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® Does it matter how streams are ordered?

® How valuable is are extra pass over the data!?

® Can we create small-space sketches!?

Can estimate L, distance.
[Indyk ’00]

What about the relative
distance or Hellinger
distance?

K =2 ‘ .“'_-: : A =
o AT .
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® Stream:aj,ay, ..., am Where 3 € [n]
Frequency: m; = number of occurrences of i

Empirical Probability: pi = mi/m

® Compute some function of (pi, p2, ..., Pn)

e.g. g pf Alon, Matias, Szegedy '96]

Z pi — qi Indyk "00]

g D ~ 1/2 [Greenwald, Khanna "0 1]
i<j




Stochastic Streams

® Stream:aj,ay, ..., am Where 3 € [n]
Frequency: m; = number of occurrences of i

Empirical Probability: pi = mi/m
® Compute some function of (pi, p2, ..., Pn)
e.g. Z —p;logp;  Entropy?
Z p; log(pi/q;) Kullback-Leibler?

Z(\/E — \/@)2 Hellinger?
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Stochastic Streams

Who cares about the empirical distribution?!
What can we infer about the stream’s source?

Assume the stream consists
of independent samples or
an evolving Markov chain.

Can we learn in small-space?
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Graph Streams

Stream: ay, ay, ..., am Where a; € [n]?
|

p.
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E.g.Web-graph or Call-graph

Previously: Triangles and Common Neighborhoods
[Bar-Yossef, Kumar, Sivakumar ’02] [Buchsbaum, Giancarlo,Westbrook '03]

Connectivity, diameter, girth, matchings!?
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Ordering Distances
, , How valuable is an
Does it matter how What distances are extra pass?
streams are ordered? “sketchable’? '

—

Quantiles Entropy Girth
Histograms f-Divergences Diameter
Frequency Moments Bregman-Divergences Large Matchings
Guha, M. (06) Guha, M., Indyk (07) M. (APPROX 05)
Guha, M. (PODS 06) Chakrabarti, Cormode, M. (SODA 07) Feigenbaum et al. (SODA 05)

Guha, M.,Venkatasubramanian (SODA 06) Feigenbaum et al. (ICALP 04)
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2. Some Algorithms

Estimating the entropy of a data stream
Higher-order entropy and randon-walks



Entropy

® Entropy: H(p) = Z —p; lg p;

Upper-bounc

:O(€2log m log 0°')

Lower-bound: QQ(g2/ log? €')

[Guha et al.’06], [Chakrabarti et al.’06],
[Lall et al. 06], [Bhuvanagiri, Ganguly '06].

® Generalizations:

Higher-order entropy

Random-walk entropy
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® et A’ be the sub-stream ignoring x
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* 0
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e |f H is small, there exists a majority element x

® et A’ be the sub-stream ignoring x
® Define a random variable j: i € A" and j €r [m;]

® Basic-Estimator: X = f(j) — f(j — 1)
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[Misra,Gries '82] Constant!
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llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
*
*

Update triples on seeing item y and tag t:
if y = item;:
if t < min-tag| then (min-tag), item|, repeats|) = (t,y,|) else repeats,++
else:
if y = itemz then repeats;++
if t < min-tag;:
(min-tagy, itemy, repeats;) = (min-tag), item|, repeats))
(min-tag), item|, repeats|) = (t,y, 1)
else:

if t < min-tagz then (min-tagy, itemy, repeatsz) = (t,y, 1)

* *
----------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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Summary

® Thm:Single pass (g,0)-approx for entropy using
O(s?2log m log &) space.

® Thm: Higher-order entropy:
ez zy
=2 o 2 ol

Needs ()(n/log n) space but can additive approx.

® Thm: Drunkards-walk entropy:

1
Hqg = %;dvlgdv

Single pass (&,5)-approx using O(g2log? n log? &)
space.
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Communication Complexity
Pointer Chasing: Multi-Value and Multi-Party
Constructing BFS Trees and Finding the Median
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[Yao ’78] [Nisan,Wigderson 93] [Jain, Radhakrishnan, Sen ’03]
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. How many bits need to be
. sent for the final recipient to
. learn f(x,y)?

. *
--------------------------------------------------------------------------------------------

Alice .
y ® One-round or Multi-round? y

® [wo-party or Multi-party!?

® Randomized or Deterministic?
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Az,y) <n/2 < H(p)<lgn+1/2
N Az,y) >n/2+va & H(p)>lgn+1/2+1/ya ‘?g S?j

Alice \ / ol:iolihe

binary string x MEMORY STATE OF ALGORITHM binary string y

® Assume 3 an (g,0)-approx for entropy using Slspace
+ €

1 — €

® Setting ,, — 3e¢~2/1g? ¢>1 ratio is more than

® Thm:S=Q(e?/ log? ')
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function
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Pointer-Chasing

---------------------------------------------------------------------------------------------
*

. Compute

fa(fs( ... (fa(fe(fa(l)))) ...))
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Pointer-Chasing

---------------------------------------------------------------------------------------------
*

Compute
fa(fs( ... (fa(fe(fa(l)))) ...))
< >
k
™ .... |fBObSPeaksﬁrst ............................................. e
function .k messages: O(k log m) bits. function
fa: [m] = [m] k-1 messages: ()(m) bits. fa: [m]—[m]

[Nisan,Wigderson '93] :

--------------------------------------------------------------------------------------------
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. Compute
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*
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fa(fs( ... (fa(fe(fa(l)))) ...))
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Multi-Value Pointer-Chasing

---------------------------------------------------------------------------------------------
*

. Compute

fa(fs( ... (fa(fe(fa(l)))) ...))

<
k
Alice If Bob speaks first: Bob
d-valued function : k messages: O(k d“ log m) bits. d-valued function
fa: [m] = [m] k-1 messages: ()(d m) bits. fa: [m]—[m]

--------------------------------------------------------------------------------------------

® Proof:Relate to solving d copies of single-valued problem
Appeal to “Direct-sum” Theorem [Jain, Radhakrishnan, Sen 03]
® Can be reduced to the problem of finding BFS trees



Multi-Party Pointer-Chasing

Alice Bob Claude
function function function function
fa: [m]—[m] fg: [m]—[m] fc: [m]—[m] fz: [m]—[m]

---------------------------------------------------------------------------------------------
*

. *
--------------------------------------------------------------------------------------------

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
> *

Order of speaking “Z, ..., C, B,A”
.k rounds: O(k log m) bits.
k-1 rounds: Q(m) bits.

-
--------------------------------------------------------------------------------------------
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Proof Sketch

"~ /// ﬁ\\\

® Consider deterministic protocols and random fa, fg, fc

® At each node z defines random variables z(fa), z(fs), z(fc)

® |nduction: For each z, entropy of variables is high.
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Reduction to Selection

fg: [m]—[m]




Reduction to Selection

[ —

Median=fa(l) fa(fa(l) fc(fa(fa(1)))



VALUE

Reduction to Selection

000 x (3-fa(1)) x 5

100 x (3-fa(1))

1 40 x (fa(1)-1)

|1 fe(l)
| 2 fc(2)
| 3 fc(3)

200 x (3-fa(2))

240 x (fa(2)-1)

2 1 fc(l)
2 2 fc(2)
2 3 fc(3)

300 x (3-fa(3))

340 x (f(3)-1)

31 fe(l)
32 fc(2)
33 fc(3)

400x (fa(1)-1) x 5



Summary

Thm: Any single pass (&, 1/4)-approx for
entropy requires (€2 / log? €') space.

Thm: Computing first t layers of a BFS-tree
requires either t/2 passes or QQ(n'*!"%) space.

Thm: Finding the median requires either p
passes or (Q(n'/P) space.
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Future Directions

e |ittle things: Factors in space and passes

® Medium things: Random-order BFS trees,
Lower-bounds for random-order streams,
Fully characterize the “sketch-able” distances.

® Big thing: Space-Efficient Sampling!
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