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Hamiltonian MCMC
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Review: Metropolis-Hastings

> Given: probability density P(x), x € R?

» Goal: generate sample x ~ P

Metropolis-Hastings

> Initialize x(©) arbitrarily

» Given x(*) = x, propose

> Accept and set x(*+1) = x’ with probability min(a, 1)

_ SmGimpd) - <
P(x) Q(x'[x)
> Else reject and set x(*+1) = x(®) !
X

For large enough 7', have x(T) ~ P

Problem: random walk

Slow mixing due to “random walk” behavior

Simple Metropolis

Why? Typical proposal is a random displacement
» Spherical Gaussian — Brownian motion-like

» Ignores density surface

dist after
steys 1s oider




Main Idea
N ¢ )
P Idea: use density to guide%jroposals Q(% /X
> Select random velocity % € R¢ /Q

» p = momentum, m = mass

chxllence s doueih,
. . b 7
» Simulate motion on energy surface

{(x, BE(x)) : x € RY} C R E(x) = —log P(x)

with initial velocity p/m for some amount of time to get

Main Idea

Demo: P(x), E(z), motion in 1D

proposal x’.
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Hamiltonian Mechanics I Generalization: Kinetic Energy N
- K) Stafa o £ - o
€y dp am m
> .. d
Position x € R . a QQ _ e
> Velocity p/m € R? S = Define K (p) p’p JeCw Jp 2 "
/ | _ > =
> Potential energy F(x) (= height) ¥ ) P 2m
kinetic energy
» Temporal dynamics
d oK
dj:B é/ua[. dj:B 7X_ (p)
.  m dt m . dt op
dp  0E(x) _ E‘(K) dp _ 0E(x) dp _ 0E(x)
dat - ox dt Ox dt — 0x

Puck of mass m sliding on frictionless surface with velocity p/m,
height at x equal to E(x) (and thus “incline” 0E(x)/0x).




Generalization: The Hamiltonian

Simluating Hamiltonian Mechanics

L(E(x) £ [<(®3\> =% k(o) X (4) X (£te)
op P
5 > ) p(®) pltte)
Define H(x,p) = E(x) + K(p) % (E (<) + K{Pﬂ ES Elx ((iT)t( - %
Euler's method dp _ 9E(x)
Hamiltonian or total energy dt — ox
_ p(t)
dx _0K(p) _p ix  9H(x,p) x(t+e) =x(t)+e= =
a - op 0™ dt — 9p Ly OB(x()
dp _ 9E(x) =|  dp_ 9H(xp) pt+e)=p(t) —e—5
dt Ox dt ox Problem: numerically unstable
Euler's Method El=%  Klo)= = Leapfrog Method _L:L“e&’,j 4
2 ) x(tee) V o(£ v+ plet 5} hal? sk
| eneve ¢= H(y/p): x> + - cnst alev: * ? P 2
(a) Euler’? method, stepsize 0.3 b * E ' P(Q P(ﬂ’é> @ 54('& — X(f{'e\ q:('” <{TP“
2 & (b(t%%) — P(f(—é} (’[,\C.H; ‘
) d
E (%) (x(d\/\?( More accurate and stable method
N — ! - 5((6\ P(é oF t
\/3 1 ’ BERER) = p(1) - (=/2) "2
£ p(t +¢/2) |
“’_/E_/_'é o x(t—i—s):x(t)—i-eT < (—[(—e
: plt +2) = plt +/2) — (2/2) PELEED
14
ﬂ 2
P((’(): ijvlum\ B B Positi?)n (;) ' ’




Leapfrog Method

(c) Leapfrog method, stepsize 0.3 (d)

Leapfrog method, stepsize 1.2

Momentum (p)
=
I
Momentum (p)
=
I

Position (q) Position (q)

Hamiltonian MCMC

Random velocity/momentum instead of random displacement
> Start at x
» Choose random momentum p ~ exp(—p’ p/2m)

» Simluate Hamiltonian mechanics for s time units
— end at x’

» Propose x’

}

() Or acceptance probability?

=

Problem: how to compute

I

Auxilliary Variables

VoW,

pos o
/E(*%‘ (o)

P(x,p) ehexp(—H (x,p))
swexp(—E(x )ew),
F(sc ('pﬁu\! e P“

Sample both x and p from

when done, discard p values
Note: x and p are independent «
¥
o ™
X7 o

G‘#@ oot
\D(WQ — P(XJP>
= P()- exp(-K(®)

£

Hamiltonian MCMC

Gibbs step
» Start at (x,p7)
» Choose random momentum p ~ exp(—p’ p/2m)
» End at (x,p)

E(K\ = *!oc) P(x)

Metropolis-Hastings step
> Start at (x,p)
» Simluate Hamiltonian mechanics — end at (x/, p’)

» Propose (x/, —p’)




Acceptance Probability?

P(X,7 7p/) Q(Xa P ’ Xl? 7p/)

¢ - P(X’ p) ' Q(X/’ _p/ | X, p)2

P(x,—p'
_ P, —p) (reversibility, volume preservation)
P(x,p)

= exp(E(x) - E(x') + K(p) - K(p)) (K(p') = K(-p'))

Reversibility

Let 17 . : R%¢ — R?? be simulation mapping with L steps at time
increment ¢

TL,{;‘ (X7 p) = (X/v p/) = TL,€<X/7 _p/) = (X7 _p)

(macg dP &
~ 1 (conservation of energy) P N N7
<
dw
Demo Example
Hamiltonian Monte Carlo Simple Metropolis

Demo with sampling

1 [T T T T ///I_ 1 ) T T T /I




Example

Setup: 100D Gaussian, standard deviations in different dimensions
are 0.01,0.02, ...,

Random-walk Metropolis Hamiltonian Monte Carlo

Last position coordinate
)
| | |
e
<&
-
Last position coordinate
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Iteration Iteration




