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Abstract

Dynamiccomplexity classessuchasDynFO, describedby Immerman
andPatnaik,have problemswhich arecompleteunderboundedexpansion
reductions.Theseare reductionsin which a changeof a singlebit in the
original structurechangesa boundednumberof bits in the resultingstruc-
ture.

Oncethepaperis written rewrite theabstractwith muchmoredetailed
statementof its content???

1 Dynamic problems

Needsabetterintroductionandexplanation!???
Wedefineadynamicproblem, �����	��

�����
���� ��������������� � , to beafamily

of regular languages.For eachvalueof � , ��
 is a regular languageover �!
 , a
polynomial-sizealphabetof operations.If string "$#%���
 is in �&
 , wesaythatthe
sequenceof operations" is acceptedby thedynamicproblem� 1.'

Work partially supportedby NSFgrantCCR-9877078.
1To avoid complicationsin our definitionof reductionsbetweenproblems,we requireaspart

of thedefinitionthattheemptystringis rejectedby all languages(�) in all dynamicproblems.
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An exampleof adynamicproblemis thedynamicgraphreachabilityproblem
DynREACH. This is thedynamicprobleminducedby thestaticdecisionproblem
REACH. An instanceof REACH is a directedgraphon � nodes,numbered*
through �,+ � , with two distinguishednodes- and . . This instanceis acceptedif
thereis adirectedpathfrom node- to node. . ThedynamicproblemDynREACH
contains,for each � , a regular languageDynREACH
 definedover the set of
operations

�!
 � � Insert/102�4365 � *8790:�;3=< � �?>@� Delete/10:�;3A5 � *
7�0:�;3B< � �
>C� SetS/D0E5 � *8790�< � �F>%� SetT/10E5 � *G790�< � �H�

TheoperationInsert/D02�;3A5 insertsa directededgefrom node 0 to node3 in the
graph,andtheoperationDelete/D02�;3A5 deletessuchanedge.TheoperationsSetS/10E5
and SetT/D0E5 set or changethe start nodeand the final nodeof the reachability
query. A sequenceof operations"I#J���
 is acceptedby DynREACH if REACH
containsthe graphcreatedby sequentiallyapplying the operationsin " to the
emptygraphon � nodes,with - and . initially setto node0. Everystaticdecision
problemonaninputof � bitshasacorrespondingdynamicproblemdefinedin this
way. Thestandardoperationson theinput areSet/10K5 andReset/10K5 , for *87�0!< � ,
which setandclearbit 0 of theinput. A sequenceof setandresetoperationsis in
thedynamicversionLBM � � of astaticproblem� if f the � -bit input resultingfrom
thatsequenceof operationsin in � . TheresultinglanguagesL=M � �&
 areregular
becausethesetof operationsN 
POAQRTS6U � SetR � ResetR � generatesa finite monoidunder
sequentialcomposition,andthe decisionproblem � inducesa booleanfunction
over thatmonoid.

Therearealsodynamicproblemsthatarenot definedasthedynamicequiva-
lent of a naturalstaticproblem.We will show later, however, thatevery dynamic
problemis the equivalentof somestaticproblem,with a lessnaturallydefined
setof operations.Therequirementthatthelanguages�&
 containedin a dynamic
problem � beregular implies theexistenceof a staticproblemandsetof opera-
tionswhich induce� astheir dynamicversion,cf. Theorem??.

2 Dynamic Algorithms

We now definea model of dynamiccomputation,which will divide the set of
dynamicproblemsinto dynamiccomplexity classes.Thismodelis basedonfinite
modeltheory, anduseslogical (relational)structuresandlogical formulas. This
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model is suitablefor describingany dynamiccomputationthat maintainsan at
mostpolynomial-sizeauxiliarydatastructure.

Definition 2.1 (Dynamic Program) Wedefineadynamicprogram, V �W�XVY
Z�/1[\
����!
��^]_
���-�
A�a`b
c5 ��� �d�����e������� � , to beauniformfamily of deterministicfinite
automata.Thestatespace[f
 will bethesetof all relationaldatastructureswith
a fixed vocabulary, gh�jilknm�oQ �������p�^k m:qrts , over the finite universe �P*A�������_� �@+ �X� .
Eachstateis thusaparticularinstanceof apolynomial-sizedatastructure.

The alphabet,�!
 , is the setof operationsof somedynamicproblemof size
� . Suchan alphabetwill alwaysbe derived from a fixed vocabulary of operator
names,�u�vilw\x oQ �������p�^w x1yz s , by pluggingin valuesfrom �P*A�������_� �{+ �|� . Thatis,

�!
 � �PwF}	/1~pQp���������2~ x�� 5 � ~pQ��������p�a~ x�� < ��� �\7h3=7�-|���
Recall that in the exampleof DynREACH above, we had the operatornames
Insert,Deleteof arity two, andSetS,SetT, of arity one. Thusthe sizeof �!
 iswB/ � x 5 where�����B�P�|}��^} .

Sincethe statesarestructures,[�# STRUC � gA� , the transitionfunction ]_
 is
givenasa setof logical formulas �X� R�� } � ��7�0Z7�.�����7v3�7�-|� , definingthe
new statein termsof theold stateandtheoperationperformed.For eachrelation
name,R R #�g , andoperatorname, wF}{#�� , the formula � R�� } expressesthe new
valueof k R afterthetransitionspecifiedby theoperatorwF} . For example,thenew
valueof k R afteroperationwF}	/1~pQ��������p�a~ x�� 5 is givenby,

kn�R /D��Q��������_�a� m:� 5 � � R�� }	/lkfQp���������akn�|�a~pQp���������2~ x�� �a��Qp���������a� m:� 5C�
If all the formulas � R�� } arefirst order, then the new state, [ � is a first-order

translationof thepreviousstate,[ .
Thestartstates,-�
 , aregivenasa setof logical formulas, �	� R � �B7W0n7W.^� .

giving the initial valuesof the relations k R , ��7�0=7�. . The languageusedto
expressthe start statesmay be different than the languageusedto expressthe
transitionfunction,meaningthat the initialization of our dynamicprogrammay
havea differentcomputationalcomplexity thantheimplementationof eachoper-
ation.

Finally, thefinal statesaregivenasasingleformula �h#¡  , where   couldbe t/¢g�5 , thefirst-orderlanguageof g , or somerelatedlanguage.A state[�#�[f
 is
in `b
 if f [ � ��� .

We say that the dynamicprogram, V , acceptsthe dynamicproblem � if f�&
Z�� t/lVY
e5a� � �����^��������� . £
Givenasanexamplethedynamicalgorithmfor REACH(acyclic) plusarefer-

enceto [Hes01]. ???
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3 Dynamic complexity

Dynamic complexity classesarisenaturally from the above definition of a dy-
namicprogramasa family of DFAs. The complexity of a dynamicprogramis
thecomputationalcomplexity of its transitionfunction ] andits final set ` . Also
of interestis the precomputationof the initial state. We will assumeby default
thatthecomplexity of computingtheinitial stateis no greaterthanthemaximum
if thecomplexity of computing] and ` . If theinitial complexity is greater, e.g.,
polynomialtime,thenwewill describethisasdynamiccomplexity suchandsuch
with polynomial-timeprecomputation.

For example,if we requirethat the initial state,transitionfunction,andfinal
setareall describedby first-orderformulas,wehavethedynamiccomplexity class
Dyn-FO. This classis a slight generalizationof the classDyn-FO describedby
ImmermanandPatnaik in [PI94]. The differenceis that in [PI94], only the dy-
namicversionsof staticproblemswereconsidered;hereweconsiderany dynamic
problemwhatsoever. This treatmentprovidesa moregeneralnotionof dynamic
computationwhichhelpedusdiscover thecompleteproblemsthatwedescribein
thesequel.

4 Reductions

Let ���¤�	��
¥�����
��t� ��������������� � and ¦j�¤�P¦�
Y��§¨�
��t� ���������������©� be
dynamicproblems.A simplekind of reductionfrom � to ¦ mapseachoperation�%#Y�!
 to auniformly boundedsequenceof suchrequestsªAQ¨«¬«¬«:ªe�f#@§��­¬® 
�¯ . Note
thatsucha reductioncorrespondsto a uniform, boundedsequenceof homomor-
phismsfrom �!
 to § ­¬® 
�¯ . Suchreductionscorrespondto theboundedreductions
investigatedin [MSV94] and[PI94].

Definition 4.1 (BoundedHomomorphism)
Let °±/ � 5 be a polynomial,let ²J# N be a constant,andlet ³��¤�X³6
 �f� ����^��������� � beasequenceof homomorphisms,

³6
8´e� � 
Zµ § �­¬® 
�¯ �
suchthatfor all � , �Y#%�!
 , and "$#%���
 ,

¶ � ³A
A/D��5 � 7�² , and,

¶ "$#·� ¸ ³A
A/1"�5¹#¡¦ .
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Thenwesaythat ³ is aboundedhomomorphismfrom � to ¦ ( ³�´c�W7 bh ¦G5 ).£
Wesaythatboundedhomomorphism³ is uniformif themapthattakes � to ³A


haslow complexity. For example,if ³ is uniformly definableby a sequenceof -
first-orderformulas— onefor eachoperationwF}�#%� — then º is aboundedfirst-
order(bfo) homomorphism.Not surprisingly, aswewill see,bfo homomorphisms
andsimilaruniformhomomorphismspreservedynamiccomplexity classes.

Note that homomorphismsarememorylessin that they do not considerpre-
vious history whendecidinghow to mapthe currentoperation. It is sometimes
usefulto considerreductionsthat maintainsomestateasthey transformoneset
of operationsto another. However, homomorphismsaresimplerandwewill stick
with themwhenthey suffice.

Example4.2 (BoundedHomomorphismfr omMEMBER to MEMBER � ) Here
is anexampleof a boundedhomomorphism.Givena regular language���»§ � ,
definethedynamicproblemMEMBER /D��5¼�d� M /1�\54
 ��� �½���^��������� � suchthat"$# M /1��5l
 if f,

¶ Theoperationsarefrom theset �X¾�¿_À¬/D02�2ªÁ5 � *{7�0?< � �FªÂ#Â§¼� . Set/102�:ª±5
is interpretedassettingcharacter0 of astringto bethesymbol ª .

¶ If we begin with the string /Dª U 5 
 andperformthe operations" , then the
resultingstringis in � .

DefinethedynamicproblemMEMBER� /1�\5 astherelatedproblemwith oper-
ationsInsert/D02�2ªÁ5 andDelete/10E5 , whichinsertcharacterª into thestringatposition0 , increasingthelengthof thestring,anddeletethecharacterat position 0 . Again,
anoperationsequence" is in MEMBER� /D��5 if f thesequence," , appliedto the
string /¢ª U 5 
 , yieldsastringin � . Thesizeparameter� restrictstheproblemby ig-
noring“Insert” operationswhichwouldmake thestringlongerthan � characters.

Giventhesetwo dynamicproblems,it is easyto seethattheoperationSet/D02�a��5
fromthefirstproblemcanbeimplementedasthesequenceof operationsDelete/D0E5 ,
Insert/10:�a��5 in thesecondproblem.ThustheboundedhomomorphismfromMEMBER /1�\5
to MEMBER� /1�\5 is given asfollows: °±/ � 58� � ; ²Ã��� ; and, ³A
A/ Set/102�2��5Ä�
Delete/D0E5 Insert/10:�a��5 £
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5 Building a CompleteProblemfor DynFO

In thissectionwebegin theprocessof constructingacompleteproblemfor Dyn-FO.
Recallthatwe definedDyn-FOto bethedynamiccomplexity classin which the
initial state,transitionfunction, andfinal setareall describedby first-orderfor-
mulas.

Let ���$�	��
8��� �
���� �d�|����������� � beanarbitraryDyn-FOproblem.Let the
operatoralphabetbe �Ã�vilw\x oQ ���������^w x yz s .

Since�W# Dyn-FO,it hasadynamicprogram,V �$�XVY
Z�½/l[f
����!
A�a]_
���-�
��a`b
Å5 �� ���|�����������T� , in which ] , - , and ` areall first-orderdefinable.
Recallthat [\
8� STRUC �Æ/¢�Çg�5 consistsof all structureswith universe�P*������������p� ��+�|� for afixedvocabulary, gÈ�½ilknm_oQ �������p�^k m2qr s .
Thefact that � is in Dyn-FOmeansthatwe aregivenfirst-orderformulasas

follows:

¶ � R , �Z790�7É. , definingthe . initial relations;

¶ � R�� } , ��790¹7É.�����7h3B7�- , definingthenew valuesof eachof the . relations
in responseto eachoperator, wF} ; and

¶ � , theacceptancecondition.

We next observe thatany Dyn-FOprogramcanbeeasilytransformedto one
in which theinitial relationsandtheacceptrelationaretrivial:

Observation 5.1 Let V beDyn-FOdynamicprogram. Thenthere is an equiva-
lentDyn-FOprogram V � such thatall theinitial relationsareempty, i.e, -¬0DÊeË{Ì R �
false, 0Í�����������p�:. , andtheacceptanceconditionis also trivial, �u�v` where `
is a new relationof arity * , i.e., a booleanconstant.

Proof: Let g � �$g8>¥�XÎ U �^` U � , i.e.,we augmentour datastructurewith two bits:Î (start)and ` (final). In theinitial states- �
 , all relationsareempty, i.e., false.
The transitionrelations � R�� } are modified as follows, on input an operationwF}	/1~pQ����������a~ x�� 5 , do thefollowing,

1. If Ï�Î , then start by running the initialization definitions, k R ´ � � R andÎ � � true.

2. Apply thetransitionsasin V , k �R ´Ð��� RÇ� }P/D~pQ��������p�a~ x�� 5 ; andfinally,
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3. Recordwhetherwearein afinal state: ` � ´ ���
Thus V � is exactlyequivalentto V andperformsthesamework that V does,

exceptthat it explicitly recordsin thebit ` whetheror not we arecurrentlyin a
final state. £

5.1 SingleStepCir cuit Value

Wenow describethedynamicproblem,singlestepcircuit value(SSCV).Wewill
show in Section?? thatavariantof this problemis completefor Dyn-FO.

SSCV is a not-necessarily-acyclic dynamiccircuit valueproblem. Initially,
the problemof size � consistsof � “input”-gateswith currentvalue“0” andno
wiresconnectingthem.SSCVallows thefollowing operations:

¶ Insert/10:�;3A5 : addawire from gate0 to gate3 ;

¶ Delete/D02�;3A5 : deleteany wire from gate0 to gate3 ;

¶ And /10K5 , Or /10E5 , Not /10K5 , Input/D0E5 : make gate 0 an“and”, “or”, “not”, “input”
gate,respectively;

¶ Set/10K5 , Reset/10K5 : setthecurrentvalueof gate0 to “1”, “0”, respectively;

¶ Step: synchronouslypropagatevaluesonestepthroughthe whole circuit.
(An input gateretainsits currentvalue,a “not” gatewith more thanone
input is treatedasa “nand” gate.)

Theacceptanceconditionfor SSCVis thatgate0 hasvalue“1”.
It is easyto seethatSSCVis in Dyn-FO,

Proposition 5.2 SSCVis in Dyn-FO.

Proof: We maintainthe currentvalueof the circuit as a coloredgraph, i.e., a
logicalstructurewith onebinaryedgerelationandthreeunaryrelationsindicating
whethereachgateis “and”, “or”, “not”, or “input”, andits currentbinaryvalue.

Theoperation“Step” is easyto definein a first-orderway. All theotheroper-
ationssimplysetonevalueof theaboverelations. £

=============================================================================
Hereis whereI amnow!!!???=============================================================================
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6 A CompleteProblem in DynFO: CompleteSSCV
(CSSCV)

We can createa variant of SSCV that is completefor DynFO underbounded
reductionsby modifyingtheinitial state.Theinitial stateof theSSCVvariantwill
be an arrangementof gatesthat canemulateany FO updatecomputation.This
initial circuit will include,asoneof its components,anFO-uniformAC

U
circuit

that is equivalent to a universalfirst-orderformula. The universalFO formula
can emulateany FO formula, as describedbelow. The initial circuit will also
contain(cyclic) circuits thatwill storethe auxiliary dataof a DynFOalgorithm,
andcircuits to presentthis auxiliary dataas input to the universalformula, and
copy theresultbackto theauxiliarydatastorage.

Thecompleteinitial circuit will allow usto emulateany FO updatecomputa-
tion by makingaboundednumberof modificationsto thecircuit andpropagating
valuesthroughthecircuit aboundednumberof steps.Thisallowsany FOupdate
to beemulatedby aboundedfinite sequenceof SSCVoperations.Therefore,any
DynFOalgorithmcanbeemulatedby ourSSCVvariantvia aboundedhomomor-
phism.Theconstructionof theuniversalformulaandtherestof theinitial circuit
aredescribedin theremainderof this section.

6.1 A universal first-order formula

To form acompleteproblemfor DynFO,westartwith somethinglikeacomplete
problemfor FO, which is equalto the circuit classuniform AC

U
. It is known

that no completeproblemfor FO exists, (true?)(cite?)sinceFO is stratifiedby
quantifieralternationdepth,in awaywhichcannotbeobviatedby thepolynomial
expansionallowedby reductions(we mustusequantifier-freeprojections,asour
reductions,sinceany reductionswhichcancomputeFO functionsmakeany non-
trivial problemcompletefor FO). Sincein our dynamicsetting,we areallowed
to iteratean FO updateformula a constantnumberof times, dependingon the
problemwearereducingfrom, wecanovercomethis stratification.

Weshow thereis auniversalfirst-orderformula Ñ whichactsasaninterpreter
for FO logic. Givenasinput a first-orderformula º , andthe structureÎ it is to
beevaluatedover, theuniversalformulacomputesthetruth valueof theformula:Î � �Iº . If º hasfreevariables,thentheuniversalformulacomputestherelation
definedby º . Therelationdefinedby º is themapfrom tuplesof elementsof the
universeof Î to truth valuesthat is computedby substitutingtheelementsof the
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tuplefor thefreevariablesof º whenevaluating º .
Theuniversalformulais implementedasa mapfrom stringsto strings,which

mayneedto beiterated.Ñ hasonefreevariableandits vocabularyhasoneunary
relationsymbol. Its input string,consideredasa unaryrelation, k , is usedasthe
interpretationof theunaryrelationsymbol. The truth valueof Ñ , for eachvalue
of its freevariable,givesus theoutputstring asa unaryrelation. Thusan input
stringis mappedto anoutputstringof thesamelengthby theformula Ñ .

The universalformula emulatesany FO formula by iterating this map. The
numberof iterationsdependsonly on thesizeof theemulatedformula.

Lemma 6.1 There is a first-order formula Ñ over thevocabulary containingthe
fixednumericpredicates< andBIT, andtheunarypredicatek , sothat:

For any FO formula º over vocabulary Ò , where Ò containsonly relation
symbols,no functionsor constants:

There is an encoding"?Ó of º as a binary string, a number Ô , the depthof
formula º , anda paddingfunction°±/ � 5 that is a polynomialin � , sothat:

For anystructure Î overthevocabulary Ò , encodedasa binarystring "?Õ that
beginswith thespecificationof theuniversesize, � , as * 
 � :

Theresultof applyingÑ to thestring "?Ó±"?Õ¹* ­¬® 
�¯ Ô timesis a stringcontaining
therelation º Õ : Ñ ®×Ö ¯ /D"?Ób"?Õ¹* ­¬® 
�¯ 5���"?Ób"?Õ�"CØaÙ^Ú4ÛÜ�
where "CØ2Ù^Ú4Û beginswith thebinaryencodingof therelation

º Õ �W�e/DÌ�Q��������_�aÌ x 5 � /lÎ��	�ÝÌAQ^ÞP��Q:�c�������ßÌ x ÞP� x �¢5 � ��ºb�Å�
where ��Q����������2� x are thefreevariablesof º .

Proof: This formulais constructedin Appendix??. £
Becauseany functiondescribedby anFOformulacanbecomputedby anFO-

uniform AC
U

circuit [cite?],we canusethecircuit correspondingto theuniversal
formula Ñ aspartof theinitial circuit of theSSCVvariant.

6.2 The initial circuit

The inital stateof our completeSSCVvariantis a (cyclic) circuit containingthe
following components:
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¶ A latch containinggate0 of theSSCVproblem.Thevalueof this latchwill
determinewhetherthe currentstateof the SSCVproblemis acceptingor
not. A latchis agadgetmadefrom gatesthatcanrememberacircuit value:
amemorycell.

¶ Two gateswith values0 and1. Thesecanbe constructedasan OR gate
with no inputsandanAND gatewith no inputs. Theseareusedwherever
weneedaconstantinput in our othercomponents.

¶ An arrayof � latches,denoted�
� � . Individual elementsof the array are
denotedby �
�ß*X�1�������_�a��� �Y+ ��� . Thesewill storethe auxiliary dataof the
dynamiccomputation,andadditionalintermediatedataneededby our em-
ulationof theFOupdates.

¶ TheFO-uniformAC
U

circuit computingthe universalFO formula Ñ . The
input to this circuit will bethearray ���Ý� , andtheoutput,anarrayof bits of
thesamelength,will bethe inputsto array ���Ý� , sothat they canbewritten
into ���Ý� by triggeringthecontrolsignalof thelatchesin �
� � .

¶ A depthtwo AC
U

circuit which canshift the contentsof array ���Ý� to the
left or right any numberof positions.Theamountof shift is controlledby
settingoneof � �¡+ � control signalsto 1, andletting theothersremain0.
Theoutputof thisshift circuit is fedbackinto thelatches���Ý� , controlledby
asecondlatchcontrolsignal.

The constructionof latchescanbe accomplishedby any of the familiar con-
structionsof a memorycell or flip-flop from basiclogical gates. We show an
exampleof sucha latchin appendixB. Any latchmaybesetto a constantvalue,
by temporarilyredirectingits input to a constant1 or 0, andtemporarilyredirect-
ing its controlline to 1.

The sizeof the final circuit is boundedby a polynomial in � , the numberof
latchesin thememoryarray ���Ý� . This sizeis at leastquadraticin � , if we usea
simplecircuit implementinganarbitraryshift of thearray ���Ý� . Let thispolynomial
be à�/ � 5 .

We now defineour completevariantof SSCV, calledCSSCV. CSSCVis the
dynamicproblemacceptedby thefollowing dynamiccomputation:

¶ Thestatespaceandtransitionfunctionof CSSCVarethesameasfor SSCV.
We have relationsindicatingthestructureof a circuit with � gates,andthe
currentvaluesof thosegates.
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¶ Thefinal setis thesameasfor SSCV. Thosestatesof thecircuit in which
gate0 hasvalue1 areacceptingstates.

¶ Thestartstateof CSSCVis theinitial circuit describedabove. If thevalue
of thesizeparameterË of theCSSCVproblemis equalto àA/ � 5 for some� ,
thentheinitial stateof thedynamiccomputationis thecircuit abovewith a
memoryarrayof size � . If Ë is not of this form, thentheinital stateof the
computationis thesameasfor SSCV.

6.3 emulating a DynFO update

To reduceany problem� in DynFOto CSSCV, wefirst simplify theDynFOprob-
lemasstatedin section???,eliminatingthecomplexity of theinitializationandthe
complexity of queryingtheauxiliary datastructure.We alsochangetheauxiliary
datastructureto beaunarydatastructureoverapolynomiallyexpandeduniverse.
This simplified problem, � � , is thencharacterizedby a setof FO formulas,one
for eachoperationtype. Theseformulasgive thenew valueof theunaryrelation
giventhepreviousvalueof thatrelationandtheparametersof theoperation.

Thepolynomialexpansionrequiredbyourreductionfromproblemis acombi-
nationof theexpansionrequiredby thesimplificationfrom � to � � , themaximum
expansionrequiredby our universal `Zw formula Ñ whensimulatingany of the
updateformulas� ontheauxiliarydata,andtheexpansionrequiredby ourcircuit,
which hasa sizepolynomial in the sizeof its memoryregister �
� � . [Make sure
thepolynomialexpansionrequiredby Ñ onemulatingafixedformula � hasbeen
discussed].

To emulatean updateoperationw=/D0;Q��������p�a0l�	5 , we evaluatethe formula ��á
correspondingto that operationuponthe auxiliary datakept in �
� � . We will be
copying theformula ��á , properlyencoded,into thebeginningof theregister ���Ý� .
Therefore,thefirst stepis to copy theauxiliary datato thecorrectpositionin the
middleof ���Ý� . Thecorrectpositioncanbecomputedin FO from thesizeof the
universeof � � , � . (The formula ��á is fixed). The first operationis then to set
the correctcontrol line of the shift circuit to 1, by connectingit to the constant
gatewith value1. We thenstepthe circuit a constantnumberof timesto effect
theshift, andlatch theshiftedvaluesinto the register �
� � by triggeringthe latch
control line. We thenperformtheconstantnumberof modificationsnecessaryto
put theencodedversionof ��á into thebeginningof ���Ý� , andsetthecorrectbit in���Ý� so that * 
 � , theencodingof � in unary, appearsin the correctplace. [Make
surethattheencodingis * 
 � in lemmaandappendix].
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At this point, thememoryregister ���Ý� containsthebinarystring "?âc* 
 ��"Fã�* x ,
where "Fã is the unary relation that is the auxiliary datafor the dynamiccom-
putation � � and * x is somestringof 0s longerthanthenecessarypaddingin the
definitionof theuniversalformula Ñ . Thus,thememoryregisteris in thecorrect
format for an input to Ñ . Therefore,we propogatethe circuit valuesforward a
sufficient numberof timesto computeÑ . The depthof the circuit computingÑ
is a constantindependentof theparticularformula ��á that Ñ is emulating.After
we havepropagatedthecircuit valuesto at leastthatdepth,thecircuit computingÑ hasstabilized,andwe togglethe control signalthat latchesthe result into the
memoryregister �
� � . This is just one iterationof Ñ ; we apply Ñ a numberof
timesdependingon thedepthof ��á in orderto compute��á ontheinputdata"Fã .
Thuswe repeattheprocessof steppingthecircuit computingÑ until it stabilizes,
thencopying theresultbackto �
� � , a constantnumberof timesdependingon the
formula ��á .

At this point, thememoryregister �
� � containsthepredicatecomputedby ��á
in someportionof thestring " x4ä z¢å_æ r . This predicateis not a unarypredicatecon-
tainingthenew valueof theunaryrelation k though.Since ��á hasfreevariables
which mustbereplacedby theparametersto theoperationw , thepredicatecom-
putedby ��á hasargumentscorrespondingto theseparameters,andsocontainsall
the new valuesfor k for all possibleparametersto the operationw . If the free
variableof � notcorrespondingto aninputparameter, but to thebit positionin the
resultingbit string (unaryrelation),is the last freevariableof � in its encoding,
thenthebit stringsfor differentvaluesof theparametersaresimply concatenated
to make the encodingof the higher-arity predicatecomputedby ��á . Therefore,
to copy thecorrectnew valuefor k backto thebeginningof ���Ý� , we mustapply
a shift operatorto � which dependson theinput parametersto operationw . The
sizeof theshift is FOcomputablefrom theparametersandtheformula ��á , sowe
cansettheappropriatecontrolsignalandperformtheshift by applyingaconstant
numberof operationsto CVSSCV, with parametersthat canbecomputedin FO
from theparametersto w .

Finally, we copy theappropriatebit of ���Ý� to the latchwhich containsgate *
of thecircuit, sothattheproblemCVSSCVacceptsif andonly if thatbit of ���Ý� is
set,which is true if andonly if theDynFOcomputationbeingsimulatedaccepts
at thispoint.
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A Universal formula ç for FO

First,givebasicidea.
The universalformula Ñ will operateon an input string that encodesa first-

orderformula � andthedatathatformulaoperateson. Thefirst partof thestringis
theencodingof thefirst-orderformula � . Thisencodingcontainsa datastructure
for eachsubformulaof � , andthusencodestheabstractsyntaxof theformula � .
Thesecondpartof thestringcontainsblocksof datarepresentingthepredicates
computedby thesubformulasof � . Any subformularepresentsa predicateover
its freevariables,andthetruth tablesof thesesubformulasarestoredasBoolean
arraysin the datablocksof the string. . Using the inductive definition of truth,
thepredicatecomputedby a formuladependsin oneof a few simplewayson the
predicatescomputedby its maximalstrict subformulas.Our universalformulaÑ will be ableto computea singlestepof this inductive definition of truth. By
applying Ñ to thestringrepeatedly, we cancomputethepredicatecorresponding
to theformula � in a numberof roundsequalto thedepthof theparsetreeof � .
Thedetailsof theencodingandthecomputationarepresentedbelow.

We definethe encodingof a formula � basedon the inductive construction
of � . We allow formulas to be constructedby the following rules, in which� and è are formulas, k is a relation from the vocabulary of the formula, and�Á�a��Q��2�êé��������p�a�ê� arevariables.

The following are formulas, for any formulas � and ~_ë�.KÌ , relation k , and
variables�Á�a��Q��a�êé����������2�ê� :
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¶ k
/D��Q��a�êé����������a�ê�	5 , where ² is thearity of relation k
¶ Ï¼�
¶ �Èì,è
¶ �Èí,è
¶ /�î��¨5K�
¶ /lïA�¨5K�
Thus,for any FO formula � we have anabstractsyntaxtreefor thatformula,

with treenodescorrespondingto instancesof theserules.All leavesareinstances
of thefirst rule, definingatomicterms,andall internalnodesareinstancesof the
otherrules.All subformulasof � correspondto nodesin theabstractsyntaxtree,
andthemaximalstrict subformulasof a subformulaareits immediatechildrenin
thetree.Wenow defineanencodingof this tree.

We first definetwo constantsbasedon the formula. Let ² be the numberof
nodesin theabstractsyntaxtreeof � . Let � be the numberof distinct variables
usedin theformula � . By renamingboundvariables,this numbercanbereduced
to the maximumnumberof free variablesin any subformulaof � . We assume
this numberis greaterthanthemaximumarity of any relation k in theformula’s
vocabulary.

Wealsoencodethevocabularyof theformula:afinite list of relationsktQ��������p�^k x4ä æ
that includesall relationsreferencedby the formula. This list may includerela-
tions not actuallyusedby the formula. Thesewill be part of the datastructure
theformulais evaluatedover, but theformula’svaluewill not actuallydependon
theserelations.Weshallassumethatthebasearithmeticrelationsusedby our for-
mulaareincludedin this list, so that kfQ , kné , and knð will be thebinary relations� , < , and ¦�ñ�ò . Thevaluesof theserelationswill becomputedinternally in Ñ ,
andneednotbegivenin theencodingof theinput datastructure.

Thesebasicstructuralconstantswill berepresentedin unaryat thebeginning
of our encodingof � . Thus,the representationof � asa binary string will start
with � � *ê� x *ê� x4ä æ * . Thiswill befollowedby thearitiesof therelationsktQp�������p�^k x4ä æ ,
encodedas �|ë�ó positiveintegersof ôÜõÇö�÷��Pø bitseach.Sincethenumberof relations
maybelinearin thesizeof theinput to Ñ , in a pathologicalcase,we will require
thattherelationsbesortedin orderof increasingarity (after thefirst three).Oth-
erwise,wecouldnotdecodetheinput structurewithoutsortinga largenumberof
items,which cannotbedoneby anFO formula1a.
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Next, we encodethe ² nodesof theabstractsyntaxtreeinto a list of ² fixed-
sizedatastructures.Theseneedto recordthe type of formula constructorused
at this node,andtheargumentsof this constructor. Theconstructorof anatomic
termneedsto recordthenameof therelationusedandthenamesof thevariables
that arethe argumentsto the relation. This requiresõ�ö�÷��Xë�ó±ù���õ�ö�÷¼� bits, since
thearity of relationsis boundedby � . Nameof relations,andpointersin general,
arerepresentedasintegerswith the requirednumberof bits. A treenoderepre-
sentinga formula as the �nú·L of two subformulasneedsto recordpointersto
the two subformulas;this requires�ûõ�ö�÷¹² bits. Thusthe sizeof a datastructure
representinganabstractsyntaxtreenode,andthusrepresentinga subformula,is-��ýü&ùJ�B�P��/1õÇö�÷��|ë�ó6ùJ�ûõÇö�÷¼�	���ûõ�ö�÷¹²þ5 bits.

Sotheformula � is representedby ²6- bits attachedto theaboveprefix, repre-
sentingthe ² nodesin theabstractsyntaxtreeof � . Node * , thefirst node,is the
rootof thetree,representingtheentireformula � .

Theentirerepresentation"?â of � haslength üCùJ²nùÿ�Íùÿ�Xë�ó�ùÿ�|ë�óXõ�ö�÷��!ùh²6- ,
which is of coursea constantfor any fixed formula � . Note this encodingcan
handleformulaswith any numberof variables,relationsof any arity, and any
quantifierdepth.

Wenext discusstheencoding"?Õ of theinputdatastructureÎ , whichinterprets
the �|ë�ó relations ktQp�������p�^k x4ä æ asrelationsof the appropriatearity over the finite
universe�P*A������������� ��+ �|� . Weassumethat ��� � , sothattheuniversehasat least
two elements.Thesizeof thefinite universe,� , is independentof theformula � ,
but thenumberandaritiesof therelationsk R mustbethatgivenby theencoding
of the formula. We simply encodethe relationsasbooleanarrays,andencode
themaslinearstringsby writing themin row-majororder. Therepresentationof
the entirestructureis thenthe unaryrepresentationof � as � 
 * followedby the
encodingsof the relations k��¬���������^k x ë�ó . Rememberthat the first threerelations
arethe given numericrelations � , < , and ¦�ñ�ò , which canbe computedby Ñ .
This is then an encodingof the structurewith length dependingon � and the
numberandarity of the! relationsk R . Thecomputationof this total length,and
of the startingpoint of eachrelation in the string, arecomputablein first order
from theencoding"?â and � , sincetherelationsaresortedby arity. Themaximum
arity of aninputrelationis alsoboundedby thelogarithmof thetotal lengthof the
input,since��� � andtheinputcontains"?Õ . Therefore,computingthesizeof "?Õ
canbedoneusinga polynomialin � with degree(andnumberof terms)bounded
by thelog of theinputsize.

The final part of the input is the padding,wherethe relationscomputedby
subformulasof � arecomputedandstored.Wewill storearelationof arity � over
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theuniverse�P*A�������_� � � for eachsubformula,thusrequiring ² � x bits of padding.
Thisappendixshowsa latch
gadgetsservingaspersistentmemory, calledlatches.We usethe traditional

methodof implementingmemoryasbistablelogicalnetworks.Wecanconstructa
cyclic circuit with two externalinputs, -	ë�. and �Xë	-¬ë�. . Thecircuit containsanand
gateandanORgate,formingacycleof lengthtwo. If gate1 is anAND gate,and
gate2 is anOR gate,theinputsto gate1 aretheoutputof gate2 andtheexternal
input �|ë	-¬ë�. , andtheinputsto gate2 aretheoutputof gate1 andtheexternalinput-¬ë�. . [Show picture]. If the signals -¬ë�. and �Xë	-	ë�. are0, thenthe circuit hastwo
stablestatesandoneoscillatingstate. ! The valuesof the gatesmay both be 0,
bothbe1, or they mayhavedifferentvalues.If thegateshavedifferentvalues,the
valuesof thegatesoscillatebetween0 and1 with every timestep.Thecircuit can
beforcedinto state0 by holding �Xë	-	ë�. to 0 for two steps,andcanbeforcedinto
state1 by holding -¬ë�. to 1 for two steps.
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