COMPSCI 688: Probabilistic Graphical Models

Lecture 5: Learning in Directed Graphical Models

Dan Sheldon

Manning College of Information and Computer Sciences
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Example: Bayesian Network Graph
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Example: Conditional Probability Table

HD G BP C P(HD|G,BP,C)
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Bayesian Networks: Parameters

HD G BP C P(HD|G,BP,C)
The default paramet tio a discrete Bayesian network simply uses a separate
e default parameterization in a discrete Bayesian networ |mpyu:’a par. No M Low Low gg%lLL
parameter for each element of each CPT: HID L,
OmE ‘ﬂtl\ \J Yes M Low Low eilf)M,L,L
< No F Low Low GN# L
Py X=z|X ,x=y)=0 HD'
pa(X) /]\x\y\.& yalnes o Y?S F Low Low GY‘EL’L
value prients :
c/'p f‘rxlc)ﬂ'
B=(-vr - >
ex
tlg,0
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Today's Problem Example: Smoker and Cancer
Smaleer CanCe(™
| | (O—©
» How do we choose the parameter values for a Bayesian network given a data set?
» The maximum likelihood estimate for 8% is just the number of times X takes
. Ty L fwolket  cancer
value & when its parents take value y, divided by the number of times its parents
take the value y: [ O
o L%
#X=2Y=y) ‘ !
Py X =z|]Y=y)=0% _ =
W HY =y) i 2
@) O
How can we derive this result? Q o
1 ()
| I
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Maximum-Likelihood Estimation (MLE)
-0

A parametric model {py|0 € ©} is a family of probability distributions indexed by
parameters 6 g, e mhew

(:Ul 7.,.,:)35171)))

Principle of maximum likelihood: choose the distribution that assigns the highest
probability to the data

Given data (1, ..., x™ how do we choose p,? (Notation: x("

For an observed value x, the Iog-llkellhoo

£(9| {— logpa(X)

-ﬁ, netion
o 0
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For a data set x(*N) = (x(1)
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x(M)), the log-likelihood is

z log py( x<”)

(9|X (1: N

7
pesameket Jl\\&m sot
Goal: find 0 to maximize £(f|x1N))

pelr): Val() > R T

vr‘snn Networks

(os¢ e

(V\O‘ePQWJV“fe>
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Example: Bernoulli Model @

Suppose V), () ... (M) are drawn from a Bernoulli distribution:

( ‘ P\A(‘C"‘ toC

lo3(1-8) %=o
lovSQ K=(
= IB=J_(;[oc>(r-eﬁ

* I[x=/]»(or)6

The log-likelihood is

= 1]log¥)

#x =1
= 2= hog(1 - 0) + T 1ogo

What does this likelihood function look like?
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Example: Bernoulli Likelihood

o 6

Demo:
Likelihood Function

N';[OO

i (¥e0) = €6
s (ve) =3

(0% ©
907 |

N = [gda
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Learning as Likelihood Maximization

How can we find the model parameters # that maximize the likelihood?

» The derivative of a function is
zero at every local maximum

Estimation Theory
0000 000000000

Estimation
00000®0

Learning Intro
0000000

MLE Examples

Learning Bayesian Networks
Q0000 o}

00000000000

Learning as Likelihood Maximization

How can we find the model parameters 6 that maximize the likelihood?

» The derivative of a function is
zero at every local maximum

©
F(x)

@ %
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Learning as Likelihood Maximization
How can we find the model parameters # that maximize the likelihood?
» The derivative of a function is
zero at every local maximum
S
SN
=
X
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Learning as Likelihood Maximization

How can we find the model parameters 6 that maximize the likelihood?

» The derivative of a function is
zero at every local maximum

F(x)

» Zero derivative points are not
local maxima in general.

p—
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Learning as Likelihood Maximization

How can we find the model parameters # that maximize the likelihood?

» The derivative of a function is
zero at every local maximum

» Zero derivative points are not
local maxima in general.

F(x)

14 /40

Estimation n Networks
00000®0

Learning as Likelihood Maximization

How can we find the model parameters 6 that maximize the likelihood?

» The derivative of a function is
zero at every local maximum

» Zero derivative points are not
local maxima in general.

F(x)

» To be a local maximum, the

curvature musf&be negative X
nctj L™ decivative

Aoqative Jefinlte \(o«l«%v\
et e
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Maximum Likelihood and Optimization

How can we find the model parameters # that maximize the likelihood?
» Compute the (partial) derivatives of the log likelihood
» Set them equalrto zero
» Solve derivative equations for the parameters

» (Determine which solutions are local maxima by checking second derivatives)

(ov\cqu-."r\/ = <2erd ﬁfod{(’li’ = 3[0%[ vnax/x)huv\)

15/40




Learning Intro Estimation MLE Examples Learning Bayesian Networks Estimation Theory Learning Intro Estimation MLE Examples Learning Bayesian Networks Estimation Theory
0000000 0000000 @0000 00000000000 000000000 0000000 0000000 0®@000 00000000000 000000000
MLE Examples Demo:
z Likelihood Function
16 /40 17 /40
Learning Intro Estimation MLE Examples Learning Bayesian Networks Estimation Theory Learning Intro Estimation MLE Examples Learning Bayesian Networks Estimation Theory
0000000 0000000 0O®e00 00000000000 000000000 0000000 0000000 000Oe0 00000000000 000000000

Example: Bernoulli Parameter Learning

The maximum likelihood estimates for the simple Bernoulli model are easy to derive:
. X=0) #(X =1)
b £(olc0N)y = FE=0) #X =1,
CES ~ N g
(9 | ﬁ = {
> L0z ) = _#H(x=) + (=N g =0
90 AN (¢ " N
> Setting the derivative equation equal to zer6 and solving yields the maximum
likelihood estimate:
)

N

log(1—6) +

.A&. .(.i: 13 I — A
g 1-6 O & %=",§9 & B=p
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Consider a Multinomial model for a discrete random variable X that takes V' values

(V)
i[&l%} = fdj PQ(x\
e S Tlxei]: g 8

+ TV} [03(l—y§j?v>

B x=
Ps(®) = o b

6., x=V-|
-5, %=V
vzl

Llsl<)- 52

n=!

- K=y # =\/ _ ~
- B Hedgn ¢ BV (i~ Se)

=

y=t 19/40
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Example: Multinomial Parameter Learning

) V-1

#X =V log(lf

log(eu) + N

Y A=Y 0,)

v=1

L(0]z N

[~
Il
—

'S Setting the partial derivatives to zero, we require, for each i < V-
I X =1 X =
» %[;(9‘1(1:1\”) — #(Ne ’L) _ #( VY1) =0
i i N(1-— szl 6,)

> It's easy to check that this is solved by setting
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In a Bayesian network, each CPT is a collection of multinomial distributions with
distinct parameters. There is one multinomial distribution for each joint setting of the

parents of each variable.

HD G BP C P(HD|G,BP,C)
@“D No S —fo-one = vv\\x\-\—fmmrf'\[
L EE Yes

No
Yes F

Low

Low 9Y|F,L,L

k)g })(}{1) — hw(; =g, BP = b7(7 = C) = h)g eﬁjé?hc
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Joint Probability in Terms of Parameters

The joint probability in a Bayesian network is a product of conditional multinomial

distribution for each node: /‘\
D D <
d
H xd|x H efﬂd‘xpa(d)

Po(x) = =
d=1 d=1

= log-likelihood is a sum of terms:

log pe

Zlog@id‘x
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Log Likelihood Decomposition

The log likelihood of a dataset x(*N) for a Bayesian network decomposes into a sum
of terms that depend only on the parameters for one conditional distribution:

(Idc) ple) 4 (os p(uo\'))

L(O)xEN)) = — Zlog@ ) >
N A= Fald)

_iZXﬁMFWXWFX‘me
- - N &) xd‘xpa(d\
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Example: Heart Disease Joint Distribution

P(G) P(C) P(BP)

Cholesterol

HeartDisease

BloodPressure

P(HD|G,C,BP)

o9, ¢, 0, h) = pa(9)pe(b)pe(c)pe(hlg, b, )
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Example: Heart Disease Log Likelihood
P(G) P(C) P(BP)

Cholesterol BloodPressure

HeartDlsease

P(HD|G,C,BP)

L(0]x TN }:#

#HD=h,G=9,BP=b,C =
>y H : .

#(BP =
l GG _
SURD Ve

logGh‘g b
g,b,c h

Py Z #(C log&c
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Example: Heart Disease Parameter Learning

P(G) P(C) P(BP)

Cholesterol

HeartDisease

BloodPressure

P(HD|G,C,BP)

max £(]x1N)
(4SS
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Example: Heart Disease Parameter De-Coupling
P(G) P(C) P(BP)

Cholesterol

BloodPressure

g

max Z @ -log 0%
g

Subject to Zb’? =1
g
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Example: Heart Disease Parameter De-Coupling

P(G) P(C) P(BP)

Cholesterol

HeartDisease

BloodPressure

P(HD|G,C,BP)
#(HD =h,G=g,BP=b,C =)
max > N og 017, .

lg.b.c h

Subject to Zﬁﬁfb =1
h
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Bayesian Network Learning Summary

» The only parameters that must be jointly optimized in a Bayesian network are
those in the same sum-to-one constraint with the same setting of the parent
variables.

» For any random variable X, consider a specific setting of its parent variables
Y =y. We just need to jointly optimize the parameters Hﬁy for each value
x € Val(X).

» This is just multinomial parameter estimation applied to each variable X for each
setting y of it's parents:

x _#X=2Y=y)

PG(X:x‘Y:y):ez\y_ #(Yzy)
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Bayesian Network Learning Algorithm

» For each random variable X ;:
> For each joint configuration x4 € Val(X,q)):
P For each value z, € Val(X,). Set

X - #(Xg =24, Xpa(a) = Xpa(a))
md‘xpa(d) #(Xpa(d) = Xpa(d))
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Estimation Theory
Estimation Theory Here is a more general problem: suppose we have an arbitrary target distributior.
and a parametric model
How can we select p,. € M that is as close as possible to p,?
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Parametric Probability Model P Parameter Selection: Case 1
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Parameter Selection: Case 2 Kullback-Leibler Divergence |£L.— o‘(‘uaﬁemq

M

One of the most used divergence criteria is the Kullback-Leibler divergence.

KL(pllg) = Y p(x)log (Iﬁ)

x€eVal(X)
I’Al%\"-v\(t’\&e" .
The KL divergence is a pre-metric. It satisfies:

> KL(p|lg) >0 for all p and ¢
» KL(pllg) =0if and only if p = ¢
P It does not satisfy:
* > KL(pllg) = KL(gllp) or all p.g
» KL(pllq) < KL(pl||s) + KL(s||q) for all p,q, s

36 /40 37/40
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KL Divergence Minimization KL Divergence Minimization

» If p, € M then there exists a §* such
that p, = pg-..

» If p, € M then there exists a §* such
that p, = pg..
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KL Divergence Minimization

» If p, € M then there exists a §* such
that p, = py..
» If p, is not in M then we select the 6*

that minimizes K L(p,||py-) over the
parameter space ©.
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KL Divergence Minimization

® ©

» If p, € M then there exists a 0" such M
that p, = pg..
» If p, is not in M then we select the 6*

that (minimizes KX L(p.||pg-) over the
parameter space ©.

r.]gme./(l(‘

data

Q)
P—sx),,x _’P# P
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KL(P*[ F’e} = S (’4«(*\ (o (P*g:

Zwlw—wa&
L/Vﬂ\) b O()

no ©

—Z (P.‘(k) [Uc) P9(5<)

Minimizing K L(p*|pg) is the same as maximizing

)

Com el =3 L(Op) = Y P*(X)logpe(x)

x€Val(X

j\{e/ (w))

C

Eos
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[[“’) pe(x)Y
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Maximum Likelihood = KL Minimization

Suppose p, is the empirical distribution of a data set x(1), ..., x(") meaning it places

mpirical CIStNDUTION
% probability on each data point. Then

= L))

Z log pg(x

= maximum-likelihood estimation minimizes the KL-divergence from the empirical
data distribution to py.

£(0lp,) = Y p.(x)logpy(x) =

xeVal(X)

This is a reasonable behavior even when the data comes from a distribution that does
not belong to the parametric model.
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X(w\ ’&\f saw';)e
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