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Abstract

Dynamic compleity classesuchasDynFO, describedoy Immerman
and Patnaik, have problemswhich are completeunderboundedexpansion
reductions. Theseare reductionsin which a changeof a single bit in the
original structurechangesa boundednumberof bits in the resultingstruc-

ture.
Oncethe paperis written rewrite the abstractwith muchmoredetailed

statemenbof its content???

1 Dynamic problems

Needsa betterintroductionandexplanation!???

We defineadynamicproblem A = {A4,, C ¥* | n =1,2,...}, tobeafamily
of regular languages.For eachvalueof n, A, is aregularlanguageover ¥,,, a
polynomial-sizealphabebf operationslf stringw € ¥ isin A,, we saythatthe
sequencef operationsw is acceptedy thedynamicproblemA?.

*Work partially supportecby NSFgrantCCR-9877078.
1To avoid complicationgn our definition of reductionsbetweenproblems we requireaspart

of thedefinitionthatthe emptystringis rejectedby all languagesd,, in all dynamicproblems.
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An exampleof a dynamicproblemis thedynamicgraphreachabilityproblem
DynREACH. Thisis thedynamicprobleminducedby the staticdecisionproblem
REACH. An instanceof REACH is a directedgraphon n nodes,numbered)
throughn — 1, with two distinguishechodess andt. This instances acceptedf
thereis adirectedpathfrom nodes to nodet. ThedynamicproblemDynREACH
contains,for eachn, a regular languageDynREACH,, definedover the set of
operations

Y, = {lInser(s,j) | 0<4i,j5 <n}U{Deletdi,j) | 0<14,j <n}
U{SetSi) | 0 <i<n}U{SetTi) | 0<i<n}.

Theoperationinser{i, j) insertsa directededgefrom nodei to nodej in the
graph,andtheoperatiorDeletd?, j) deletessuchanedge.TheoperationsSetS:)
and SetT(¢) setor changethe start nodeand the final node of the reachability
query A sequencef operationsw € X7 is acceptedby DynREACH if REACH
containsthe graphcreatedby sequentiallyapplying the operationsin w to the
emptygraphonn nodeswith s andt initially setto node0. Every staticdecision
problemonaninputof n bitshasacorrespondinglynamicproblemdefinedn this
way. ThestandardperationntheinputareSe(i) andReseti), for 0 < i < n,
which setandclearbit 7 of theinput. A sequencef setandresetoperationss in
thedynamicversionDyn A of astaticproblemA iff then-bit inputresultingfrom
thatsequencef operationsn in A. TheresultinglanguagedDyn A, areregular
becausehe setof operationg JI'_; { Set, Resef} generates finite monoidunder
sequentiacomposition,andthe decisionproblem A inducesa booleanfunction
overthatmonoid.

Therearealsodynamicproblemsthatarenot definedasthe dynamicequia-
lent of a naturalstaticproblem.We will shaw later, however, thatevery dynamic
problemis the equivalentof somestatic problem,with a lessnaturally defined
setof operations.Therequirementhatthe languagesi,, containedn a dynamic
problemA beregularimpliesthe existenceof a staticproblemandsetof opera-
tionswhichinduceA astheir dynamicversion,cf. Theoren??.

2 Dynamic Algorithms

We now definea model of dynamiccomputation,which will divide the set of
dynamicproblemsnto dynamiccompleity classesThismodelis basednfinite
modeltheory anduseslogical (relational)structuresandlogical formulas. This



modelis suitablefor describingany dynamiccomputationthat maintainsan at
mostpolynomial-sizeauxiliary datastructure.

Definition 2.1 (Dynamic Program) Wedefineadynamigprogram M = {M,, =
(Qn, X, On, Sn, F) | n=1,2,...}, tobeauniformfamily of deterministidinite
automata.The statespace(,, will bethesetof all relationaldatastructureswith
afixedvocallary, 7 = (R, ..., R{*), over thefinite universe{0,...,n — 1}.
Eachstateis thusa particularinstanceof a polynomial-sizedatastructure.

The alphabet X, is the setof operationsof somedynamicproblemof size
n. Suchanalphabetwill alwaysbe derivedfrom a fixed vocalulary of operator
namesyY = (07, ..., O%), by pluggingin valuesfrom {0, ..., n — 1}. Thatis,

Yo = {Oj(bl,...,brj)|b1,...,brj<n;1§j§s}.

Recallthat in the example of DynREACH above, we had the operatornames
Insert, Deleteof arity two, and SetS,SetT, of arity one. Thusthe sizeof X,, is
O(n") wherer = max; r;.

Sincethe statesare structures) € STRUC|r], the transitionfunction §,, is
givenasa setof logical formulas{y;; | 1 < i < t,1 < j < s}, definingthe
new statein termsof the old stateandthe operationperformed.For eachrelation
name,R; € 7, andoperatomame,O; € %, theformulay; ; expresseshe new
valueof R; afterthetransitionspecifiedoy theoperatorO,. For example thenew
valueof R; afteroperationO; (b1, . . ., b,,) is givenby,

R;(ml,...,xai) = Qoi,j(Rla---;Rk;bla---;brjaxla---;xai)-

If all the formulasy; ; arefirst order thenthe new state,@’ is a first-order
translationof the previousstate Q.

The startstatess,,, aregivenasa setof logical formulas,{c; | 1 < i < t}.
giving the initial valuesof therelationsR;, 1 < 7 < t. Thelanguageusedto
expressthe start statesmay be differentthan the languageusedto expressthe
transitionfunction, meaningthat the initialization of our dynamicprogrammay
have a differentcomputationatomplexity thantheimplementatiorof eachoper
ation.

Finally, thefinal statesaregivenasasingleformulaa € £, where£ couldbe
L(7), thefirst-orderlanguageof 7, or somerelatedlanguage A state@ € @, is

in F, iff Q E a.
We say that the dynamicprogram, M, acceptsthe dynamicproblem A iff
Ap=L(M,),n=1,2,.... O

Givenasanexamplethedynamicalgorithmfor REACH(agsclic) plusarefer
enceto [Hes0]. ???



3 Dynamic complexity

Dynamic compleity classesarise naturally from the above definition of a dy-
namic programasa family of DFAs. The complity of a dynamicprogramis
the computationatompleity of its transitionfunctioné andits final setF'. Also
of interestis the precomputatiorof the initial state. We will assumeby default
thatthe compleity of computingtheinitial stateis no greaterthanthe maximum
if the compleity of computingd and F'. If theinitial compleity is greatere.g.,
polynomialtime, thenwe will describehisasdynamiccompleity suchandsuch
with polynomial-timeprecomputation

For example,if we requirethattheinitial state,transitionfunction,andfinal
setareall describedy first-orderformulas,we havethedynamiccompleity class
Dyn-FO. This classis a slight generalizatiorof the classDyn-FO describedoy
Immermanand Patnaikin [P194]. The differenceis thatin [P194], only the dy-
namicversionof staticproblemswereconsideredherewe considerany dynamic
problemwhatsoeger. This treatmenfprovidesa moregeneralnotion of dynamic
computatiorwhich helpedusdiscoverthe completeproblemsthatwe describen
thesequel.

4 Reductions

LetA={A, C% | n=12...}andB={B, CI; | n=1,2,...} be
dynamicproblems A simplekind of reductionfrom A to B mapseachoperation
o € X, toauniformly boundedsequencef suchrequestsy; - - -y € 7). Note
thatsucha reductioncorrespondso a uniform, boundedsequenc®f homomor

phismsfrom %, to I'y,). Suchreductionscorrespondo the boundedreductions

investigatedn [MSV94] and[P194)].

Definition 4.1 (BoundedHomomorphism)
Let p(n) bea polynomial,let £ € N beaconstantandleth = {h, | n =
1,2,...} beasequencef homomorphisms,

suchthatfor all n, 0 € ¥,,, andw € X*,
e |hy(o)| <k,and,

eweA <& hy(w)€B.



Thenwe saythath is aboundechomomorphisnfrom A to B (h : A <pn B)).
O

We saythatboundechomomorphisnk is uniformif themapthattakesn to A,
haslow compleity. For example,if & is uniformly definableby a sequencef s
first-orderformulas— onefor eachoperationD; € ¥ —thenf is aboundedirst-
order(bfo) homomorphismNot surprisingly aswewill see bfo homomorphisms
andsimilar uniform homomorphismgresere dynamiccompleity classes.

Note that homomorphismsre memorylessn thatthey do not considerpre-
vious history whendecidinghow to mapthe currentoperation. It is sometimes
usefulto considerreductiongthat maintainsomestateasthey transformone set
of operationgo another However, homomorphismsaresimplerandwe will stick
with themwhenthey suffice.

Example4.2 (BoundedHomomorphismfrom MEMBER to MEMBER') Here
is an exampleof a boundedhomomorphism.Givenaregularlanguaged C I'*,

definethedynamicproblemMEMBER(A) = {M(A),, | » = 1,2,...} suchthat
w € M(A), iff,

e Theoperationsarefrom theset{Set(i,v) | 0 <i <n, v € T'}. Sels,~)
is interpretedassettingcharactet of astringto bethe symbol-.

¢ If we begin with the string (v,)" and performthe operationsw, thenthe
resultingstringisin A.

DefinethedynamicproblemMEMBER'(A) astherelatedproblemwith oper
ationslnser{i, v) andDeletd?), whichinsertcharactety into thestringatposition
1, increasinghe lengthof the string,anddeletethe characteat positioni. Again,
anoperationsequencev is in MEMBER'(A) iff the sequencew, appliedto the
string ()™, yieldsastringin A. Thesizeparameten restrictsthe problemby ig-
noring“Insert” operationsvhich would make the stringlongerthann characters.

Giventhesetwo dynamicproblemsit is easyto seethattheoperatiorSets, o)
fromthefirst problemcanbeimplementedsthesequencef operation®eletd?),
Inser(, o) in thesecongroblem.Thustheboundechomomorphisnirom MEMBER(A)
to MEMBER'(A) is givenasfollows: p(n) = n; k = 2; and, h,(Se(i,0) =
Deletds) Inser(s, o) O



5 Building a Complete Problemfor DynFO

In thissectionwe begin theproces®f constructingacompleteproblemfor Dyn-FO.
Recallthatwe definedDyn-FO to be the dynamiccompleity classin which the
initial state,transitionfunction, andfinal setareall describedoy first-orderfor-
mulas.

LetA={A, C X | n=1,2,...} beanarbitraryDyn-FOproblem.Let the
operatoralphabebe X = (O, ..., O%).

SinceA € Dyn-FO,it hasadynamicprogramM = {M,, = (Qn, Xn, On, Sn, Frn) |
n=1,2,...},inwhichd, s, andF areall first-orderdefinable.

Recallthat®,, C STRUC|(]|r) consistof all structuresvith universe{0, 1, ..., n—
1} for afixedvocahulary, 7 = (R7*, ..., R{").

Thefactthat A is in Dyn-FO meanghatwe aregivenfirst-orderformulasas
follows:

e 0;, 1 < i <t,definingthet initial relations;

o v ;,1<i<t1<j<s,definingthenew valuesof eachof thet relations
in responseo eachoperatoyO;; and

e a, theacceptanceondition.

We next obsene thatary Dyn-FO programcanbe easilytransformedo one
in which theinitial relationsandthe acceptrelationaretrivial:

Observation 5.1 Let M be Dyn-FO dynamicprogram. Thenthere is an equiva-
lentDyn-FOprogramM' suchthatall theinitial relationsareemptyi.e, sigma; =
false : = 1,...,t, andtheacceptanceonditionis alsotrivial, « = F whee F
is a new relationof arity 0, i.e., a booleanconstant.

Proof: Letr' = 7 U {S° F°}, i.e.,we augmenbur datastructurewith two bits:
S (start)and F (final). In theinitial statess;,, all relationsareempty i.e.,false.

The transitionrelations; ; are modified as follows, on input an operation
O;(by, .. .,b,,;), dothefollowing,

1. If =5, thenstart by running the initialization definitions, R; := o; and
S’ = true.

2. Apply thetransitionsasin M, R} := ¢; (b, ..., b,;); andfinally,



3. Recordwhetherwe arein afinal state: F' := o

ThusM' is exactly equivalentto M andperformsthe samework that M does,
exceptthatit explicitly recordsin the bit F' whetheror not we arecurrentlyin a
final state. a

5.1 Single StepCircuit Value

We now describeghedynamicproblem,singlestepcircuit value(SSCV).We will
shav in Section?? thata variantof this problemis completefor Dyn-FO.
SSCVis a not-necessarily-aclic dynamiccircuit value problem. Initially,
the problemof sizen consistsof n “input’-gateswith currentvalue“0” andno
wiresconnectinghem.SSCVallowsthefollowing operations:

Inser(3, j): addawire from gatei to gatey;

Deletd, j): deleteary wire from gates to gatej;

And(i), Or(7), Not(z), Input(7): make gate: an“and”, “or”, “not”, “input”
gaterespectiely;

Seli), Reseti): setthecurrentvalueof gate: to “1”, “0”, respectiely;

e Step: synchronouslpropagatevaluesone stepthroughthe whole circuit.
(An input gateretainsits currentvalue, a “not” gatewith more thanone
inputis treatedasa“nand” gate.)

Theacceptanceonditionfor SSCVis thatgateO hasvalue“1”.
It is easyto seethatSSCVis in Dyn-FO,

Proposition 5.2 SSCMs in Dyn-FO.

Proof: We maintainthe currentvalue of the circuit asa coloredgraph,i.e., a
logical structurewith onebinaryedgerelationandthreeunaryrelationsindicating
whethereachgateis “and”, “or”, “not”, or “input”, andits currentbinaryvalue.
Theoperation'Step” is easyto definein afirst-orderway. All the otheroper
ationssimply setonevalueof the above relations. |



6 A CompleteProblemin DynFO: Complete SSCV
(CSSCV)

We can createa variantof SSCV that is completefor DynFO underbounded
reductiondy modifyingtheinitial state.Theinitial stateof the SSCVvariantwill
be an arrangemenbf gatesthat canemulateany FO updatecomputation. This
initial circuit will include,asoneof its componentsan FO-uniformAC? circuit
thatis equialentto a universalfirst-orderformula. The universalFO formula
canemulateary FO formula, as describedbelowv. The initial circuit will also
contain(cyclic) circuitsthatwill storethe auxiliary dataof a DynFO algorithm,
andcircuits to presentthis auxiliary dataasinput to the universalformula, and
copy theresultbackto theauxiliary datastorage.

The completeinitial circuit will allow usto emulateary FO updatecomputa-
tion by makinga boundechumberof modificationsto the circuit andpropagating
valuesthroughthe circuit aboundedhumberof steps.This allows any FO update
to beemulatedby a boundedinite sequencef SSCVoperationsTherefore ary
DynFOalgorithmcanbeemulatedy our SSCVvariantvia aboundechomomor
phism. The constructiorof the universalformulaandtherestof theinitial circuit
aredescribedn theremainderof this section.

6.1 A universalfirst-order formula

To form a completeproblemfor DynFO,we startwith somethindik e acomplete
problemfor FO, which is equalto the circuit classuniform AC°. It is known

that no completeproblemfor FO exists, (true?)(cite?)sinceFO is stratifiedby

guantifieralternationdepth,in away which cannotbe obviatedby the polynomial
expansionallowed by reductiongwe mustusequantifierfree projections,asour
reductionssinceary reductionsvhich cancomputeFO functionsmalke ary non-
trivial problemcompletefor FO). Sincein our dynamicsetting,we are allowed
to iteratean FO updateformula a constantnumberof times, dependingon the
problemwe arereducingfrom, we canovercomethis stratification.

We shaw thereis auniversalfirst-orderformulalf which actsasaninterpreter
for FO logic. Givenasinput a first-orderformula f, andthe structuresS it is to
be evaluatedover, the universalformulacomputeghe truth valueof the formula:
S E f. If f hasfreevariablesthenthe universalformulacomputegherelation
definedby f. Therelationdefinedby f is the mapfrom tuplesof elementsf the
universeof S to truth valuesthatis computedby substitutingthe elementf the



tuplefor thefreevariablesof f whenevaluatingf.

Theuniversalformulais implementedasa mapfrom stringsto strings,which
may needto beiterated ./ hasonefreevariableandits vocalulary hasoneunary
relationsymbol. Its input string, consideredisa unaryrelation, R, is usedasthe
interpretationof the unaryrelationsymbol. The truth valueof U, for eachvalue
of its free variable,givesus the outputstring asa unaryrelation. Thusaninput
stringis mappedo anoutputstring of the sameengthby theformula/.

The universalformula emulatesany FO formula by iteratingthis map. The
numberof iterationsdepend®nly on the sizeof theemulatedormula.

Lemma6.1 Thee s a first-order formulal{ over the vocalulary containingthe
fixednumericpredicates< andBIT, andtheunary predicateR, sothat:

For any FO formula f over vocahlulary V', whee V' containsonly relation
symbolsno functionsor constants:

Theee is an encodingw; of f asa binary string, a numberd, the depthof
formula f, anda paddingfunctionp(n) thatis a polynomialin n, sothat:

For anystructure S overthevocalulary V, encodedsa binary stringwg that
begginswith the specificatiorof the universesize n, as0"1:

Theresultof applyingi/ tothestringw; wg 0P(™ d timesis a string containing
therelation f:

U9 (wywg 0Py = Wf WS Whnal,

where wg,. beginswith the binary encodingof therelation
2 ={(a1,. - a) | (S [a/2]. . [ar/2,]) = £,

wheezq,...,z, arethefreevariablesof f.

Proof: Thisformulais constructedn Appendix??. O

Becauseary functiondescribedy anFO formulacanbe computedy anFO-
uniform AC? circuit [cite?], we canusethe circuit correspondingo the universal
formulalf aspartof theinitial circuit of the SSCVvariant.

6.2 Theinitial circuit

The inital stateof our completeSSCVvariantis a (cyclic) circuit containingthe
following components:



A latch containinggateO of the SSCVproblem.Thevalueof this latchwill
determinewhetherthe currentstateof the SSCV problemis acceptingor
not. A latchis agadgeimadefrom gateshatcanremembea circuit value:
amemorycell.

Two gateswith valuesO and1. Thesecanbe constructecasan OR gate
with no inputsandan AND gatewith no inputs. Theseareusedwherever
we needa constaninputin our othercomponents.

An array of n latches,denotedA[]. Individual elementsof the array are
denotedby A[0],..., A[n — 1]. Thesewill storethe auxiliary dataof the
dynamiccomputationandadditionalintermediatedataneededoy our em-
ulationof the FO updates.

The FO-uniformAC® circuit computingthe universalFO formulai{. The
inputto this circuit will bethearray A[], andthe output,anarrayof bits of
the samelength,will betheinputsto array A[], sothatthey canbe written
into A[] by triggeringthe controlsignalof thelatchesin A[].

A depthtwo AC® circuit which canshift the contentsof array A[] to the
left or right any numberof positions. The amountof shift is controlledby
settingoneof 2n — 1 controlsignalsto 1, andletting the othersremainO.
Theoutputof this shift circuit is fed backinto thelatchesA[], controlledby
asecondatchcontrolsignal.

The constructionof latchescanbe accomplishedy ary of the familiar con-

structionsof a memorycell or flip-flop from basiclogical gates. We showv an
exampleof sucha latchin appendixB. Any latchmay be setto a constantalue,
by temporarilyredirectingits input to a constantl or 0, andtemporarilyredirect-
ing its controlline to 1.

The size of the final circuit is boundedby a polynomialin n, the numberof
latchesin the memoryarray A[]. This sizeis at leastquadraticin n, if we usea
simplecircuitimplementinganarbitraryshift of thearray A[]. Let this polynomial
beg(n).

We now defineour completevariantof SSCV calledCSSCV CSSCVis the
dynamicproblemacceptedy thefollowing dynamiccomputation:

Thestatespaceandtransitionfunctionof CSSCVarethe sameasfor SSCV
We have relationsindicatingthe structureof a circuit with n gatesandthe
currentvaluesof thosegates.
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e Thefinal setis the sameasfor SSCV Thosestatesof the circuit in which
gateO hasvaluel areacceptingstates.

e Thestartstateof CSSCVis theinitial circuit describedaborve. If thevalue
of thesizeparametern of the CSSCVproblemis equalto ¢(n) for somen,
thentheinitial stateof the dynamiccomputations the circuit above with a
memoryarrayof sizen. If m is notof this form, thentheinital stateof the
computations the sameasfor SSCV

6.3 emulating a DynFO update

Toreduceary problemA in DynFOto CSSCVwefirst simplify the DynFOprob-
lemasstatedn section??? eliminatingthecompleity of theinitializationandthe
complity of queryingthe auxiliary datastructure We alsochangehe auxiliary
datastructureto bea unarydatastructureover a polynomiallyexpandeduniverse.
This simplified problem, A’, is thencharacterizedy a setof FO formulas,one
for eachoperationtype. Theseformulasgive the new valueof the unaryrelation
giventhe previousvalueof thatrelationandthe parametersf the operation.

Thepolynomialexpansiorrequiredby our reductionfrom problemis acombi-
nationof theexpansiorrequiredby thesimplificationfrom A to A, themaximum
expansionrequiredby our universal FO formulal/ whensimulatingary of the
updateformulasy ontheauxiliary data,andtheexpansiorrequiredoy our circuit,
which hasa size polynomialin the size of its memoryregister A[]. [Make sure
the polynomialexpansiorrequiredby ¢/ on emulatinga fixedformulay hasbeen
discussed].

To emulatean updateoperationO(iy, . . ., i) , We evaluatethe formula o
correspondingdo that operationuponthe auxiliary datakeptin A[]. We will be
copying theformula o, properlyencodedinto the beginning of theregister A[].
Therefore thefirst stepis to copy the auxiliary datato the correctpositionin the
middle of A[]. The correctpositioncanbe computedn FO from the size of the
universeof A’, n. (Theformula o is fixed). The first operationis thento set
the correctcontrol line of the shift circuit to 1, by connectingit to the constant
gatewith value1l. We thenstepthe circuit a constanthumberof timesto effect
the shift, andlatch the shifted valuesinto the register A[| by triggeringthe latch
controlline. We thenperformthe constannumberof modificationsnecessaryo
putthe encodedrersionof ¢, into the beginningof Al], andsetthe correctbit in
AJ] sothat(0"1, the encodingof n in unary appearsn the correctplace. [Make
surethattheencodings 0™1 in lemmaandappendix].

11



At this point, the memoryregister A[] containsthe binary stringw,,0" 1wg0",
wherewg, is the unaryrelationthat is the auxiliary datafor the dynamiccom-
putationA’ and0" is somestring of Os longerthanthe necessarypaddingin the
definition of the universalformulal/. Thus,the memoryregisteris in the correct
formatfor aninputto . Therefore we propogatethe circuit valuesforward a
sufficient numberof timesto computel{. The depthof the circuit computingl/
is a constanindependenof the particularformula o thatl/ is emulating.After
we have propagatedhe circuit valuesto at leastthatdepth,the circuit computing
U hasstabilized,andwe togglethe control signalthat latchesthe resultinto the
memoryregister A[]. This is just oneiteration of /; we apply &/ a numberof
timesdependingn thedepthof ¢, in orderto computep, ontheinputdatawg.
Thuswe repeathe procesf steppingthe circuit computingl/ until it stabilizes,
thencopying theresultbackto A[], a constannumberof timesdependingn the
formulag,.

At this point, the memoryregister A[] containgthe predicatecomputeddy o
in someportionof the stringw,..s.i:- This predicatas nota unarypredicatecon-
tainingthe new valueof the unaryrelation R though.Sincey, hasfreevariables
which mustbereplacedoy the parameterso the operationO, the predicatecom-
putedby ¢o hasagumentscorrespondindgo theseparametersandsocontainsall
the new valuesfor R for all possibleparameterso the operationO. If the free
variableof ¢ notcorrespondingo aninput parameterbut to thebit positionin the
resultingbit string (unaryrelation),is the last free variableof ¢ in its encoding,
thenthe bit stringsfor differentvaluesof the parameteraresimply concatenated
to make the encodingof the higherarity predicatecomputedby ¢o. Therefore,
to copy the correctnew valuefor R backto the beginning of A[], we mustapply
a shift operatorto A which depend®n theinput parameterso operationO. The
sizeof theshiftis FO computabldrom the parameterandtheformulayo, sowe
cansettheappropriatecontrolsignalandperformthe shift by applyinga constant
numberof operationgo CVSSCV with parametershat canbe computedn FO
from the parameterso O.

Finally, we copy the appropriatebit of A[] to the latchwhich containsgate0
of thecircuit, sothatthe problemCVSSCVacceptsf andonly if thatbit of A[] is
set,whichis trueif andonly if the DynFO computationbeingsimulatedaccepts
atthis point.
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A Universalformula U/ for FO

First, give basicidea.

The universalformulal/ will operateon aninput string thatencodesa first-
orderformulay andthedatathatformulaoperate®n. Thefirst partof thestringis
theencodingof thefirst-orderformula . This encodingcontainsa datastructure
for eachsubformulaof ¢, andthusencodeghe abstractsyntaxof the formula .
The secondpart of the string containsblocksof datarepresentinghe predicates
computedby the subformulaf ¢. Any subformularepresents predicateover
its free variables andthe truth tablesof thesesubformulasarestoredasBoolean
arraysin the datablocksof the string. . Usingthe inductive definition of truth,
the predicatecomputedoy a formuladependsn oneof afew simplewaysonthe
predicatescomputedby its maximal strict subformulas. Our universalformula
U will be ableto computea single stepof this inductive definition of truth. By
applying!/ to the string repeatedlywe cancomputethe predicatecorresponding
to the formula ¢ in a numberof roundsequalto the depthof the parsetree of .
Thedetailsof theencodingandthe computatiorarepresentedbelow.

We definethe encodingof a formula ¢ basedon the inductive construction
of ¢. We allow formulasto be constructedby the following rules, in which
a and g areformulas, R is a relationfrom the vocalulary of the formula, and
x,x1, T, ..., T arevariables.

The following are formulas, for ary formulasa and beta, relation R, and
variablesr, 1, zs, ..., xy:
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e R(z1,xs,...,zr), Wherek is thearity of relationR
® —(x

e aNf

e aVp

o (Vz)o

o (z)a

Thus,for any FO formula ¢ we have anabstracsyntaxtreefor thatformula,
with treenodescorrespondingo instance®f theserules. All leavesareinstances
of thefirst rule, definingatomicterms,andall internalnodesareinstanceof the
otherrules. All subformulaf ¢ correspondo nodesin the abstracsyntaxtree,
andthe maximalstrict subformulaf a subformulaareits immediatechildrenin
thetree.We now defineanencodingof thistree.

We first definetwo constantdasedon the formula. Let & be the numberof
nodesin the abstractsyntaxtreeof ¢. Let r be the numberof distinctvariables
usedin theformulay. By renamingooundvariablesthis numbercanbereduced
to the maximumnumberof free variablesin arny subformulaof ¢. We assume
this numberis greaterthanthe maximumarity of ary relation R in the formula’s
vocahlulary.

Wealsoencodéhevocalularyof theformula: afinite list of relationsRy, . . ., R,e
thatincludesall relationsreferencedy the formula. This list mayincluderela-
tions not actually usedby the formula. Thesewill be partof the datastructure
theformulais evaluatedover, but theformula’s valuewill notactuallydependon
theserelations.We shallassumehatthebasearithmeticrelationsusedby our for-
mulaareincludedin thislist, sothat R;, R,, and R; will bethebinaryrelations
=, <, andBIT. Thevaluesof theserelationswill be computednternallyin i/,
andneednot begivenin theencodingof theinput datastructure.

Thesebasicstructuralconstantsill berepresenteth unaryat the beginning
of our encodingof ¢. Thus,the representatiof ¢ asa binary stringwill start
with 1¥017017¢/0. Thiswill befollowedby thearitiesof therelationsRy, . . ., R,
encodedsrel positiveintegersof [log r| bits each.Sincethenumberof relations
may belinearin the sizeof theinputto i, in a pathologicalcase we will require
thattherelationsbe sortedin orderof increasingarity (afterthefirst three). Oth-
erwise,we couldnotdecodeheinput structurewithout sortinga large numberof
items,which cannotbe doneby an FO formulala.
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Next, we encodethe k£ nodesof the abstractsyntaxtreeinto a list of k fixed-
size datastructures. Theseneedto recordthe type of formula constructorused
atthis node,andthe argumentsof this constructar The constructorof anatomic
termneeddo recordthe nameof therelationusedandthe namesof the variables
that arethe agumentsto the relation. This requireslog rel + rlogr bits, since
thearity of relationsis boundedoy ». Nameof relations,andpointersin general,
arerepresentedsintegerswith the requirednumberof bits. A treenoderepre-
sentinga formula asthe AN D of two subformulasneedsto recordpointersto
the two subformulasghis requires2 log & bits. Thusthe size of a datastructure
representingin abstractsyntaxtreenode,andthusrepresenting subformula,is
s = 3 + max(logrel + rlogr, 2log k) bits.

Sotheformulay is representety ks bits attachedo the above prefix, repre-
sentingthe & nodesin the abstracsyntaxtreeof . Node0, thefirst node,is the
root of thetree,representinghe entireformulay.

Theentirerepresentatiomw,, of ¢ haslength3 + k + r + rel + rellogr + ks,
which is of coursea constantfor ary fixed formula ¢. Note this encodingcan
handleformulaswith any nhumberof variables,relationsof ary arity, and ary
guantifierdepth.

We next discusgheencodingws of theinputdatastructureS, whichinterprets
therel relationsRy, . .., R, asrelationsof the appropriatearity over the finite
universe{0,1,...,n—1}. Weassumehatn > 2, sothattheuniversehasatleast
two elementsThesizeof thefinite universen, is independenof theformulay,
but the numberandaritiesof therelationsR; mustbe thatgivenby the encoding
of the formula. We simply encodethe relationsas booleanarrays,and encode
themaslinear stringsby writing themin row-majororder Therepresentationf
the entire structureis thenthe unaryrepresentationf n as1”0 followed by the
encodingof therelationsRy, . . ., R.el. Remembethatthefirst threerelations
arethe given numericrelations=, <, and BIT, which canbe computedby /.
This is then an encodingof the structurewith length dependingon n andthe
numberandarity of the! relationsR;. The computatiorof this total length,and
of the startingpoint of eachrelationin the string, are computablen first order
fromtheencodingw, andn, sincetherelationsaresortedby arity. Themaximum
arity of aninputrelationis alsoboundeddy thelogarithmof thetotal lengthof the
input,sincen > 2 andtheinputcontainsws. Thereforecomputingthesizeof wg
canbedoneusinga polynomialin n with degree(andnumberof terms)bounded
by thelog of theinputsize.

The final part of the input is the padding,wherethe relationscomputedby
subformula®of ¢ arecomputedandstored.We will storearelationof arity  over
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theuniverse{0, ..., n} for eachsubformulathusrequiringkn” bits of padding.

This appendixshavs alatch

gadgetsservingas persistenimemory calledlatches. We usethe traditional
methodof implementingnmemoryasbistablelogical networks. We canconstructa
cyclic circuit with two externalinputs, set andreset. Thecircuit containsanand
gateandanOR gate,forming a cycle of lengthtwo. If gatel isanAND gate,and
gate2 is anOR gate theinputsto gatel arethe outputof gate2 andthe external
inputreset, andtheinputsto gate2 arethe outputof gatel andthe externalinput
set. [Show picture]. If the signalsset andreset are0, thenthe circuit hastwo
stablestatesand one oscillatingstate.! The valuesof the gatesmay both be 0,
bothbe1l, or they mayhave differentvalues.If thegateshave differentvaluesthe
valuesof thegatesoscillatebetweerD andl1 with everytime step.Thecircuit can
beforcedinto state0 by holdingreset to 0 for two stepsandcanbeforcedinto
statel by holding set to 1 for two steps.
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