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Review: Variational Auto-Encoder ©
o

Factor analysis model with non-linea pping

® léﬂo% @ 6?0)139”

j=1,....d

p(z) = N(z;0,1)
p(zj|z) = Bernoulli(z; (fo(2));),

.M:ﬁ(z) X')NBnnouHI.(JAD

Example non-linear mapping:

4O  Y®rsO o SO oo © 400
fo(z) = ha(by + Wy - hy(by + Wiz)) R —~ R
1 10
Stemoid

. . 93
Exact inference and learning are intractable.

o= (baj Wzl bl lW{)
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Bonus: Closed Form Entropy, Etc

‘Wlage
Choose variational family, e.g., diagonal Gaussian, to approximate posterior:

=% ey O
44(z) = N(p,diag(c?)), ¢ = (n,0) O a

- TN(M))Q‘;) 0o (o O Wl:

Stochastic optimization: repeatedly get unbiased gradient estimate @¢, update ¢:
V4 = V4ELBO(¢)

b d+aVy

How to get @(z,?
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Warmup: Estimating the ELBO
(o p(z>)
ELBO(0) = E%H) ) W@

It's easy to estimate the ELBO via Monte Carlo samples: 4
« !\I"‘ dzﬂ.ﬂ“)
K )
1 p(z", ) () o Soumgle £
~ ) ~ WIC e
ELBO(¢) ~ 4 Zlog PREO z 46 {
=1 T

oual n[o(zm)
This is unbiased: expected value of RHS = ELBO(¢) for any value of K.
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Estimating the Gradient? (False Start)

What happens if we try to estimate the gradient the same way? We want:

_ p(Z, )
V‘_d,—ELBO(d)) = Vs Eqg, {log w2) }

Consider the estimate: (k""’) (2,2)
p(z,x

Vslog ————=, 2z~ qy.

“7 g(2) ¢

£ (z>)

j)
rf%lev" S
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This is not unbiased! It neglects the fact that the distribution of z depends on ¢:

B () 10g P )
V4ELBO(¢) = V¢/(1¢( )log ) d

The false start incorrectly interchanges the gradient and the expectation:

Z,x Z,x
Vg By, {log [;E»( Z))} #Eq, {W log pq;( Z))}

prod uet rule
tscove Pachows

a<timaioN

= (Vb (%,(2) (03 %2,%\) >J’z =+

7/29

Black-Box Stochastic Variational Inference

Learning
00000080000000 o

with Stochastic Variational Inference Bonus: Closed Form Entropy, Etc

Reparameterization Trick = | .... tock [
U:%@[ 1= Fro \
"r Ficed

The reparameterization trick is a way to convert the ELBO into an expectation with
respect to a fixed distribution (independent of ¢) so we can interchange the gradient

and expectation. The idea is to draw samples of z by transforming a random variable
from a fixed base distribution.
“ocnse’

% Nlu)
Example: 2z =y +oe, e ~ N(0,1) = 2z~ N(p,0?) /\
() ——

Telz) - M
General case: z = Ty(e), e ~ qle) = 2z~ ¢p(2)

We call T4 and q(e) a reparameterization of q4

Novemal(zl

Flews

Wev ks location—scale
elliptical
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LBO as an expectation over ¢(e):

P,
8 4o (To(
z

Now we can interchange the gradient and expectation

With reparameterization, we can write t

2= TL6), eq)

P (To(e
V4ELBO(¢) = V4E, () |log "~
¢ (#) = VpEqgo [Og 20 (ol

ELBO($) = Ey(y

hastic Variational Inference

]Eq(e) |:V¢ 10g

Bonus: Closed Form Entropy, Etc

o P x)]w
°3 ‘(4,( 2)

)

p(Ts(e), l‘)}
45 (T5(€))

bchastic Variational Inference \ 3onus Closed Form Entropy, Etc

Jsz(zw
Iov)'-‘{w(mr-«e) IQ’J;:“'A 26(4,1{-«&—#)

This gives a simple unbiased Monte Carlo estimate of the gradient:

_ KV p(Tole).z) P
9—V¢< Zlog RACD) ), e e ~q(e)

=1

{} b eﬁ G&)

We can compute it as follows:

-~ (o)
2. Compute ELBO(¢, ¢V,

Black-Box Stochastic Variational Inference Lea
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Reparameterization Gradient Estimate Iojjb(a)c'fﬂ

1. Draw 5(1), ..
.,€E)) = term in parentheses above

—U/gzl\é),[m) P(T ("/"> _ (l((g) ~ o P(Tb(c))") de 3. Use autodiff to get g = V(z,@(qﬁ, (1K)
& &
s ( 6(:«)) 3 %( 7;{63) C\R,-{mcln, DA%
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Gradient Estimation: Reparameterization Reparameterization with Diagonal Gaussians o
Without 2= R
reparameterization With reparameterization «
. . Suppose the variational family is a diagonal Gaussi &
Variational distribution qs(2) q5(2)
46(2) = N (u, diag(0?))
Sampling z~ qy(2) e~ qle),z=Ty(e) ¢
ELBO E [l p(Z,x)] E [l p(%(e),z)] This can be reparameterized as:
16(2) ['98 44(2) a(e) |98 3,(74() Z= M+ GiE; e;~nloy)
- P(Ta(e) z=p+o0e e~N(0,I)
. 2,T s
ELBO estimate log Z@(Z) 2~ qp(2) log 2 %(7?»(6)) e~ q(e) =T.(0)

Gradient estimate

Vg log ’;f(’f)) 2~ qp(2)
(wrong/biased)

Ty (€),x
Vo log 51505 € ~ (o)

(unbiased)

11/29

(® = elementwise multiplication)
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Aside: Reparameterization with Arbitrary Gaussians

Another choice would be to use a general Gaussian distribution:
e~N(O,I) = p+ Le ~ N(u, LLT).

This is a reparameterization with
q(€) = N(€[0, 1),

Tole)=p+Le  ¢=(L,p)

It covers any multivariate Gaussian, since an arbitrary covariance matrix ¥ can be
written as ¥ = LLT for some L (e.g., a Cholesky factor)

with Stochastic Variational Inference

G
B=58 |
S i

Let's return to our Bernoulli VAE factor analysis model and use a diagonal Gaussian
approximation:

Black-Box Stochastic Variational Inference Learning
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Example: Bernoulli VAE

Bonus: Closed Form Entropy, Etc

wedol p p(z) = N(z;0,1)
(Pived) p(zj|z) = Bernoulli(z;; (fa(2)),),

\[ww\hﬁ“o"'“\ [ Q¢(Z) = N(Z7 122 dlag(az))

i=1,....d

BBSVI would repeat the following steps:

© (o
p-ucvRq 47$ (./U) GL)
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. 2, %
<(uc) )
Tutt P /JIIO_ [077;2 2 =Tfe)
e~N(0,1) b (z=p+o0e¢)

2
Vo = V,W{log/\/(p,Jra'@e; 0,1) 103 p(z)
d

+ Zlog Bernoulli(mj; (fg(p,a— o0 E))j> + ("‘j 4(7‘/2)

=1

2
- logN(u +ooeg u,diag(02)> }

— (ac) %,Cz)
(n,0)  (p,0) + o @u,a

With the optimized parameters we could approximate p(z|x) =~ ¢4(z) and lower bound
the log-marginal likelihood log p(x) > ELBO(¢). What about learning?
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The basic idea is to jointly maximize the ELBO with respect to model parameters 6 and
variational parameters ¢ by getting unbiased gradient estimates for both:

log pp(x) > ELBO(6, ¢) = E,, {log w]

Vo ~ V¢ELBO(6, ¢)
Vg = V4ELBO(6, ¢)

(97 ¢) <~ (97 ¢) +o- (@97$¢)
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Learning with |ID Data
: é’f’)

%lu-j ?Q(XM) @

How do we learn a latent variable model py(z, x) when we have iid data x(1

[
mae yy
X(N)?

(w
Z Each datum x(™ has its own:

» marginal I|keI|ho d P (x™
) ey

@

> posterior pg( ) |x(™)

> variational distribution g, (z(”))
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Learning with |ID Data SRC,

Tvu,qes: %)

Basic approach: introduce variational parameters ¢(®) for each datum and construct an

overall lower bound:

1o
0) = N Z IOgPH(X

ELBO(), 6, x(") =B, ., [logpo(Z("), %) — log g, (Z")]

(D) = Q@< o
Fud 6 to asgugv\ lntilq prob to 5<(\IJ r~)

2 \

N
ZELBOqu(" x("))
:l_—»__‘_;
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Then optimize the lower bound with respect to all parameters. Compute:

Vym & VymELBO(0, ¢ x™M), n=1,... N,

Z ELBO(0, ¢, x™)

n 1

V9~V9

Then update 6,61, ..., ¢™) using stochastic gradients.

1

I
Z\odc[

‘o
\{av(o.‘ﬂohn\

P—u’:‘w; , .'Qr
Caclh (™o
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Amortized Inference

The basic approach described above introduces a very large number of variational
parameters and can be very slow for large data sets.

Amortized inference proposes to use a neural net to predict the variational parameters
() (n) § . "
#™ for datum x| e g. Q™ (z ) = N(Z i M(h, ~T AAd: geparake learacd

reen per Mo
4o(2™ | M) = N (2; go(x™), 721) o™= 4

bty )
> The function g4 predicts the mean of the variational posterior approximati
datum x(™. (We could also model the (co)variance as some function of x(™).)

» This is called amortization because it shares information across data points for
learning the variational approximations.
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Amortized Inferences: VAEs n@ T\ “ng T > M,
IR .
. o' X+— U,
@ $o,3"° 3
A common choice for g4 is a multi-layer neural network, similaz to fp, e.g.:
(3
giéwod ReLu a
fo(z) = ha(ba + Wy - hy(by +W1§))

Rel:y
9o(x) = bg + Wy - hz(bs + W3x)

Bonus: Closed Form Entropy, Etc
000

(h1, he, hs are elementwise non-linear functions)
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[llustration: p and ¢ graphical models
— fo

el czp(z/x) (no jﬂl"\i' d@}—/ o_nL\/_

Hle comditonn) g,(20) )
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[llustration: “Auto-Encoder”

Lafent

o "
'(oo(e

ELBO eve gy ~term !

E‘@( 2l D”ﬁ P 1=)

en t‘b\INCfS em(ecf l;\s/df(&dlvs
('(ac;P“ fo aPP’ow;w\k'l\f
preseIve i ('vnasc

ib(z{x)

Al
Tencodel

Fg(%[z)

Heceder"

)
Obsevuec}\ o afa (I'MAGCJQ)

—
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Example: Inference and Learning in Bernoulli VAE

Putting all the pieces together, stochastic variational inference and learning for a
Bernoulli VAE would repeat the following for all n in some order:

e~ NOD) g, ) =Nz, 0, 7T) ) e

@gﬁ, = Vg,tz, 10gN(g¢(x(")) = TE;S 0,1) 107 P(Zm)

d
+ 3 log Bernoulli(=|"; (FAlNEEENET),

=1

+ IOQJ p(%mfz("))

— logN(g¢(x(")) + 7€ g¢(x(”)), 7'2[)

} — I 92" 1)

(6,6)  (0,6) + - Vo, Rnc mporoe o E180
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Bonus: Handling Some Terms in Closed Form

The ELBO can be decomposed into several terms with different computational
properties:

Bonus: Closed Form Entropy, Etc. _ p(Z,x)
ELBO(¢) = Ey, {log D ]

= Ey,[logp(Z)] + Ey, [log p(x|Z)] — By, [log g¢(Z)]

"cross entropy" "energy" "entropy"

With simple distributions (esp. Gaussians) the cross entropy and entropy terms can often
be computed in closed form.
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Example: Closed-Form Cross-Entropy

Example: p(z) is a standard normal and ¢, is a diagonal Gaussian:

p(z) = N(z0,1) d

B2 dy o LN o
o N pdisge?) = / 46(2) g p(z) = 3 log(2m) 2;(u]+ 2)

g ~ N(4,55)
When possible, it's usually (but not always) best to compute these terms and their
gradients analytically, and only use Monte Carlo estimation for the energy term.

This is because lower variance gradient estimates will make the stochastic optimization
converge faster.
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