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Closed Form Entropy, Etc

[llustration: p and ¢ graphical models
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[llustration: “Auto-Encoder”

s: Closed Form Entropy, Etc
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Variational Inference Learning with Stochastic Variational Inference Bonus: Closed Form Entropy, Etc

Example: Inference and Learning in Bernoulli VAE
Putting all the pieces together, stochastic variational inference and learning for a
Bernoulli VAE would repeat the following for all n in some order:
e~ N(0,1) (2™ = go(x") + 7€)
Voo = Vg,(z,{ log N (go(x™) + 7¢; 0,1)
¢ (n)
. n
+ Z:l log Bernoulll(zj : (folge(x™) + TE)].)
j=
- log./\f(g¢(x<")) + 76 go(x™), 7'2]) }

(0,0) < (0,0) +a- Vo,
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Bonus: Handling Some Terms in Closed Form
The ELBO can be decomposed into several terms with different computational
properties:
: Z
Bonus: Closed Form Entropy, Etc. ELBO(9) = E,, {log p( 793)]
(%)
= Ey, [log p(Z)] + Eq, [log p(x] Z)] — Eqy, [log g4(Z)]
"cross entropy" "energy" "entropy"

With simple distributions (esp. Gaussians) the cross entropy and entropy terms can often

be computed in closed form.
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Example: Closed-Form Cross-Entropy

Example: p(z) is a standard normal and ¢ is a diagonal Gaussian:

p(z) = N(z0,1)

e /.qu(z) log p(z) = *glog(%r) — li(MQ-JrO'Q-)
6s(2) = N (z; p, diag () : 5 2.1 +0j

2 =

When possible, it's usually (but not always) best to compute these terms and their
gradients analytically, and only use Monte Carlo estimation for the energy term.

This is because lower variance gradient estimates will make the stochastic optimization
converge faster.
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